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PROCEEDINGS 


AT THE 


MEETINGS OF THE PHYSICAL SOCIETY 


OF LONDON. 


SESSION 1912-1913. 


October 25th, 1912. 
Meeting held at the Imperial College of Science. 
Prof. C. H. Lers, F.R.S., Vice-President, in the Chair. 


The following Papers were read :— _- j 
1. On the Constitution of the Mercury Lines Examined by, an F 
Echelon Grating and a Lummer Gehrcke Plate. By Prof. -H. E 
Nagaoka and Mr. T. TAKAMINE. -S 
2. Note on the Mutual Inductance of Two Coaxial Circular 
Currents. By Prof. H. NAGAOKA. te a 
As The Absorption of Gases in Vacuum Tubes. By Mr. S. E. 
LL. 


November 8th, 1912. 
Meeting held at the Imperial College of Science. _ í 
Prof. A. ScuustER, F.R.S., President, in the Chair. 


2 The following Papers were read :— 


1. On a Method of Measuring the Thomson Effect. By Mr. 
H. R. NETTLETON. 

2. An Improved Joule Radiometer and its PA DPUCALIODN: By 
Mr. F. W. JORDAN. 
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3. Note on the Attainment of a Steady State when Heat Diffuses 
along a Moving Cylinder. By Miss A. SOMERS. 


4. On the Thermomagnetic Study of Steel. By Dr. S. W. J. 
SMITH. 


November. 22nd, 1912. 
Meeting held at the Imperial College of Science. 
Prof. C. H. Legs, F.R.S., Vice-President, in the Chair. 


The following Papers were read :— 


1. On a Column Testing Machine. By Prof. E. G. COKER. 

2. The Law of Plastic Flow of a Ductile Material and the Pheno- 
mena of Elastic and Plastic Strains. By Mr. C. E. Lararp. 

Some Kinematograph Illustrations of the Twisting and Breaking 
of Large Wrought-Iron and Steel ome were also exhibited by 
Mr. C. E. LARARD. | 


December 17th, 1912. 


The Eighth Annual Exhibition of Physical Apparatus was held- 


at the Imperial College of Science from 3 p.m. to 6 p.m. in the 
afternoon, and from 7 p.m. to 10 p.m. in the evening. 


At both the afternoon and evening meetings a Discourse was 


given by Mr. S. G. Brown on “Some Methods of Magnifying 
Feeble Signalling Currents.”’ l 


The following firms exhibited apparatus :— 


R. & J. Beck (Ltd.), Cambridge Scientific Instrument Co., C. F. 
Casella & Co. (Ltd.), Harry W. Cox & Co. (Ltd.), Crompton & Co. 
(Ltd.), J. H. Dallmeyer (Ltd.), Dubilier Electrical Syndicate (Ltd.), 
Edison Storage Battery Co., Elliott Brothers, Evershed & Vig- 
noles (Ltd.), Foster. Instrument Co., A. Gallenkamp & Co. (Ltd.), 
Gambrell Brothers (Ltd.), F. Harrison Glew, John J. Griffin & 
Sons (Ltd.), Kelvin & James White (Ltd. \, E. Leitz, Marconi 
Wireless Telegraph Co. (Ltd.), Nalder Bros. & Thompson (Ltd.), 


R. W. Paul, Townson & Mercer (Ltd.), Westminster Engineering | 
Co. (Ltd.), Weston Electrical Instrument Co., erence Wright 


& Co. (Ltd.), Carl Zeiss (Ltd.). 


PROCEEDINGS OF THE PHYSICAL SOCIETY. IX. 
January 24th, 1913. 
Meeting held at the Imperial College of Science. 
Prof. C. H. LEEs, F.R.S., Vice-President, in the Chair. 


The following Papers were read :— 


1. On the Resistance of Electrolytes. By Dr. S. W. J. SMITH 
and Mr. H. Moss. E 


2. The Electrical Conductivity and Fluidity of Strong Solutions. 
By Mr. W. S. TUCKER. 


Annual General Meeting. 

February 14th, 1913. 
Meeting held at the Imperial College of Science. = 
Prof. A. ScmusTER, F.R.S., President, in the Chair . 


The Report of the Council was read by the Secretary. 


Since the last Annual General Meeting there have been held 
13 ordinary meetings and one informal meeting. All of these 
were held at the Imperial College of Science. 
An unusual feature of the past Session was a joint meeting with - 
the Optical Convention on the morning and evening of June 21st. 
Eight Papers dealing with optical subjects were read at this 
meeting, and a Part of the “ Proceedings ” devoted exclusively to 
these Papers has been issued. i 
The Eighth Annual Exhibition of Apparatus by Manufacturers 
was held on December 17th in the afternoon and evening, the 
number of Fellows and visitors present being about 550. An 
experimental discourse on “‘ Some Methods of Magnifying Feeble 
Signalling Currents ” was kindly given by Mr. S. G. Brown. The 
number of exhibitors was 27. 
The number of Ordinary Fellows now on the roll, as distinct 
from Honorary Fellows, is 440; 17 new Fellows have been elected, 
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there have been 10 resignations, and 5 Fellows have been struck off 
the roll for non-payment of subscriptions. The Society has to 
mourn the loss by death of 7 Fellows—namely, the Earl of Craw- 
ford, F.R.S., H. Donaldson, Major-Gen. Festing, A. B. Harding, 
A. E. Hodgson, J. T. Hurst and Prof. Osborne Reynolds, F.R.S. 

The Report was adopted by the meeting. 

The Report of the Treasurer and the Balance-Sheet were pre- 
sented by the Treasurer. 

The total income of the Society shows a slight increase over that 
of 1911. This is mainly due to an increase in the subscriptions and 
in the sales of publications. 

: The expenditure for the year has also increased, due to the issue 
of the special number recording the Papers read at the joint meet- 
ing of the Physical Society and Optical Convention. 

By comparing the balance brought forward on the Ist January, 
1912, £97. 17s. 7d., with the balance carried forward (less two 
cheques) on the Ist January, 1913—namely, £140. 12s. 2d.—it will 
be seen that the Society has increased its assets during the year by 
£42. 14s. 7d. This is a very gratifying result in view of the special 
expenditure that has been incurred, and I think may be taken as 
indicating that the finances of the Society are in a very sound 
condition. | 

The property account of the Society is practically the same as at 
the date of the last accounts. The values of our securities have 
again slightly decreased, but when we consider the great deprecia- 
tion that has taken place in trustee securities during the last few 
years, the Society has to congratulate itself that the depreciation 
of the securities is not more considerable. | 

The Society has again to thank the Manager of Parr’s Bank for 
kindly valuing the securities at the 3lst December, 1912, and 
supplying the figures which appear in the accounts. 

' The liabilities on account of the Life Composition Fund have 
decreased during the year owing to the death of three life Fellows 
and to no new Fellows having compounded for their subscriptions. 
As a result of the year the balance available in the General Fund 
of the Society is practically the same as at the date of last year’s 
accounts. 

‘In my last report I mentioned that the back numbers of the 
publications of the Society were being re-valued. The work of 
sorting and getting into order the whole of the back numbers of the 
“Proceedings ” of the Society is now completed, and I have made 
a valuation of the publications of the Society, which is now re- 
turned in the accounts at the revised figure of £240. 

- The Report of the Treasurer was adopted. 
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XİV. PROCEEDINGS OF THE PHYSICAL SOCIETY. 


The Election of Officers and Council then took place, the new 
Council being constituted as follows :— 


President.—Prof. A. Scuuster, Ph.D., F.R.S. 


Vice-Presidents, who have filled the Office of President.—Prof. 
G. C. Foster, D.Sc., LL.D., F.R.S.; Prof. W. G. Apams, M.A., 
F.R.S. ; Prof. R. B. CruırrtoN, M.A., E.R.S. ; Prof. A. W. REINOLD, 
C.B., M.A., F.R.S. ; Prof. Sir ARTHUR W. Rücxer, M.A., D.Sc., 
F.R.S.; Sir W. pe W. Asney, R.E., K.C.B., D.C.L., F.R.S., 
Prin. Sir Otiver J. Loper, D.Sc., LL.D., F.R.S.; Prof. 
Sttvanus P. THompson, D.Sc., F.R.S.; R. T. GLAZEBROOK, 
C.B., D.Sc., F.R.S.; Prof. J. H. Poyntine, M.A., Sc.D., F.R.S. ; 
Prof. J. Perry, D.Sc., F.R.S. ; C. Cures, Sc.D., LL.D., F.R.S. ; 
Prof. H. L. CALLENDAR, M.A., LL.D., F.R.S. 


Vice-Presidents.—Prof. C. H. Lees, D.Sc., F.R.S.; Prof. T. 
MaruaerrR, F.R.S. ; A. RusseLL, M.A., D.Sc. ; F. E. SMITH. 


- Secretaries —W. R. Cooper, M.A. ; S. W. J. Sarru, M.A., D.Sc. 
Foreign Secretary.—Prof. S. P. Tuomrson, D.Sc., F.R.S. 
Treasurer. —W. DUDDELL, F.R.S. 

Libraran.—S. W. J. Smita, M.A., D.Sc. 

Other Members of Council.—Prof. C. G. Barga, D.Sc., F.R.S. . 
Prof. P. V. Bevan, M.A., Sc.D.; W. H. Eccres, D.Sc. ; Prof: 
J. W. Niıcuorson, M.A., D.Sc. ; Major W. A. J. O'Meara, C.M.G. ; 
T. C. Porter, M.A., D.Sc.; Prof. the Hon. R. J. STRUTT, 


F.R.S.; W. E. Sumpner, D.Sc.; R. S. WHrrrLe, R. S. WILLOWS, 
M.A., D.Sc. 


A Paper on the Dynamics of Pianoforte Touch was then read by 
Prof. G. H. Bryan, Sc.D., F.R.S. 


February 28th, 1913. ` 
Meeting held at King’s College. 
Prof. A. ScuusrteR, F.R.S., President, in the Chair. 


The following Papers were read :— 


1. On the Interference of Röntgen Radiation. By Prof. C. G. 
Bark a and Mr. G. H. Martyn. 
2. On Alternating-current Magnets. By Prof. E. Witson. 


PROCEEDINGS OF THE PHYSICAL SOCIETY. XV. 
March 14th, 1913. 
Meeting held at University College. 


Dr. A. Russe, M.A., Vice-President, in the Chair. 


The following Papers were read :— 
1. Some QOscillograms of Condenser Discharges and a Simple 
Theory of Coupled Circuits. By Dr. J. A. FLEMING. 


2. On the Stretching and Breaking of Sodium and Potassium. 
By Mr. Bevan B. BAKER. 


3. On the Latent Heat of Evaporation of Steam from Salt 
Solutions. By Mr. R. G. Lunnon. 

4. On Some Flame Spectra. By Dr. E. N. pa C. ANDRADE. 

Some Braun Cathode Ray Tubes used as a high-frequency 
Oscillograph and an Electrostatic Machine for working them were 
exhibited by Dr. J. A. FLEMING. 


Some Spark Photographs at High Pressure were exhibited by 
Mr. W. B. Hares. 


April 11th, 1913. 
Meeting held at the Imperial College of Science. 
Prof. C. H. Legs, F.R.S., Vice-President, in the Chair. 


The following Papers were read :— 


1. On Errors in Magnetic Testing due to Elastic Stram. By 
Mr. A. CAMPBELL and Mr. H. C. Boots. 

2. Note on Cathodic Sputtering. By Dr. G. W. C. Kaye. 

3. Vibration Galvanometers with Unifilar Torsional Control. 
By Mr. A. CAMPBELL. 


April 25th, 1913. 
Meeting held at the Imperial College of Science. 
Prof. C. H. Less, F.R.S., Vice-President, in the Chair. 


The following Papers were read :— 
1. A Graphical Method of Optical Imagery. By Mr. W. R. 
Bower. 


2. On the Spectroscopic Resolution of an Arbitrary Function. 
By Dr. C. V. Burton. 


xvi. PROCEEDINGS OF THE PHYSICAL SOCIETY. 
May 16th, 1913. 
Meeting held at the Imperial College of Science. 
Prof. C. H. Lers, F.R.S., Vice-President, in the Chair. 


The following Papers were read :— 


1. Some Experiments to detect B-Rays from Radium A. By 
Dr. W. Maxower and Dr. S. Russ. 
-~ 2. On Dust Figures. By Dr. J. ROBINSON. 

3. Vibration Galvanometer Design. By Dr. H: F. Haworru. 


May 30th, 1913. 
Meeting held at the Imperial College of Science. 
Prof. A. ScuusrTER, F.R.S., President, in the Chair. 


Prof. A. W. BICKERTON gave the Society an account of his 
theory of the Origin of New Stars. 


The following Paper was read :— 


On Electro-thermal Phenomena at the Contact of Two Con- 
ductors with a Theory of a Class of Radio-Telegraph Detectors. 
By Dr. W. H. EccLes. 

The following Papers were taken as read :— 

1. The Extraordinary Ray resulting from the Internal Reflec- 
tion of an Extraordinary Ray at the Surface of an Uniaxal Crystal. 


* By Mr. James WALKER. 


2. On the Evaluation of Certain Gumbinations of the Ber, Bei 
and Allied Functions. By Mr. S. BUTTERWORTH. 


June 13th, 1913. 
Meeting held at the Imperial College of Science. 
Prof. C. H. Less, F.R.S., Vice-President, in the Chair. 


The following Papers were read :— 


1. Some Experiments on Tinfoil Contact with Dielectrics. By 
G. E. Barrsto. 


PROCEEDINGS OF THE PHYSICAL SOCIETY. xvii. 
2. On a Method of Measuring the Pressure of Light by 
means of Thin Metal Foil. By Mr. G. D. West. 


3. On the Quantum Theory of Energy and the Emission of 
Electricity from Hot Bodies. By Dr. W. WıLson. 


June 27th, 1913. 


An informal Meeting held at the National Physical Laboratory, 
where a number of demonstrations were given, and Fellows had an. 
opportunity of inspecting the laboratories. 
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ON THE CONSTITUTION OF MERCURY LINES. l 
; 


I. The Constitution of Mercury Lines examined by an 
Echelon Grating and a Lummer-Gehrcke Plate. By Prof. 
H. Nagaoka and T. Takamine, Imperial University, Tokyo. 


RECEIVED SEPTEMBER 4, 1912. READ OcToBsrR 25, 1912. 


§ 1. Object of the Investigation.—The constitution of mercury 
lines has been investigated by different physicists, but the 
results are generally not in good agreement. It may be due, 
on the one hand, to the imperfection of the optical instru- 
ments, and, on the other, to the nature of the source of light. 

With an echelon spectroscope, the presence of ghosts can 
hardly be avoided, and the order of the spectrum, for satellites 
at some distance from the principal line, is extremely am- 
biguous, due to overlapping. 

Although the instrument suffers from these two defects, the 
intensity of light is far superior to that in other interferential 
apparatus, as it concentrates the light mostly on one or two 
orders of spectra. An interesting Paper by Stansfield and 
Walmsley* sheds some light on the nature of the ghosts to be 
observed in an echelon grating, but the elimination of the ghosts 
can be easily effected by crossing the spectra according to the 
method of Gehrcke and von Baeyer,} which is analogous to 
that of crossed prisms first used by Kundt in investigating 
anomalous dispersion. The echelon may be crossed by a 
grating, or by another echelon, or by a Lummer-Gehrcke 
plate. We followed the last method to clear some mists, 
which still hang round the nature of the satellites, and that 
for reasons which will be explained afterwards. 

The intensity of the satellites has not yet been accurately 
measured nor has the regularity in the position of the satellites 
been well ascertained. Actording to our investigation, the inten- 
sity as well as the position of the satellites are not altogether 
irregular ; this fact will be of special interest to those who wish 
to unravel the secrets of atomic structure. 


§2. Echelon Grating.—The echelon grating and the Lummer- 
Gehrcke plate used in the present investigation were made by 
Hilger. The former was of the following dimensions :— 


Thickness of the plate ..........cccccceeceee seen noes 9-350 mm. 
Nua ber Of plates: cascssswscsewsecrecesiexccsiasscese 35 

LOPS: E A TEE EEE T EA E, l mm. 
Lenets riere E E wiadineeed 32:73 cm. 


* Stansfield and Walmsley, “ Phil. Mag.,” 23, p. 25, 1912. 
t Gehrcke and v. Baeyer, “ Ann. d. Phys., .» 20, p- 267, 1906. 
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The thickness given by Hilger agrees with that obtained by 
actual measurement on a piece of prism cut out from the same 
plate used for constructing the echelon,* by means of Abbe’s 
contact micrometer (Dickenmesser) reading to one micron. 
It was compared with a nickel-steel étalon previously stan- 
dardised at the Bureau International des Poids et Mesures. 
The above prism (refracting angle 60° 0’ 0-9”) was used in 
finding the indices of refraction of echelon plate for mercury 
lines with a spectrometer (diameter of the graduated circle 
30 cm., reading to 1” by microscopes placed diametrically 
opposite). They can be almost exactly expressed either by 
means of Cauchy’s or Hartmann’s formula. It is found on 
interpolation that the numbers given by Hilger for refractive 
indices differ slightly in the fourth decimal. 

The separation of the spectra of consecutive orders in the 
position of minimum deviation is given by the formula 


2 

ye = r : 

u-i 
The value of då ax (in A.U.) and the indices of refraction are 

as follows :— 
N assesses] 57905 | 5,769-5 | 5,461-0 | 4,358-6 | 4,078-1 | 4,046-8 

a (15°C) vececee.| 1657456) 157473 | 1-57725 | 1-59181 | 1-59790 | 159873 
Drax, cscs.) 05805 | 05760 | 0-5090 | 0-3002 | 0-2547 | 0-2497 


The homogeneity of the glass, as arranged in the echelon 
grating, was tested by placing the apparatus between two 
crossed Nicol prisms on a large PaalZow’s polariscope, made by 
Schmidt and Haensch. The dark field was then dimly lighted, 
but none of the polarisation band was to be detected, showing 
that the pile of plates, though not entirely free from strain, 
was almost homogeneous. That the echelon was slightly 
strained could at once be proved, since a beam of parallel rays 
on passing through it did not issue as such, but the pile acted 
somewhat like a lens. This fact is already well known, so that 
i is only necessary to note it. 


* Lunelund (“ Ann. d. Phys.,” 34, p. 505, 1911) has sume doubt about the 
thickness of our echelon. The darm ber quoted by Lunelund may refer to 
` another echelon, of which there are several in Japan. 
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$3. Lummer-Gehrcke Plate—The Lummer plate was of the 
same kind of glass as that: of the echelon grating. The plate 
was 20cm. long, 3-5cm. wide and 1:09116 cm. thick. The 
last number was determined by Abbe’s contact micrometer. 
The indices of refraction were determined directly by means of 
Abbe’s crystal refractometer, the constant of the instrument 
being checked by a quartz plate, and also by the prism of the 
echelon plate, whose indices of refraction were already measured 
by another instrument of high accuracy. The indices thus 
found were less by 7 or 8 in the 4th decimal place from those 
of the echelon plate ; they were conformable to Cauchy’s as well 
as to Hartmann’s formula. 

The value of d/,,,,. may be calculated in the following manner. 
The order of the spectrum A is given by 


a eee 
Aa vem Me a cite ae oo, AD 


where ¢ is the thickness and 7 the angle of exit. 


Differentiating it with respect to A, 
nee ( ci eave iy tee) 


Since A is of the order 5x 104 in the present experiment, we 
get the equation of finite difference 


hi?. Ah=—22? sin 2i. Ai. . . . . (3) 


Equation (2) gives an approximate relation 


%2 sin 2i. Ai= (reath) Ah... (4) 


Hence, by putting Ah=1, we have AA=da,,,,, so that 


22 | g 
dhna = PEZI ° e , . e (5) 
h oa 


The importance of introducing the correction for dispersion 
was first recognised by v. Baeyer.* 


* y, Baeyer, “ Verh. d. Deutsch. Phys. Ges.,” 10, p. 733, 1908. 
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For grazing’ exit 


2ty/u2?—1 ; 
hye eo, a Gig ee oe ge 


and the corresponding d4,,,, (in A.U.) is as follows :— 


re, et (eine 


Se 


0-11996 | 0:10659 | 0-06466 | 0-053596 | 0-05450 
| 
When the angle of exit i deviates from 90° by 2° or 3°, it is 
necessary to introduce a small correction to di,,,,, obtained 
for 1=90°. If the angle of exit cannot be measured directly, 
it is approximately calculated by using (3). 


hyd? Ah 
oa. ne Ie) 


Sin 227= 


It is generally sufficient to take Ah=10 or 15, find the cor- 
responding Az, and then calculate the correction. This is 
easily done on a photograph. 

In using the plate and the echelon gratings care was taken to 
protect them from changes of temperature by enclosing them 
in wooden boxes which were lined thickly with cork plate. 
Nobody remained in the room while the photographic plate 
was exposed. 

The lamp used in the present experiment was mostly of 
Arons-Lummer type, fed by direct current of 10 amperes at 
30 volts, and cooled by water current. Sometimes a Heraeus 
quartz lamp was used, but generally the lines were more dis- 
tinct with the Lummer lamp, especially when it ‘was well cooled 
and placed under low voltage. The photographs as well as 
visual observation show that the lines are better defined when 
the line of sight is parallel to the arc than when it is transverse. 

This is well exemplified in the satellite next to the principal 
line of 5,461 (Fig. 17). 

In the present investigation we did not enter into experi- 
ment on the changes in lines caused by introducing different 
gases into the lamp, as was recently done by Wendt.* 

The plate was provided with a right-angled prism whose 
section is an isosceles triangle, as in the original form used by 


* Wendt, ‘“‘ Ann. d. Phys.,” 37, p. 535, 1912. 
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Lummer and Gehrcke ; but it was found more convenient to 
change it into another, whose section is a right-angled triangle 
with one angle of about 22-5°, so that the plate can be used a 
vision directe. 

The resolving power of the plate and of the echelon grating 
was nearly the same, and for wave-length of 0-5 it is 435,000 
for the echelon grating and 400,000 for the plate. 


§ 4. Arrangement.—In order to eliminate the ghosts, which 
inevitably appear in echelon gratings, the spectrum was 
crossed by the Lummer plate after the method of Gehrcke and 
v. Baeyer. For this purpose the plate was placed horizontally 
and the echelon grating in such a position that the spectrum 
lines were vertical. The arrangement is shown in Fig. 1. 

The iight emerging from the echelon grating was made 
parallel by means of Zeiss micro-planars (focal lengths 7 cm., 
5cm., 3-5cm.), and made to fall on the vertical face of the 
prism attached to the Lummer plate. The interference points 


Abbe Prism _Collimator eae Lummer Plate Photographic Apparatus 
| Emmi Zeiss Planar ' 
eee Ca 
pauma (Plat® in Elevation} 
Lamp 
Frc. 1. 


were photographed by means of Goerz anastigmat (focal 
length 21 cm., aperture 3cm.), or by photographic lenses of 
10 cm. aperture, having focal lengths of 70 cm. and 123 cm. 
respectively. 

These micro-planars and photographic lenses were chosen 
so as to meet the special object of each experiment. 

In order to obtain the photographs for the measurement of 
positions of satellites, and for testing the position of ghosts, 
lenses of long foci were generally used ; while for the purpose of 
examining the number of satellites and for photographing the 
lines with short exposure, a micro-planar of long focus (F=7-0) 
was combined with the Goerz anastigmat. 

On this account the photographs given in this Paper are of 
various magnifications. 

The Goerz lens was attached to a photo-theodolite by 
Günther and Tegetmeyer, as there was advantage in finding 
the angle of exit directly from the readings of the divided circle. 
In order to find the interference points of faint lines it was 


ote ay -=A 
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necessary to use lenses of short focal length, but for the deter- 
mination of the deviation of satellites from the principal line, 
photographs obtained by lenses of longer focal lengths were 
used to secure more accuracy without increasing the mag- 
nifying power of the micrometer with which the relative 
position of the points was measured. For the latter purpose 
the slit in front of the echelon grating was generally opened 
to a width of about 0-04 mm., so that the crossed images 
appeared as short lines instead of points on the photographic 
plate. In this manner the lines of satellites could be placed 
between two spider lines of the micrometer, and its relative 
position exactly determined. When the points were crowded 
it was sometimes necessary to work with a slit only 0-01 mm. 
wide. In spite of the small quantity of light which was 
able to pass through the echelon as well as the plate, the 
exposure did not exceed five or six hours even in the very 
insensitive part of the spectrum. 

For the photography of yellow and green lines, “ panchro- 
matic spectrum plates ” of “ Wratten and Wainwright ” were 
used, and for lines in the violet region we used “ Wratten pro- 
cess plate.” Care was taken to develop and fix the plates under 
the same conditions. 

The focussing of thé lens was rather a tedious process, as it 
required sometimes more than a dozen photographs to obtain 
a sharp focus, especially for lines in the almost invisible violet 
region. But in such a region of the spectrum exposure did not 
last more than 10 or 20 minutes before we can obtain a fairly 
goodimage. Thus we can utilise the bright image given by the 
echelon in shortening the time of exposure of photographic 
plates. 


§ 5. Crossed Spectra.—We tried different methods of crossing 
the spectra. The echelon spectrum was crossed with that 
obtained by a metallic plane grating ruled on a Rowland 
engine; but, owing to the faintness of light and the low 
resolving power of the grating, the results were by no means 
comparable with those obtained by the combination of the 
echelon and the Lummer plate. The same remark applies 
to the crossed spectra of two echelon gratings. The echelon 
Tokyo Higher Normal School, having a resolving power of 
140,000.* As it was necessary to work with very small slits, 


* The instrument was placed at our disposal through the courtesy of Prof. 
Noda, to whom our best thanks are due. 
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the quantity of light was generally insufficient to show the 
details of the spectra, though it was much superior to the 
crossed spectra of echelon and ordinary grating. 


$6. Advantages of Crossing the Spectra.—In all of our obser- 
vations the angle of exit was nearly equal to 90°, so that by 
putting 
1=90°— a, 
where a is small, the equation giving the order of spectrum 


becomes 
h?7?= 442 {(uw?—1)+ a?} 


neglecting higher powers of a. 

Putting 4=/,+6/, where A, is the wave-length of the 
reference line and 6/ the deviation of the wave-length of 
satellites from it, 


2hA,OA= {8t?( 2 — 1) —h?A,7}+- a’. 


In the crossed spectra given by the echelon grating and 
Lummer plate we may conveniently take for abscisse the 
distances of the satellites from the principal line on the echelon 
spectrum, and hence proportional to 6A, and ordinates as 
proportional to deviation a from grazing exit. 

Consequently the locus of the interference points for the same 
value of h and for different satellites must lie on a parabola 
given by the equation of the form 


y’--a’=ba, 


where a, b are constants depending on h. For consecutive 
values of h the parabolas cut the x axis at nearly equidistant 
intervals. 

Thus, by tracing the curve, we are able to arrange the inter- 
ference points according to different values of h. This method 
is sometimes of great assistance in discriminating the position 
of satellites, especially when they are crowded together, as 
observed with the echelon or the plate only. In all of our 
measurements we plotted the interference points from the 
readings of micrometer with respect to x and y axes, in order 
to fix the order of the spectrum. 

Figs. 8, 15, 24 show at a glance the efficacy of tite method, 
especially for 5,790 and 4,359, in which points belonging to 
different orders of the spectrum are mixed together. 

In order to evaluate the relative positions of the satellites 


it is necessary to refer them to a lme which is sharply defined. 


ee — 
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It is customary to refer them to the principal line, which is 
generally broad and has hazy boundaries. It is, therefore, 
inaccurate to take the principal line as the line of reference, 
and the discrepancies among different observers seem some- 
times to be attributable to the uncertainty in the position of 
the principal line. We have in most cases used a well-defined 
satellite as the reference line (indicated by an asterisk in the 
tables), and afterwards reduced it to the principal line. 

With the plate, numerous orders of spectra can be measured 
with a micrometer, while only a single spectrum can be placed 
under test with the echclon spectroscope. Moreover, the 
optical errors are simpler in the plate. Consequently, the 
result is far more accurate than that with the echelon. In all 
the calculations which will be made hereafter we only take the 

values obtained by the plate into account. 


§ 7. Interference Points.—Owing to the limit in the resolving 
power of the optical instruments, the fine structure of some 
lines cannot be exactly known. Although some lines cannot be 
separated, we find that interference points due to the com- 
bination of the echelon grating with Lummer plate sometimes 
present a singular appearance. When the point is due to the 
intersection of simple strong lines it has a head and a tail, if we 
may so call the tapered ends of the point, which are in the 
direction of the tangent to the parabola joining the inter- 
ference points of the same order. This is almost always 
exemplified in the photographs of the crossed spectra. With 
some points, however, the appearance is greatly modified. 
The head and tail, instead of being simple, sometimes present 
a complicated appearance. This is observed also when there 
is a weak satellite near a strong line, especially when the 
photograph is of long exposure. By this analogy we may, 
perhaps, be able to draw some inference as to whether the line 
is simple or not from the appearance of the points, although the 
lines may not be distinctly separated. The same remark applies 
to the examination of the blackened line of photographic 
plates by a thermopile (§ 8). 

When there is a ghost in the neighbourhood of a strong line, 
the interference points taper towards the ghost in the direction 
of the x axis in the diagram of interference points when it is due 
to the echelon, and in the y direction when it is attributable to 
the plate. An example of the former case is seen in the crossed 
spectra of 4,078 (Fig. 29, Plate VIL.) ; faint traces of the ghosts 


ws aa 
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due to the plate were only notized in the line 5,461. The plate 
was, therefore, nearly free from ghosts. A number of ghosts 
were found in the echelon spectrum of the lines 5,461, 4,359 
and 4,047, which may be seen in the photographs given in 
Figs. 16, 27 and 33 (Plates IIL, VI. and VIII). 


§ 8. Relative Intensrty.—In spite of the numerous investi- 
gations on the position of satellites of mercury lines, very little 
has been done on the relative intensities of the satellites. The 
exact photometry of these lines would be a matter of great 
difficulty, but as the deviations of satellites are only a fraction 
of Angstrom unit in most cases, we may treat it as mono- 
chromatic, and hence assume the constant of the Schwarz- 
schild’s* law of blackening of photographic plates to be the 
same for the principal line and the satellites. Under this 
assumption, we may measure the relative intensities when the 
blackenings of the lines to be compared lie within the normal 
regions of the curves of blackening (Schwarzungskurve). 

For this purpose, it was, in the first place, necessary to photo- 
graph the echelon spectrum under several different degrees 
of exposures. Firstly, normal exposure for the principal line 
and strong satellites, for which the faint lines are mostly in 
the condition of under-exposure ; secondly, normal exposure 
for satellites of strong and mean intensity, by which the prin- 
cipal line is over-exposed ; thirdly, normal exposure for fainter 
lines, and so on. By the combination of these plates we may 
arrive at an approximate value of the relative intensities by 
successive comparisons. The echelon spectra of two suc- 
cessive orders were generally photographed in the position of 
minimum deviation, by which the satellites were all seen 
between the images of the principal line, which were equally 
intense on the plate. | 

In order to secure the constancy of the current and voltage, 
the Heraeus mercury lamp was found preferable to an Arons- 
Lummer lamp. Both lamps were used in the present experi- 
ment. For the measurement of the relative intensity the 
spectrum of the echelon grating was photographed without 
the interposition of the Lummer plate. The space between 
the consecutive orders of the spectrum ranged from 3 mm. to 
9mm, on the photographic plate. This plate was attached to 
a micrometer and placed almost in contact with a slit (17 mm. 


* Schwarzschild, ‘‘ Publik. d. Kuffner. Sternwarte,” 5, 1900. 
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long, 0-05mm. wide), so that the lines were parallel to it. The 
arrangement is shown in the following figure (Fig. 2). 

The light from a Nernst lamp (110 volt, 1 ampere) was made 
parallel by a quartz lens and passed the plate at normal 
incidence. The current feeding the lamp was carefully 
adjusted during the observation. A Rubens’ thermopile, 
consisting of 24 junctions of iron and constantan wire, was 
placed behind the slit, and the light passing through the slit 
fell on the junctions, which were arranged in a straight line. 
The deflection of a D’Arsonval galvanometer, connected with 
the pile, was read when a successive displacement of 0-05 mm. 
was given to the plate. 

There was great difficulty in keeping the zero of the galvano- 
meter unchanged, as the metal case containing the thermo- 
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Fra. 2. 


pile got gradually heated, so that the temperature of the cold 
junction was gradually rising. To avoid this inconvenience, 
the metal case of the pile was closed in the front by a window 


of thin microscope cover glass, and was placed within a 


wooden box filled with cotton. A slow current of dry and dust- 
free air, whose temperature was made constant by passing it 
through a long lead tube immersed in a large water tank, 
was maintained through the metal case by a water pump, the 
pressure difference being 3 mm. of water. By this means the 
zero of the galvanometer remained nearly constant. Of course, 
it was necessary to pass the air current for several hours before 
starting the observation. 
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Usually it took seven or eight hours to examine the satellites 
of a single line. 

Objections may be raised against this method of measuring 
the relative intensities by the blackening of the photographic 
plate. Fortunately the deviations of satellites are all very 
small, so that the question as to the validity of assuming the 
constant of Schwarzschild’s law to be the same for different 
wave-lengths does not come into the problem now under dis- 
cussion. The effect of diffraction and scattering due to the 
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Fic. 3.—INTENSITIES OF THE SATELLITES OF A = 5,461. 


line as well as the slit was entirely neglected. This may not 
be negligibly small. The absorption of light by the photo- 
graphic plate and the film, as well as the sensibility of the film, 
-are considercd to be uniform throughout the length of the plate 
measurcd. These are some of the defects attached to the 
above method, but to the first approximation the galvano- 
meter indications may doubtless be taken as a measure of 
relative intensity. The accompanying figure shows how the 
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galvanometer is affected as the plate is made to pass over the 
slit. We shall afterwards state that the intensities in some 
groups of satellites are regularly distributed. 

The existence of the ghosts in the photographs taken with 
the echelon grating alone causes disturbance in the blackening 
due to the real line, especially when the ghost is very near to 
the line. In addition to this, when a feeble line is in the neigh- 
bourhood of a strong one,+he former is almost masked by the 
latter, but we occasionally notice a slight protuberance which 
disturbs the smoothness of the curves traced by plotting the 
galvanometer deflections. That these slight protuberances 
were not due to some accidental causes, such as might come 
from the change of intensity of the lamp, or that of the velocity 
of the air current, &c., has been verified by the fact that when 
we moved the micrometer backwards exactly the same pro- 
tuberance was seen in the reverse way. 

Although the intensity measurement was carried out on the 
photographs of the six lines of mercury, it was the green line 
5,461 alone which was examined in detail by taking a number 
of photographs under different exposures. For the other lines 
the photographs were taken only in two or three different 
exposures, so that the results were not so accurate as in that of 
5,461. On this account we have given the values of relative 
intensities to two places of decimals for 5,461 only. 

It may be remarked that, when a faint satellite was very 
close to a strong line, there was much difficulty in deter- 
mining the intensity of the former owing to the diffusion of 
photo-chemical action caused by the latter. 


§9. Satellites. 5,790.—Of the different lines examined in 
the present experiment, none presents such complex structure 
as the line 5,790. There are numerous lines in 5,461 and 
4,359, but the distribution, as they appear with the echelon 
only or crossed by the plate, is tolerably simple. With the 
yellow line 5,790 the complexity is due to the existence of two 
satellites, both at about —1-0 A.U. from the principal line. 
The stronger line of the two was noticed by several previous 
investigators, and both lines were directly photographed with 
a Michelson grating by Gale and Lemon.* In the course of 
our investigation the stronger satellite was easily photographed 
by a Rowland concave grating (radius 104 ft., 14,438 lines to 
the inch), of which Fig. 5 shows its position with respect to the 


* Gale and Lemon, “ Astrophys. Jour.,” 31, p. 78, 1910. 
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principal 5,790 and the neighbouring line 5,769, already in the 
first order spectrum. The distance of the satellite from the 
principal is about one-twentieth of the distance between the 
two strong lines. This line and its companion appear in the 
spectrum of the echelon grating mixed with other satellites 
(Fig. 6), which lie very near together, and are of the same order 
as the principal, while the said satellite is two orders higher. 
To discriminate the lines from other faint lines it is necessary 
to cross the echelon with the plate (Fig. 7). By measuring the 
position of the interference points by means of a micrometer, 
and joining the points belonging to different satellites by 
parabolas, which form loci of points for the same orders of 
spectra, we easily find that there are distinctly two series of 
points which belong to different orders of spectra from other 
neighbouring points. The result of micrometric measurements 
is given in Fig. 8, and the copy of the original in Fig. 7 (Plate 
I.). The appearance of the echelon spectrum with the respec- 
tive positions of the other satellites are given below the diagram 
of the interference points. The ghost is marked with the 
letter G. They are all blended together, so that it seems 
impossible to discriminate the distribution of satellites with 
the echelon grating alone, as the accompanying diagram of the 
echelon spectrum will show (Fig. 8). 

Although the crossed spectra show beyond doubt the 
positions of these satellites, we tried to bring fresh evidence 
as regards the positions of the satellites in the echelon 
spectrum. 

Instead of using the spectrum given by the Abbe prism in 
the echelon apparatus as constructed by Hilger, we have pro- 
jected the line given by the concave grating, in which the 
stronger satellite —1 A.U. was distinctly separated from the 
principal line, on the slit in front of the echelon grating, so that 
it can be included or excluded in obtaining the echelon spec- 
trum. The spectra, with and without the said satellites, are 
given in Figs. 9 (a) and 9 (b) (Plate II.) respectively. It 
shows that the third strong line from the left is due to the 
satellite about—1-0 A.U. distant. The fourth line is a little 
displaced in relative position, which shows that the neigh- 
bouring satellite is almost coincident with the strong line. It 
will be worthy of remark that where there is some doubt as to 
the legitimacy of the position of satellite we may bring in the 
aid of the instrument of high dispersion, and by process of 
elimination arrive at a correct result. 
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A discussion was raised by Gmelin* as to the existence of the 
satellite +0-164. By a method which is quite analogous to 
= — — dg 0889¢-— r 
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that of crossed spectra, he showed that, in place of the said 
line, there is a satellite —0-374. With the echelon here used, 


* Gmelin, “ Ann. d. Phys.,” $3, p. 17, 1910. 


ON THE CONSTITUTION OF MERCURY LINES. 15 
and also with the crossed plate, the line falls in the neigh- 
bourhood of —0-938 and +0-224. Of the numerous photo- 
graphs which have been taken with different micro-planars 
and photographic lenses it was difficult to see distinctly the 
exact position of the said satellite. There are several indirect 
evidences for its existence, but we have not given it in the 
figure as its existence cannot be directly ascertained. 

As to the faint line +-0-164, which appears distinctly in our 
crossed spectra, and has been measured by Janicki,* Galitzin,ft 
and Lunelund,* there is not a least doubt of its existence. It 
may be due to the accidental coincidence of the line with the 
alleged —0-374 in the echelon spectra of the above-mentioned 
observers that the line was cancelled by Gmelin. It is also 
very curious that — 0-938, which first appears in the observa- 
tions of Gale and Lemon, had not been noticed previously. 
In our case it is altogether impossible to discriminate it from 
-+0-224 in the echelon spectrum ; but the interposition of the 
Lummer plate places its existence beyond doubt, as illustrated 
in the diagram of the interference points. The order of plate 
spectrum for 0-938 is much higher than that for the neigh- 
bouring point +0-224. This is of special interest, showing 
how the crossed spectra can sometimes analyse the coincidence 
of several lines in a single echelon spectra by separating them 
into different interference points. 

Instead of giving a table of the results of different observers, 
Fig. 10 will present at a glance the coincidence as well as the 
discrepancy of different measurements. The thickness of the 
line is drawn proportional to the intensity. 

It is to be noticed that, the principal line being wide and 
diffuse, the mean point is difficult to determine; the conse- 
quence is that the distribution of the satellites by one observer 
is one-sided compared to that of the other. The results of our 
measurement are tabulated below :— 


Ne ee ee ee es ee et led 


Plate......]— 0:999 | —0-938 | —0-191 |—0-119 | §0 |4+0°130 |+ 0-164 |+ 0-224 


ne me I eed coe 


Intensity] 2 l 2 6 10) 3 2 4 


* Janicki, “ Ann. d. Phys.,” 19, p. 36, 1906. 
t Galitzin, “ Bull. de Acad. Imp. d. Sc. de St. Petersburg,” p. 159, 1907. 
t Lunelund, “ Ann. d. Phys.,” 34, 505, 1911. 
A: The line marked by an asterisk is the reference line in the determination 
of 8A. 
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We consider hereafter the result obtained by the plate as 
more accurate than that by an echelon, inasmuch as the optical 
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errors attending the former are simpler than the other, and as . 
micrometric measurements can be made on numerous orders 
of spectra. 

Gmelin showed that -+0-084 of Janicki and +0-086 of 
Galitzin are coincident with the satellite —1-0 A.U. Lunelund 
recognised that +-0-082 of his observation would correspond 
to the above satellite at the position of 


—2dd, +0-082——1,006 A.U., 


Max. 


but he had ne means of detecting the difference in order from 
the other satellites. 

5,/69.—This line is quite simple. It has three satellites, 
of which two are nearly symmetrical about the principal 
in position as well as in intensity. The third satellite seems as 
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Fie. 13.—StructurE or \=5,769. 


if it were the ghost of the principal, but micrometric measure- 
ment shows distinct deviation from the pcsition which it must 
occupy if it were a false line due to echelon. 

Fig. 11 shows the crossed spectra and Fig. 12 the echelon 
spectrum. 

Our measurements are as follows :— 


Eeheloneeceeeeee ` — 0109?) | 0-049 ` *0 ' 0046 
Plate-corsstesscseees © =0-121 —0-050 | *0 | oo 
Intensity ......... | l 3 S CO 3 


The lines +0-084 and +0-121 given by Lunelund did 1 not 
appear in the crossed spectra, and are probably ghosts. The 
results of various observers are shown diagrammatically in 
Fig. 13. 

VOL. XXV. B 


18 PROF. H. NAGAOKA AND MR. T. TAKAMINE 


5,461.—Much interest attaches to this line, as it is the 
brightest and the most accurately examined of the lines of 
mercury. The crossed spectra (Fig. 14, Plate [IT.), the diagram 


cf the interference points (Fig. 15) and the echelon spectrum 
(Fig. 16, Plate III.) show at once the presence of eight satel- 
lites, of which the existence can hardly be doubted. In order 
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—0-026, it is necessary to run the lamp at low voltage, and 


to separate the principal line from its nearest companion, 
place the line of sight in the direction of the arc. 


Also good 
of echelon 


cooling of the tube is necessary. The photographs 


and of crossed spectra taken under these conditions are shown 


in Figs. 17 and 18 (Plate IV.). 


By long exposure of the 


gh 


photographic plate we noticed fine 


osts ( 


indicated by G in the 


diagram annexed to Fig. 15) in the neighbourhood of the line 
—0-242 and +0-210; these are very much like those observed 


by Stansfield, who, however, considered the real line —0-054 


also as a ghost. 


, Plate IV.). 


Fig. 19 
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The faint line +-0-210 is not easy to measure, 


The results of different observers are given in the diagram 


but its existence is beyond question 
~ below. 
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We shall afterwards see that the intensities of the different 
satellites are in a regular order. 

4,359.—This strong line is accompanied by 10 satellites, so 
that the crossed spectra are by no means simple; but as they 
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are not so widely distant from the principal as in 5,790, the 
discrimination as to the order and position of the interference 
points is not so tedious as with the yellow line. The echelon 
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spectrum is accompanied by five ghosts (G in annexed diagram 
of Fig. 24), which are so intense that they may be easily mis- 
taken for real lines, had they not been eliminated by crossing 
with the Lummer plate. More than 100 photographs were 
taken before we were sure of the existence of the lines. Fig. 21 
(Plate V.) shows the copy of an original, Fig. 22 enlarged, 
Figs. 25 and 26 (Plate VI.) more magnified in the higher orders 
of the crossed spectra. The photographs of the echelon spec- 
trum, Figs. 23 and 27, indicate how misleading they are if we 
have only to rely on them without some means of separating 
the false from the true lines. The diagram below, indicating 
the results of different observers, shows how unreliable the 
echelon spectrum is alone. 
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The following table gives our measurements :— 


The number of lines as well as the positions agree tolerably 
well with v. Baeyer, who had the command of the highest 
resolving power of all the experimenters above cited. 

The diagrammatical representation (Fig. 28) of the distribu- 
tion of lines shows a close resemblance with that of the satellites 
of 5,461. 

4,078.—The structure of this line is simple, as shown in the 
crossed spectra (Fig. 29, Plate VII.) and in the echelon spectrum 
(Fig. 30, Plate VIIL). 
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if the line —1-0 A.U. be eliminated. The 
Our measurements are given 


deviations among different observers are not so large as in the 


790, 


b} 


The appearance of the latter figure reminds one of the 


similarity with 5 


case of other complex lines. 


below :— 
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It is very singular that there is no discrepancy among 
different observers as to the existence of five satellites, although 


the positions differ slightly, as will be seen in Fig. 31.. 
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Fig. 31.—StTRUCTURE OF A 4,078. 
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double, and near it is another doublet, which has been often 
considered as a single broad line. The diagrammatical repre- 
sentation (Fig. 35) of the position of the satellites shows the 
discrepancies among different observers. Although we have 
taken photographs with exposures of several hours, we 
have not been able to establish the existence of the numerous 


satellites given by Wendt; it appears that they were mostly — 


due to the nature of the lamp. 
Our measurements are given below :— 


Vea | l HOK l i 
Echelon............ *—0-118 | 0-063 | 0-049 |— 9-013, 0 | +0-060 |+0-117 


Plate... sess, 0-114 |—0-060 |—0-046|—0-012| 0 |+0-059 | 0-117 
| Intensity ee a 7 | 4 s jlo] 5 5 


' 
4 


We have further to remark that the line 4,916 is single ; 
4,348 and 4,339 are difficult to photograph without the intru- 
sion of the strong line 4,359, so that it is not easy to determine 
how many satellites accompany them. Probably 4,348 has 
three, but we tried in vain to have them separated from the 
lines of 4,359, which inevitably appeared with 4,348 as diffused 
light. 

§ 10. Regularity.—One* of us has already pointed out that 
the distribution of the satellites is not altogether irregular. 
It was, however, stated with reserve, as the ghosts were not 


ae Satelite. 5A (observed). 
ff ca | Be = (+2) x2 426 
(—4) —108:3 = (—1)x4423 
T aii — 750 =—(+1) -+20 
© D | = 558 = (—1)x2—28 


Line 5,461 ......... — | 
(—1) — 265 


(+1) + 77-0 e=—(—1)x3—15 


(+2) + 122-4 
(43) | 42006 =—(—4)x2470 


! 


o 
õa’s are expressed in m. A.U. 


* Nagaoka, ‘“‘ Phys. Zeit.,” 10, p. 609, 1909. 
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eliminated and were misleading. In the present experiments 
the ghosts are eliminated, so that we may enter with con- 
fidence into the discussion as regards the distribution. 

It has already been stated that the 6/2 of some satellites 
are in a simple ratio; a good example is afforded by the 
satellites of the lines 5 461, 4,078 and 4,047. 

Distinguishing the satellites by the number, we find that 
ô2’s can be expressed as multiples, or sometimes as combina- 
tions of 64 of other satellites as given in the third column of 
the lower table on previous page. 


We obtain the approximate a 


(—1) : (—2) : (—3) or (+1): (— 
—96-5 : T 75-0 (or 77-0) : 108-3 
E : 4. 


The ratio is not exact, but it does not seem to be a mere 
chance coincidence. 


ae eea =< Eth | hes 


= | Racin ôA (observed). 
(3) |) meg as) 0T 
Line 4,078 «ses... (41) | 4320 =—(—2)4(—N420 
5 (+2) = =—(— l) +3-1 


(—1) and (+2) are nearly so; (+1) is given by the difference 
between (— 2) and (— 1). 


— oe 5d (observed). 
(; (4) —ll4-] =—(+2) +26 


Line 4,047 ......... 


| 

(—3) | O08: =t) —1-6 
| 
| 


Lines (—2) and (+3) are symmetrical about the principal ; 
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The approximate symmetry between (—4) and (+2), 
(—3) and (+2) is at once evident, and (+2)=2x (+1). 

If we investigate the structare of other lines we may, per- 
haps, find a similar relation; we believe that such a relation 
is not peculiar to mercury lines only, but is to be found in lines 
of other elements, of which manganese, investigated by Janicki, 
is one instance.* Examples of the symmetrical positions 
of the satellites with respect to the principal line are to be 
seen in Figs. 10, 13, 20, 28, 31 and 35. This symmetry of 
position is not, however, always attended with that of 
intensity. 

In addition to this, the character of the distribution of lines 
is similar, especially in 5,461 and 4,359, which belong to the 
second subordinate series. In both of these lines the principal 
line is accompanied by a strong satellite on the side towards 
the violet, which is very near it. For these two satellites the 
difference in frequency from their respective principal lines is 
nearly the same, which is also characteristic of some alkaline 
elements. | 


Thus for 5,461 : oe 88x 10-11, 
4,359 anig = 89 g 
4,047 es tas =—76 $5 


The last line, 4,047, shows some deviation, but as the 
position of the neighbouring satellite is so near that it is hardly 
resolved by the instruments at our command, we must wait 
for a more accurate determination with instruments of greater 
resolution. 


ne ôÀ 
Another characteristic is that the numbers Fi have values 


common to several of the satellites in different lines, and are 

multiples of those preceding them, so that some numbers occur 
, OA 

oftener than others, if we construct a table of - for different 


A 


lines. 
The following tablef covers all the values of - for satellites 


found in the present experiment. For 4,348 the mean of 
different observers were assumed. 


* Janicki, ‘‘ Ann. d. Phys.,” 29, p. 833, 1909. 
{+ In constructing the above table only 3a’s found from the plate were 
used ; sometimes the fourth decimal was taken into account. 
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od 8 E a n 3A 
A A 
oN CT i oO, ay. 167 N. x 107. 
À. yx. | n %10 | . x X16 
ee eee i -c 
4, e 4,078 122 | 4,359 | — 253 
wa | ts 4,359 2%60=120 | 
: 4,259 3x40=120 | 5,790 283 
4,359 40 4,047 4x 31=124 4,047 | —982 
—'! 4,047 289 
5,461 —49 5,461 — 138 4,047 | 2x 145=290 
4,359 —53 5,461 141 -— 
5,461 —3x 49 -—147 | 5,790 —330 
4,047 145 4,359 | 3x 110=330 
4,359 60 > o 
4,047 2x 31= 62 4,047 — 149 458 | 3 x 110—330 f 
4,348 186 4,359 -- 374 
5,769 77 4,078 187 5,461 383 
4,078 78 4,078 | — 188 5,790 | 386 
4,359 2x 40=80 SeN — —— | 4,348 ` 2x 186-372 
5,461 | — 198 | 4,078 | 2x 187--374 
a BAGD Soa MC AQ eR se ee 
ae? Si 5,461 ©  2x102——204 | 4,359 416 
4,359 | 2x 98- 196 5,790 | 2% 206=— 412 
5,461 102 s% s 5,769 | 2x 210— —420 
4,359 98 5,790 — 206 5.461 | 3x138=—414 
5,461 2x49=— 98 || 5,769 — 210 ee 2a ee ee 
4,359 DDS 106. ee || AGI 444 
5,790 223 5,461 | 2x 224= 448 
5,461 224 4,359 | 2x229=—444 
ren aa 4,259 299 4,359 '—4x 110=:—440 
i 4,359 2x 110 —220 | 4,348 !—4~x 110- —440 
| 4,348 2x 110= — 220 ge at 
4,348 115 | | 5,790 | —1,620 
4,078 —115 4,359 240 , E 
4,047 —115 4,359 4x 60= 240 5,790 — 1,725 


It will be seen that some of these numbers are remarkably 
coincident in several lines, and some of the numbers are 
multiples of others. 

Interpreted in the light of Doppler’s principle, the quantity 


61.¢ 
=a 


denoting the velocity of light. 


gives the velocity u of the approach or recession, c 


The numbers above obtained 


make u range from several hundred metres to many thousand 
metres per second. But this is simply a suggestion, and we 
do not mean that the above quantity is due to Doppler effect. 
The multiplicity of the above numbers may probably be due 
to the number of electronic charges which form the centres of 
light vibration. It would, however, be premature to speculate 
upon any theory which will explain the facts here described. 
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It may be suggested that the change of frequency, which is 
proportional to , will have the same property as z ; a table 
of zz Was therefore constructed, but no inference could be 
drawn from it, except the one already mentioned with respect 
to the companion of the principal line. 

The intensities of many satellites seem to follow a simple 
law. A glance at Fig. 3, representing the intensities of green 
lines referred to the principal line, will show that they decrease 
proportionally to 6A from the principal line for the satellites 
— 0-026, —-0-074, —0-108 on the negative side, and for +-0-078 
and -+0-123 on the positive side. Again, the vertices of the 
intensity curves for — 0-242, —0-108, —0-054 lie on a straight 
line, which makes us doubt if these lines are not the satellites 
of the strong line —0-242. Only the satellite +0-210 does not - 
fit in these lines (Fig. 36, p. 28). 

It must not, however, be forgotten that the ghosts in an 
echelon spectrum disturb the intensity of the neighbouring 
line to some extent. 

The law of the proportionality of intensity to 6A is also 
indicated in the intensity diagram for 4,359, 4,078 and 4,047 ; 
due to the complex structure of 5,790, it is difficult to draw 
any inference, as also for 5,769, in which the satellites are too 
few in number. 

With the line 4,359 the intensity curve for —0-023 and — 0-097 
lies on a line with the principal, and also for — 0-163, —0-110 
and —0-048. Perhaps the latter lines are satellites of — 0-163. 
On the positive side, +0-017 and -+ 0-026 lie on a line with the 
principal. 

With the line 4,078, +-0-050 and +-0-076 form one line with 
the principal, while the last line may also be grouped with 
—0-047 and +0-032. With 4,047, —only 0-012 and — 0-046 
form a group with the principal line. 

We have further to remark that in all of these lines two satel- 
lites of almost equal intensity, which is nearly half of that of 
the corresponding principal line, are always to be found—~.e., 
— 0-242 and —0-074 in 5,461, +0-043 and +0-105 in 4,359, 
—0-047 and +0-050 in 4,078, and +0-059 and +0:117 in 
4,047. 

So far as we are aware, these relations as regards the positions 
and the intensities of the satellites are noticed for the first 
time. 
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It will be interesting to measure the intensity with different 
apparatus, as the results here obtained may have been affected 
by instrumental errors. 

At the present stage we do not wish to advance any 
hypothesis explaining the distribution of intensity among the 
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Fig. 36.—RELATIVE INTENSITIES OF THE SATELLITES OF THE LINES 
A= 5,461. A= 4,359. 
A= 4,078. A= 4,017. 


satellites, but simply suggest that it will have important bearing 
in explaining the structure of complex spectrum lines, especially 
from the standpoint of the theory of ionic collisions. 
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It would also be interesting to see if these relations hold also 
for satellites of different lines of metals, as bismuth, cadmium, 
lead and others. 


§ 11. Conclusion.—From the results of former observers, and 
from the present experiments, we see that the echelon spectrum 
is almost invariably accompanied by ghosts, and is ambiguous 
as regards the order of spectrum, when the satellites are not 
very near the principal. 

These defects may be avoided, and the brightness of echelon 
spectrum combined with its high resolving power utilised, 
by crossing it with Lummer-Gehrcke plate, following the 
method initiated by Gehrcke and v. Baeyer. 

The positions and intensities of the satellites of mercury lines 
are not entirely irregular, so that they seem to have some 
definite structure if properly arranged. 

It is extremely desirable that similar researches should be 
extended to the spectrum lines of ofher heavy metals, and that 
the conditions under which the satellites appear or disappear 
should be fully investigated. 


ABSTRACT. 


The authors have photographed the principal lines of mercury, 
using an echelon spectroscope crossed vy a Lummer-Gehrcke plate. 
They find that the 5,790 line consists of 8, the 5,769 line of 4, the 5,461 
of 9, the 4,359 of 11, the 4,078 of 6 and the 4,047 of 7 components, 
whose positions in general agree with those found by recent observers. 
They point out a simple relation between the distances of the com- 
ponents from the principal line in each case, and a further relation 
between the quotient of each of these distances by the wave-length of 
the principal line, which holds for all the lines. The relative inten- 
sities of the component lines were determined by interposing an 
echelon photograph between a constant source of light and a linear 
thermopile, and noting the changes in the deflection of a galvano- 
meter in series with the pile as the plate was moved across the face 
of the pile. In every case there appears to be a simple relation be- 
ween the position and intensity of each component line. 


DISCUSSION. 


Prof. C. H. Leers pointed out that the ambiguity as to whichorder of spec- 
trum any satellite belonged, could be very easily determined by transmitting 
the light from the echelon through a prism so as to increase or decreace the 
dispersion slightly, which would cause the satellites to open out from, or 
approach the principal line they belonged to proportionately, while the 
distance between the same line in adjacent orders woul of course not be 
altered. 

Prof. STANSFIELD was very much interested in the valuable work the 
authors had carried out, and objected only to their reflections on the 
character of the echelon spectroscope. He agreed with Prof. Lees that 
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the ambiguity as to the order of spectrum lines at some distance from the 
principal line, mentioned by the authors, could in practice be readily 
avoided by employing a prism to increase or decrease slightly the echelon 
dispersion. The ech:lon he had employed showed some of its secondary 
diffraction maxima, as any diffraction grating approaching to per- 
fection in its optical behaviour was bound to do. These secondary 
maxima were abnormally bright on one side of the principal maximum 
and very faint on the other. In the Paper by Stansfield and Walmsley, 
referred to by the authors, this had been shown to be due to a cubic 
aberration produced by the one-sided clamping of the glass plates. In 
spite of this want of symmetry, however, he thought it was only fair to 
the instrument to call them secondary maxima, and he hoped that the 
authors of the Paper would say whether the faint lines they referred to as 
ghosts were also secondary maxima. His own list of components for the 
green line only differed from that given by von Baeyer and the authors of 
the present. Paper in the omission of the faint line at - 54m-A., and this 
did not represent any difference of opinion as several of his photographs, 
including the one reproduced in his Paper, gave some evidence of this 
line. A secondary diffraction maximum which happened to come in that 
position was so bright that the presence of a faint primary assisting it was 
strongly suspected. Fabry and Perot’s early values for the green line, 
which differed considerably from the others quoted in the Paper, were 
not regarded by their authors as accurate determinations. He was not 
aware that they had ever published them except in correspondence with 
Prof. Zeeman. He considered that the agreement between the results 
obtained by widely differing methods was fairly satisfactory. There 
was another effect which should not be overlooked when working with 
the echelon which was due to the light reflected forwards and back- 
wards between the plates. This produced Fabry and Perot bands super- 
posed on the ordinary spectrum. These were chiefly visible on broad lines, 
which thereby looked ribbed, and caused an erroneous splitting up of the 
lines, This could be detected by rotating the echelon slowly, when the 
Fabry and Perot bands will move fastest, and will, therefore, move over the 
surface of the line they are situated on. 

Thanks were returned by the meeting to Prof. H. Nagaoka for having 
communicated his valuable Paper to the Society. 
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Il. Note on the Mutual Inductance of Two Coaxial Circular 
Currents. By Prof. H. Nagaoka, Imperial U niversily, 
Tokyo. 

REcFIVED AuGusT 27, 1912. Rrap Ocroner 25, 1912. 


Tue “ Bulletin ” of the Bureau of Standards, Vol. VIII., No. 1 
contains a résumé of different formulas for the mutual induct- 
ance of two coaxial circular currents. Several tables for the 
numerical evaluation of mutual inductance are given, but it 
appears to me that nearly all practical cases can be calculated 
with accuracy of about one part in a million, by means of a 
short table, which is applicable to all cases, for which the 
circles may be far apart or they may be nearly in contact. 
Denoting the radji of the circles by A and a, and the distance 
between the centres by b, Maxwell* gave two formulas : 


M= =4ay/ Aal | {GK E) oaa 
þa ez = ge tae 2, 
in which VM Aa) 21 2 sin y= k 
Maen KE 2 
and moa BEB r aa a a E) 
TERT Eo 
in which Ga. 


rı=vy (A+a)} +b, 
ra=y (A—a)?-+ 6. 
K and E are dani elliptic integrals of the first and second 
kind respectively, with the corresponding modulus & or k,. 
From the general expression for the mutual inductance of 
two circles, or from Maxwell’s first formula, we can deduce the 
following expressiont in theta-functions : 


M=- GO re 
0 (0 


(3) 
On expansion, this becqmes 
M=4ay/Aal4org?(1+3q*—4q*499*—+ ...)}. 6 0. (8’) 


* Maxwell, “ Electricity and Magnetism,” 2, § 701. 
t Nagaoka, “ Phil. Mag.”, 6, p. 19, 1903. 
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The above series is rapidly convergent, and is convenient 
for numerical calculation, as the values of 


log (14-3q*— 498+ 9g8—+ ...) 
have been tabulated.* When k is near unity, we have to use 
qı, Which is complementary to q, and 


M= =4ny Aas 5 a j? fiog nat. (- )A+87- agit.) 4 (4) 
Although the above series converges very rapidly, it is 
rather tedious to find log. nat. 


1 
In Maxwell’s second formula, we have the relation between 


k and k, given by 


From the theory of elliptic functions, we know that for the 
above transformation, 


Bie) Be) 
K(k) K(k) 


Ser UN eor RU 
so that g(k)=e "KM =e 2° KAD, 
—1/q(ky) 
Denoting g(k,) by h, we have 
h=¢@(k) o . . ww ee ee 9) 
By direct transformation, or from Maxwell’s second formula, 
we get r 0” (0) 
M= ny hag ee a a ee ee (6) 


which on expansion becomes | 
wa az lang hf L4H DNS — 16h 4 25h ... 
M=4ny/Aa | 4h Carers The 9f20— JI. . (6) 


Since Å is a small quantity, the fractional term is near unity ; 
we may therefore write it 1+ e, so that 


M=4nv/Aal4ahi(1t+e) . 2... (7) 


On expansion 
é= 1+ 3h? —4h38+ 9h!— 12h54- ... — 
which is the same as that given in (3’), if we take account of the 
relation (5). - Constrvcting the table of log,,(1+ £) for values of 
h eae 0 to 0-2, we can easily calculate M by (7) for almost all 


aoka, “ Journ.” Coll. Sci., Tokyo, 27, Art. 6, 1909; “ Bull.” Bur. 
guad. D p. 215-220, 1912. 


TVESLEO-0 
eepe 
G9ELEEO-0 
L8Zé 
GE8E0E0-0 
Lele 
€8L1L¢0-0 
S86Z 
€FC1FS0-0 
8787 
€9266120-0 


osz 
6606910:-0 

oeez 

; 6Z0SETO-0 
esiz 

TOLZTT0-0 


T9€6Z00-0 
£96 
TE88100-0 
L¥SOT00-0 
L89%000-0 
£401000-0 


-u bh è w- 


0998930-0 
0L6Z 
€LZ8€20-0 
7187 
T¥¥60<60-0 
1S9Z 
906Z8T0-0 
a1 (4 
ST999T0-0 
TIEZ 
LILGETO-0 
SEIZ 
99S0TTO-0 


T068¢600-0 
0€6 
TO6LTO0-0 
[40A 
9}86000:0 
So 
631 ¥000-0 
Z ' 


PFETOFO-0 
BSE 

TESS9EN-0 
vOvE 

EPSOEEO-0 


6999960-0 
S62 
6TESESO-0 
9627 
9¥99020-0 
£E97 
ELS6LIO-0 
LOVE 
SPIFSTO-0 
¥6C7 
ESPOETO-O 


6L0LG00-0 
806 

€669100-0 
Z9 

L916000-0 


ort 
i 689€000-0 


8 


£6 


SZ9€ 
699L6€0-0 

eese 
86919£€0-0 

O6EE 
ESTLZEO-0 


1883€30-0 
08Zz 
£98€020-0 
819% 
SS69LTO-0 
ostz 
869TST0-0 
8227 
SVI8Z10-0 
86072 
TSE90T0-0 
IGI 
PLE9800-0 


9969¢600-0 
s88 
80T9T00-0 
9S9 
TIS8000:0 
91b 
i 992£000-0 


$9¥0000-0 


Z9 


6L189€0-0 
SLEE 
8LLEZSEO:0 
gZZe 
9€80660-0 
LLOE 
£8€69Z0-0 
£767 
8S¥6660-0 
VOLT 
TOTTOZO-0 
097 


FIEPLIO-O 
i 8 LA 
C9C6VTO-0 
OSTZ 
9889310:0 
180Z 
OLSFOTO-0 


I 


j #L83000-0 
¥ZE0000-0 


£9€06£0-0 
SoSe 
PLOFSEO-0 
ogee 
8T¥03E0-0 
EIZE 
669L820-0 
790E 
TGE9LZ0-0 
9062 
6999660-0 
87 
€SE8610-0 
VESZ 
OLLTLTO-0 
SI¥e 
OS89F10-0 
Chee 
PPIESTO-O 
7907 
8026010-0 


L18€Z00-0 
Ove 


SOVFT00-0 


09 
1LZL000-0 

L9e 

L09¢000-0 


8 


9 


Ecoe 
O0€L98E0-0 
l6v€ 
E8TISE0-0 
OEE 
GLOLTEO-0 
góle 
PCVFH8SO-0 
9¥0E 
GLZESZO-0 
682 


099€2<0°0 
tez 
GGISGTO:0 


9S7 
£066910°0 
66EZ 
ISFPPITO:0 
CCS 
OZFISZTO-0 
yO? 
P9TOOTO-0 


T 


L 


S9TFE00:0 
IHOT 
pave? 


L89€100:0 
es 

L899000-0 
eve 

>91Z000:0 
16 


8 


819€ 
GITESEO:0 
9LvE 
LOLLVEO-0 
CECE 
OFLETEO-0 
egle 
T¥ST860-0 
Te0€e 
¥FZO8SO-0 
SZ8Z 
£8L0660-0 
9IZ2 
9062610-0 
SSZ 


69999100 
18ez 

OLOGHIO-O 
LOt? 

CTS6T 10-0 


T 


LSLTZ00-0 
¥6L 

€6LZ100-0 
9S 


9219000-0 


Lie 
L¥81000-0 
69 


I 


[lge abod aon{ oL 


Soge 
LOS6LE0-0 


FEPOTED-0 
sole 
€L08L20-0 
9I0€ 
866L420-0 
0982 
SZ6LTG0-0 
6692 
L0G06T0-0 
ESZ 


LTTFOTO-0 
+9EZ 
90L6ETO-0 
BIZ 
LZOLTTO-0 
200% 
6£19600-0 


S 


9TLTE00-0 
£66 

09L0600-0 
TLL 


T60Z100-0 
£S 


6896000-0 
£67 

#991000-0 
6€ 


L 


GSPSTHO-0 
O6SE 
- LI6SLE0-0 
Lvve 
86LOPE0-0 
TOCE 
GSTLOEO-0 
este 
0Z6FL60-0 
O00€ 
836PF20:0 
VET 
T8081Z0-0 
€897 
FESL8T10-0 
Z1SZ 
009T9TO-0 
LVET 
GSELETO-0 
Z 
PESFIIO-0 


CGL0g00-0 
926 

#8L6100-0 
Br 

€LZTT00-0 
e1s 


9409000-0 
897% 


9861000-0 
el 


OF TWO COAXIAL CIRCULAR CURRENTS. 33 


cases that occur in practice. Evidently the interval between 
h=0 and h=0-2 corresponds to that between y=0° and 
ry =89° 30’ m Maxwell’s table, which only extends from y=60° 
to y=90°. 

The accompanying table of log,,(1+¢) was calculated for 
me by Mr. T. Mishima, who made use of eight place tables of 
logarithms by Bauschinger and Peters.* The table can be 
used within a wide range, t.e., when the circles are very widely 
apart till they are nearly in contact. 

The following explanation for the use of the table will be 
perhaps necessary. 


, _2/tPo 
Calculate b= ae 
which follows from the relation k’ 2=1—k,2, and find 
vk, 
1+Vk', 
Then =t SEST : ji 
2 N2 2 a 


Generally the first term is sufficiently accurate. Find log,,(1-+ £), 
corresponding to the above value of A ; then M will be given by 
(7). When great accuracy is required, it is advisable to 
calculate J by the formula 


k? 
(k'k)? 
An example will suffice to show the use of the table. 
Take A=a=25 cm.,  b=l cm., 
then k,=0-9607920, 5=0-1550662 
h=0-1552463 


log (1+ e)=0-0260142 by the table. 
M=1036-666; cm. by (7) 


The last figure is, of course, uncertain, as the tables are of 
seven places. By using Legendre’s table in Maxwell’s formula 
(2), Rosa and Grovery give for the same case 


M=1036°666: cm., 


* Beuschinger and Peters, ‘ Logarithmisck-trigonometrische Tafeln mit 
echt Dezimalstellen,” Leipzig, 1910. 
t Rosa and Grover, “ Bull.” Bur. Stand., 8, p. 21, 1912. 
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which differs from the. value found above by less than one 
part in a million. 

If we have to use Maxwell’s formula (1), and the table* 
compiled after it, we have to find the value of M for y=88° 
51’ 14”. It will be easily seen that the first and second differ- 


ences are very large, so that the calculation is extremely 
tedious. 


The chief advantage of the above table lies in the fact that 
nearly all cases in practice are included within a short range of 
argument h, and the calculation is easy to perform, as the 
second difference is generally small (<26). 


ABSTRACT. 


Methods are given for the rapid caiculation of the mutual induc- 
tance of two coaxial circular currents. Maxwell’s first formula is 
converted into theta-functions, and then expanded in a Jacobian 
q series. The logarithmic values of this series for various values of q 
have been tabulated in a previous Paper by the author. When the 
circles are near one another a series for M is given in terms of q,, 
where q, is the complement of g. In this Paper the author treats 
Maxwell’s second formula in a similar way. A table of the values of 
these series found, computed to six decimal figures by T. Tishima, is 
given. The chief advantages of this table are that nearly all prac- 
tical cases are included within a short range of the argument, and the 
calculation is simple, as the numbers in the difference columns are 
small. By the help of these tables and series the mutual inductance 
between two coaxial currents can be easily computed to a high 
degree of-accuracy. 


DISCUSSION. 


Mr. A. CAMPBELL expressed great thanks for this communication. He 
had already used the tables given by Prof. Nagaoka in a former Paper on 
the subject published in Japan very largely, and those given in the 
present Paper covered still wider limits and enabled cases to be calcu- 
lated which otherwise necessitated the use of Legrende’s Tables of Elliptic 
Functions. 

Dr. RUSSELL expressed his interest in the Paper. He pointed out that 
the value of the mutual inductance was given to seven figures. It was 
certainly a step in advance to be able to evaluate so easily and to such a 
high degree of accuracy the simple expression for the mutual inductance. 
But in practice the wires used had appreciable thickness, and it was 
highly desirable that a more accurate formula be obtained so as to take 
this thickness into account. 

Mr. F. E. Situ said he would like to ex press personal thanks for the 
Paper, and hoped that Prof. H. Nagaoka would also give tables for the 
mutual induction of a coil and a circle. The point raised by Dr. Russell 
of the thickness of the wires had been considered by Dr. G. F. C. Searle 
in a Paper on the Current Balance, who found that the effect was in 


general negligible. It was quite evident that the present Paper was both 
labour and time saving. 


* Maxwell, “ Electricity and Magnetism,” 2, 701. Also, Appendix, “ Bull.” 
Bur. Stand. 8, p. 190-192, 1912. 
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ITI. TRe Absorption of Gas in Vacuum Tubes. By S. E. 
Hit, B.Sc, | 


Received Avavst 30, 1912. Reap OctosErR 25, 1912, — 


Ir has long been known that the continued discharge of a 
current through an ordinary glass vacuum tube causes a 
gradual diminution in the pressure. Pliicker first noticed the 
effect while passing the discharge by means of a Ruhmkorff’s 
coil through a Geissler tube.* ` 

Later on Muller and De la Rue observed the change in 
pressure after passing a discharge for several minutes through 
similar Geissler tubes, and in their later experiments they had 
to give up the use of tubes sealed off from the pump.t 

Hutchins{ examined the spectra of the gas enclosed in a 
vacuum tube, and found that if a trace of any gas be admitted 
into an exhausted tube and the discharge be then passed 
through it, the spectrim of the gas gradually disappears, 
leaving only the spectrum of hydrogen. This latter spectrum 
arises probably from the water vapour condensed on the walls 
of the tube, and which is so difficult to remove. Since then 


the knowledge of this phenomenon has been used to obtain 


extremely low pressures in tubes. Thus a tube run con. 
tinually will reach such a degree of exhaustion that the dis- 
charge is at last unable to pass. The method has also been 
used to obtain “ hard ” rays from Röntgen ray bulbs. Many 
investigations have been made into the causes of this dis- 
appearance of gas, but none of the experiments performed 
have allowed us to decide with certainty whether the action 
is a definite chemical action or merely a physical absorption. 
J. J. Thomson inclined to the latter theory ; but the experi- 
ments of R. S. Willows,§ carried out at the same time, did not 
bear out this idea. Willows used as his source of current a 
battery, as lending itself better to quantitative results than 
the irregular current derived from a coil. His experiments 
were conducted with soda, lead and Jena glass, under varying 
conditions of surface, &c. He came to the conclusion that 
most, if not all, of the gas absorbed 1s to be accounted for by a 
chemical combination with the glass. Willows also found 


* Pliicker, “ Pogg. Annal.,” 1858, Vol. CIIL., p. 91. 

+ Phil. “ Trans.,” Part I., 1878, p. 155. 

+ Hutchins, “ Amer. Journ. of Science,” Vol. VIL, 1899, p. 61. 
§ Willows, “ Phil. Mag.,”’ April, 1901. 
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that soda glass gave the greatest absorption, lead glĝss next 
and Jena glass least of all. He therefore recommended the 
use of Jena glass for vacuum tubes. Hydrogen was found to 
be absorbed by Jena and lead glass to a far less extent than air 
or nitrogen, and in the case of lead glass part of the hydrogen 
reappeared after resting the tube for some time. 

In 1907 Campbell-Swinton* published his experiments on 
the subject. He found that after a tube had been made to 
absorb a large quantity of gas, and was then heated to its 
fusion point, bubbles of gas appeared in the glass, which came 
to the surface and there burst. These bubbles appeared to be 
in the walls at an average depth of 0-12 mm. The glass was 
next crushed to powder in a special vessel, and the spectrum 
of the absorbed gas at once became evident. His final con- 
clusion was that the gradual disappearance was due to the 
mechanical driving of the gas into the glass, and not to any 
chemical combination. 

Soddy and Mackenziet repeated these experiments, and 
obtained the Campbell-Swinton effect of the bubbles in the 
glass, but came to the conclusion that the gas which causes 
these bubbles is not the discharge gas driven into the glass. 
The bubbles are, in all probability, a secondary effect due to 
the chemical decomposition of the glass under the influence of 
local heating produced during the bombardment. They, 
suggest, also, that in glass there are always present sufficient 
undecomposed carbonates and sulphates to account for the 
effect. No conclusion was arrived at as to whether the 
absorption of the gas was chemical or mechanical. Various 
other suggestions have been made. Thus, it has been sug- 
gested that the gas is shot right through the walls of the tube, 
but one of Willow’s experiments negatives this. It has been 
thought that the absorption takes place at the electrodes, but 
this interpretation takes no note of the fact that the effect is 
obtained with the electrodeless discharge. 

When about to commence a fresh series of experiments it 
seemed probable that a study of the effect with the elec- 
trodeless discharge would lead to more definite results, and this 
for several reasons. In the first place, any possibility of 
electrode action is done away with, both as regards absorption 


* Campbell-Swinton, “ Proc.” Roy. Soc., Series A, Vol. LXXIX., April, 
1907 


t Soddy and Mackenzie, “ Proc.” Roy. Soc., Series A, Vol. LXXX., 
February, 1908. 
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and evolution of gas. This latter proves a continual source 
of difficulty throughout such experiments. Secondly, with 
the ring discharge, the ions are not directly shot into the glass, 
as is the case when metal electrodes are used. The possibility 
of this is still less if the bulb is screened to prevent any elec- 
trostatic effects. Under these conditions, that part of the 
disappearance of gas due to mechanical driving into the walls 
of the tube will be practically eliminated or, at least, greatly 
reduced. The following experiments were, therefore, carried 
out on lines suggested by Dr. Willows. The apparatus was 
arranged as in Fig. 1. A is the bulb under examination, having a 
volume of about 200cc. It is connected, through drying tubes, 
to a Toepler pump and M‘Leod gauge. The gas absorption 
was measured by the corresponding pressure change, the pump 
being cut off during the readings, in order to make this greater. 
The secondaries of a 6 in. induction coil were connected to a 


Coil Ww G A and Gauge 


Kia. 1. 


spark-gap, G, consisting of two zinc balls of diameter 14 in. 
The width of the spark-gap was maintained constant through- 
out the experiments at about 3mm. Two Leyden jars were 
connected to the spark-gap, and from these went a coil of 
insulated wire, of about cight turns, which was placed round 
the bulb A. A great increase in the potential was obtained by 
blowing out the spark in the gap G. This was effected by 
means of a motor-driven blast. A discharge, almost invisible 
without the blast, became brightly luminous when the spark 
was blown out, and also much steadier. 

The Leyden jars, spark-gap, &c., were insulated by standing 
on ebonite. The method of conducting an experiment was as 
follows :— 

The gas was pumped down to a low pressure by means of a 
Fleuss pump. The exhaustion was continued by the Tocpler 
pump, testing at intervals to see if the discharge could pass. 
As soon as this stage was reached the pressure was noted and 
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the spark-gap cleaned and adjusted. The discharge was then 
passed for a known time (4 hour) and the final pressure noted. 
The absorption could then be calculated, knowing the volume 
of the apparatus. The bulb was then exhausted farther and 
another reading taken. The series was continucd until a 
stage was reached when the discharge would no longer pass. 
In no case could the discharge be made to pass at a higher 


Fig. 2.—Sopa Guass. 


pressure than about 0-4 mm., or at a lower pressure than about 
0-04 mm. After passing each discharge, the difference of 
pressure was caiculated as a percentage of the mean pressure 
during the experiment. 

The first bulb experimented on was of soda glass. A series 
of readings was taken as explained above and the results 
plotted on a curve. Fig. 2 shows the first curve obtained. 
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Fig. 3.— BOHEMIA GLASS. 


The ordinates are percentage absorptions, and the abscissæ 
the mean pressure during that absorption, given in centimetres 
of the gauge. The gauge read to ty, therefore 10cm. on the 
gauge represents =!, of a centimetre actual pressure. 

Some fresh air was then admitted to the bulb and allowed 
to stand over night todry. Another series of readings was then 
taken, and after this a third series. The curves are marked 
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respectively 1, 2,3. It will be seen that the absorption is less 
each time. The general shape of the curve remains the same 
in each case, but the whole is, as it were, shifted bodily along to 
the right, towards the region of higher pressures. The greatest 
absorption in the first experiment was 17 per cent. and in the 
last only 6 per cent. It seems, then, that the glass can bə 
“tired” by continual working. The soda bulb was then 
replaced by one of Bohemia glass. The absorptions obtained 
with this were less than half those of the soda bulb. The 


Fig. 4.—LEAD GLAss. 


general shape of the curves (see Fig. 3) remains as before, the 
shift of the maximum towards the right again being noticeable. 

A lead glass bulb was next tried. The general shape of the 
curves was again the same, the magnitude of the effect being 
about the same as with Bohemia glass (Fig. 4). 

The last bulb used was of Jena glass. The absorption of air 
was of about the same magnitude as that of the lead and 
Bohemia bulbs (Fig. 5). 
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Fic. 5.—Jena GLASS. 


It will be noticed that the “ tiring ” effect is not so great 
with the others as with the soda glass. The order of absorp- 
tion was thus: soda, lead, Bohemia, Jena, decreasing from 
first to last. 

The glasses were then laid aside for over two months, and 
the series was then repeated to see if they had recovered their 
power of absorption during this period. The results showed 
that the glass had recovered practically none of its absorptive 
power on standing. By the end of this second series of read- 
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ings the maximum absorption for the soda glass had decreased 
to 24 per cent., compared with an original 17 per cent. With 
the lead, Bohemia and Jena glasses similar results were 
obtained—+.e., in each case the glass is becoming “ saturated ” 
with the gas. At this stage it was noticed that the soda and 
lead glasses had each a peculiar deposit on the neck of the bulb. 
The layer was of a dark brownish colour and its thickness very 
slight—of the magnitude of the wave-length of hight, as shown 
by the colours it exhibited. 

It was next decided to study the behaviour of hydrogen in 
the bulbs. If, during the above experiments, any chemical 
actions have taken place, it is natural to expect that various 
oxidation products of the glass have been formed. With 
hydrogen we should expect corresponding reducing actions. 
Assuming a chemical change to have taken place, we might 
expect a large initial absorption of hydrogen, going to reduce 
the oxidation products formed during the air experiments. 
On the other hand, if the gas is held in the glass mechanically, 
when an equilibrium state has been reached with air we should 
expect that a nearly steady state has been established for any 
other gas. On these grounds it ought to be possible to decide 
between the two theories that have been advanced to account 
for the absorption. The soda bulb was put on again and filled 
with hydrogen and pumped out several times. As soon as the 
discharge was started the brown layer on the neck of the bulb 
gradually began to disappear. The first absorption of hydrogen 
was enormous, the pressure falling from 14-45 cm. down to | 
5:05 cm. on the gauge, giving 95 per cent. absorption, cal- 
culated as above. This absorption then rapidly fell off, and 
after four series became much the same as that for air. The 
lead bulb was then filled with hydrogen, and with this the first 
absorption was 76 per cent. Here, again, the layer on the neck 
disappeared. With Bohemia glass the first absorption was 
40 per cent., falling to 10 per cent. The Jena glass, which 
gave the smallest absorption with oxygen, gave the smallest 
with hydrogen, the maximum being about 8 per cent. 

If, now, the hydrogen has reduced part of the oxidation 
products formed, it seems probable that it should have the 
effect of increasing the power of re-absorbing oxygen. To test 
this the bulbs were again filled with air, and its absorption 
noted. In all cases the absorption was found to have in- 
creased, although only with the Jena and Bohemia bulbs did 
it approach near to its original value. The curves are shown 
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in Figs. 6 and 7. In each case curve | is the last series with air 
before hydrogen was used, and curve 2 is the series with air 
after hydrogen was used. 

In each case the hydrogen has had the effect of increasing the 
subsequent absorption of oxygen. 

To see if any electrostatic effects of the discharge come into 
play, the bulb was wrapped round with wet blotting paper 


. Fia. 6. 


Full line Curves =Soda. 
Broken line Curves= Lead. 


and a series of absorptions taken. No difference in effects 
was obtained, however. 

It was also noted that some of the bulbs showed the “ after- 
glow ” effect well. It was also thought that, if there had been 
any bombardment of the glass by the discharge, the phe- 
nomcna of “ thermo-luminescence,” described by Wiedmann 
and Schmidt,* might be obtained as in the case of bombard- 


54 
ie Gane | GT RNR (PE 


Fig. 7. 
Full line Curves — Bohemia. 
Broken line Curves = Jena. 


ment by cathode rays. None of the bulbs, however, showed 
this effect. A review of the experiments shows that, in 
accordance with Willows’ results, Jena glass is the best glass 
for vacuum tubes, as it shows least absorption. . Even with 
soda glass the pressure variations can be reduced by saturating 
the glass with gas before it is sealed off from the pump. All 
that is required is to run the tube for some hours and admit 


* Wiedemann and Schmidt, “ Wied. Annal.,”? 59, 1895: 
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fresh gas until very little more is absorbed. Willows stated 
that Jena and lead glass absorb hydrogen to a less extent than 
air. This was found not to be tbe case, and his results are 
probably explained by the evolution of gas from his electrodes. 
The order of absorption with oxygen (air) gives soda, lead, 
Bohemia and Jena, and the same order holds for hydrogen. 

To summarise : It seems most probable that the absorption 
is chiefly of a chemical nature. That some chemical changes 
are present is shown by the deposits on the necks of the bulbs. 
Thus, the deposit on the soda glass caused by air was removed 
by the hydrogen. A brown deposit on the Bohemia and lead 
glass likewise disappeared with hydrogen. With the Jena 
glass a slight colouration was given by oxygen, but with 
hydrogen a distinct black ring was formed which gradually 
diffused along the tube. Again, Strutt has shown that even 
nitrogen becomes unusually active in the discharge. These 
deposits, unfortunately, are too slight for chemical analysis, 
but they may be modifications of the alkalis in the glass. The 
absorption of the active gas hydrogen is much greater than 
that of oxygen, and the various glasses keep the same order 
of absorption with both gases. 

Soddy and Mackenzie* obtained correspondingly small 
absorptions with the inert gases, and their experiments also 
tend to negative the mechanical theory of the absorption. 
It is, however, extremely difficult to devise a crucial experi- 
ment to definitely decide the cause of the absorption, and there 
ts room for much more work on the subject. 

In conclusion, I offer my best thanks to Dr. Willows for 
valuable guidance and suggestions during the experiments. 


Cass INSTITUTE, E.C. 
ABSTRACT. 


This Paper is an account of experiments carried out to determine 
whether the absorption of gases caused by passing a discharge for 
some time through vacuum tubes is the result of a chemical action or 
is a mere physical absorption. In order to eliminate all electrode 
complications, the electrodeless discharge was used throughout. The 
bulbs examined were of soda, lead, Bohemia and Jen glass. Tne 
absorptions were noted at different pressures and curves plotted. 
Continued passage of a discharge causes a “‘ saturation ” effect in all 
the glasses. After two months none of the bulbs had recovered any 
of their absorptive power. If the action is chemical it is natural to 
expect varivus oxidation products to have been formed. Testing 
these bulbs with hydrogen we should expect a large initial absorption 
going to reduce these products. This was found to be the case for all 


* Soddy and Mackenzie, loc. cit. 
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the bulbs, the first reading for the soda glass giving 95 per cent. 
absorption of hydrogen. Having now reduced the oxidation pro- 
ducts we should expect a reabsorption of oxygen under the discharge. 
This was also found to be the case. The series of readings show great 
regularity, the order of absorption for oxygen holding also for hydro- 
gen. That chemical actions are present is shown by peculiar 
deposits on the necks of the bulbs, these being unfortunately too 
small for analysis. The inert gases show correspondingly small 
absorption,as shown by Soddy and Mackenzie, and therefore the 
conclusion is that the disappearance is not due to physical absorp- 
tion, but to definite chemical action. 


DISCUSSION. 


Dr. R. S. WILLows mentioned the fact that the inert gases, like argon 
and helium, also disappeared on running the discharge, but this might be 
duc to their b2ing carried down by the cathode deposit. He had known 
a case of a hydrogen vacuum tube made of lead glass and provided with 
outside electrodes that was used as a detector for high-frequency oscilla- 
tions, which failed to work after long continuous running, owing to the 
disappearance of the hydrogen, but worked again if the tube was left of 
one side for a week. 

Mr. C. E. S. Parties thought the electrodes played an important part 
in the diminution of pressure on working. Mr. Hill’s results seem to 
indicate that the glass may become aged. It might be possible to age the 
glass for X-ray bulbs artificially. The constant change in hardness of 
X-rays owing to the change of pressure was a most serious drawback 
especially in medical work, where it was holding back the progress of the 
applications of X-rays to medicine. 

Dr. G. W.C. KAYE remarked that in X-ray bulbs; the spluttering of the 
cathode absorbed the gas. Campbell Swinton found some years ago that 
by heating the walls of a vacuum tube small bubbles of gas were given off, 
which was mostly hydrogen, and found that they came from distances up 
to 0°15 mm. below the surface. Ramsay and Collie had recently found 
helium to be evolved in a similar case. It was difficult to explain these 
results on the penetration theory, as the charged atoms would not pene- 
trate the thinnest aluminium foil. This theory also does not explain the 
differences in behaviour of different kinds of glass. The results may be 
due to chemical activity excited in the gas by the discharge, such as has 
recently been found by Prof. Strutt to be the case with nitrogen. The 
violet coloration often noted in the glass of vacuum tubes was due to a sub- 
oxide of sodium. He suggested Mr. Hill experimented with silica bulbs. 

Mr. A. A. CAMPBELL SWINTON contributed the following remarks: Mr. 
Hill alludes to my Paper published in the “ Proceedings ” of the Royal 
Society, Series A, Vol. LXXIX., 1907, but does not seem to be aware of 
my further Paper in the “ Proceedings” of the Royal Society, Series A, 
Vol. LXXXI., 1908, in which the criticisms of Soddy and Mackenzie and 
of others are dealt with. In Mr. Soddy’s experiments, as also in those’ 
of Mr. Hill, forms of electric discharge were employed with which the 
amount of heat communicated to the glass would be very great as com- 
pared with the amount of cathode-ray bombardment; whereas, in the 
arrangements adopted in my experiments, the converse was the case. 
Consequently, I do not think that the cause of the absorption of gas is 
necessarily at all the same in the one case as in the other, particularly as 
in my crucial experiment I used helium, which docs not combine chemic- 
ally with anything at ordinary tem peratures. 

The AUTHOR remarked that he would be glad to carry out the experi- 
ments suggested. 
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IV. On a Method of Measuring the Thomson Effect. By 
H. RepMAayne NETTLETON, B.Sc., Assistant Lecturer in 
Physics at Birkbeck College. 


RECEIVED OcToser 8, 1912. Reap NOVEMBER 8, 1912. 


. Introduction. 

. Theory of Method. 

. Description of Apparatus. 

. Practice of Method. 

. Results of Experiment. 

. Discussion of Methcd and Results. 
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1. Introduction. 


(a) When a current of electricity passes down a conductor in 
which a temperature gradient is maintained, the stationary 
value of the temperature at any place is dependent to a small 
extent on the direction of the current, for heat is evolved or 
absorbed in accordance with the Thomson effect. 

Lord Kelvin expressed the relation between the heat evolved 
or absorbed, the temperature gradient and the current in the 
form dQ=Cc - d0, where dQ is the heat evolved or absorbed per 
second by a current, C, in passing between two sections differ- 
ing in temperature by d0. The quantity e which may thus be 
measured in calories per 1°C. per ampere-second is called the 
specific heat of electricity. 

Relative values of the Thomson effect in different metals 
have been obtained by Le Roux,* Trowbridge and Penrose,f 
and Battelli,t the last named experimenter indeed attempting 
to obtain an absolute value by measuring directly the heat 
produced by the effect in a given time in a definite portion of a 
bar under temperature gradient. It must be remembered, 
however, that the heat produced by the effect at once spreads 
down the conductor and’ influences the quantity of heat propa- 
gated by conductivity, time being required for a steady state to 
be obtained, and it can be shown that, besides the intrinsic 
difficulty of measuring directly such a small quantity of heat as 
that produced by the effect, Battelli’s method does not fall 


* Le Roux, “ Ann. de Chimie et de Phys.,” X., p. 258 (1867). 
t Trowbridge and Penrose, “ Phil. Mag.,” 3 Ser., Vol. XIV., p. 440, 1882. 
Battelli, “ Accad. delle Sci. di Torino, Atti,” Vol. XXII., p. 548, 1887. 
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into harmony with the differential equation of distribution of 
temperature down a bar conveying an electric current—an 
equation first obtained by Verdet and given in his “ Theorie 
Méchanique de la Chaleur.” Haga* has devised a method, 
very general in its application, by which the specific heat of 
electricity can be obtained in absolute measure by comparing 
the change of temperature at a point when a current flowing 
down a conductor under temperature gradient is reversed with 
the rise in temperature produced by a current when the con- 
ductor is at uniform temperature throughout. Absolute 
measurements of the Thomson effect based on this method or 
on modifications of it have been made by Laws,ft Lecher,* 
Schoute,§ Berg,|| and Aalderink, while Callendar has devised a 
method based conjointly on Verdet’s equation and the variation 
of electrical resistance with temperature which has been suc- 
cessfully carried out by King.** 

The object of the present communication is to show: (a) 
That the modification of temperature gradient due to the heat 
produced or absorbed by the Thomson effect in a conductor of 
uniform cross-section passing through two constant tempera- 
ture sources is exactly similar to the modification of gradient 
which would be produced by a definite slow uniform movement 
of the conductor itself in the proper direction. 

(b) That for exact similarity of disturbance of gradient by 
impressed velocity and Thomson effect respectively—or for 
exact neutralisation—the following simple relationship holds : 


Current of electricity in amperes Specific heat of electricity. 


Material flow of conductor in Specific heat of material of 
grammes per second. conductor. 


(c) That by working in the following manner the impressed 
velocity method may be applied to mercury to measure the 
absolute value of the specific heat of electricity, however large 
the Joule effect may be or whatever the emissivity loss :— 


1. A current of C amperes is passed down a column of mer- 
cury heated at the top and maintained cold at the bottom. A 


* Haga, “ Ann. de l'Ecole Polyt. de Delft,” I., p. 145, 1885; IIT., p. 43 
1886. . 

+ Laws, “ Phil. Mag., Vol. VII., p. 560, 1904. 

t Lecher, “ Ann. d. Physik,” XIX., p. 853-867, 1906. 

§ Schoute, “ Archives Néerlandaises,” Série IT., p. 175, 1907. 

| Berg, “ Ann. d. Physik,” XX XIL.-XXXIIL, pp. 477-519, June, 1910. 

€ Aalderink, “ Archives Néorlandaises,” Série IL, p. 321, 1910. 

** King, Amor. Acad., Proe., XXXIUIL, p. 353, 1893. 
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thermo-junction at a point near the middle of the gradient 
_ registers the temperature. On reversing the current the tem- 
perature is slightly raised, say, by AQ,. 

2. The current being still maintained (reversed) to keep the 
Joule effect and emissivity constant, a flow of mercury of, say, 
m grams per second is started up the tube, the temperature 
falling when the steady state is attained by A0,. 

It can then be shown that : 

2Ce A0, 
ms Ad, 
and so ø is easily calculated. 

The ratio of the two temperature changes can easily be made 
the ratio of two galvanometer deflections. By the use of two 
vertical columns in the form of an inverted U the sensitiveness 
is increased and the thermo-electric work is much simplified. 


2. Theory of the Method. 
Consider a vertical column of mercury flowing down a 
uniform glass-tube, heated at the top and cold at the bottom. 
The flow is very slow, so that the temperature changes produced 


l Hot | 
Enclosure 


Enclosur 
P 
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by it are very small, and the character of the isothermals is not 
appreciably altered by it, in which case it is immaterial whether 
the flow is parabolic or otherwise.* A current C amperes is 
also passing down the column. 


* Nettk ton, “ Phil. Mag.,” p. 590, April, 1910. 
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Let K=thermal conductivity of mercury. 
s=specific heat of mercury. 
a=specific heat of electricity in mercury. 
A=cross-section of the tube. 
Let m=mass of mercury crossing a section of the vane per 
second. 
The heat which enters per second a small prism fixed in space 
of depth ôx and temperature 6 is :— 


(a) Due to conductivity — K ae 


(b) Joule effect heat. If S—specific resistance of mercury, . 
and a be the temperature coefficient of resistance, the resistance 
of the prism=S(1-+-a6)d6a/A ; so if J is the number of joules 
equal to a calorie the heat produced in this way 


C's Ox 
(c) Thomson effect heat=— Or dn 


(7 is assumed to be positive). 
(d) Flow effect heat=ms0. 
The heat leaving the prism per second is :— 


(a) Due to conductivity -KA g(a 


(b)’ Flow effect heat =ms (+ ôr. ji 


(c)’ Due to emissivity =Ep(0— 0 )ôx, 
where 6,=temperature of the enclosure, 
p=perimeter of tube, 
E=Newtonian coefficient of emissivity. 
Equating the heat entering to the heat leaving, we obtain 
the differential equation pertaining to the steady state, wach 
may conveniently be yoga 


vata er 
_ _(Co+ms) 
where a= KA” 
CSa 

rala ] 


o= gal yatera] 
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If all temperatures be reckoned from the cold source as zero, 
0, be the temperature of the hot source, and L the distance 
betwecn the sources that is the entire length of the temperature- 
gradicnt, the temperature 0 at a distance x from the higher 
source is given by the following general solution :— 


_a(v—L) 
el 3 sinh Ma—.)— 2 sinh e | 
0=; pose. 


sinh 


0e T sinh A(£— e 
sinh 4L b 


_vVe—4l 
8 


If now we assume that the Thomson effect and flow effect 


where 


are so small that the terms > are small compared with 


unity—and this condition is adhered to throughout the experi- 
ment—we may without making any approximation as to the 
magnitude of the “b” and “c” terms of the differential 
equation write the solution in thes form, | 

6=aF(0,, x, L, b, c)+f(6,, x, L, b, c), 
or more shortly 

0=aF+ f ) 

where F and f are functions of 6,, x, L, b, c, but not of the “a 
term in the differential equation. 

This solution forms the basis of the method the values of 
F and f not being required as long as they are kept constant 
throughout. In general F and f are complex, but if it be 
assumed in addition that the emissivity loss is small and that 

2 
consequently the term z is small compared with unity a most 
useful solution may be obtained- 


z—L\br(2L— z) 
a(g T Ee 
+5(L— — 2x)hcx(x—L)+ 4cex(2—L 
This solution is most useful in showing the effect of the “ b ” 


and “c” terms, and in estimating the rise of temperature at a 
point due to reversing a current or due to superimposing a flow. 
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Case of Two Parallel Tubes. 


Consider two parallel tubes, A and B, through which thermo- 
junctions are inserted near the middle of the respective gra- 
dients. 

The temperature at “a” when a current is passing down the 
tube is given by 0=aF-+-/, and at “ B ” likewise when a current 
or flow is passing down by 0’=a’E’+/’. When a current is 


passing down A it will be passing up B, and hence if yw is the 
ratio of the cross-section of A to the cross-section of B, for all 
values of current and flow we have 


a’ = — ua. 


We may now easily express the difference of temperature 
between “a” and “8” for the following three cases, making 
use of the suffixes c, v to indicate respectively an electric 
current or flow of mercury down A and hence up B. 


State of Electric Difference of Temperature 
Garrent or Flow. Temperature of a. Temperature of 8. between a and $. 
(1) 
Current down | @¢ =acF +f Oe =—pak’ +f Ab, =a(F+uF)+f-f 
A and upto B 
(2) 
Current up À| 0-c =— aF 4f |O =p +f Ab-e =- a(F + uF’) +f—f 


and down B 
(3) 
Current up À | 6,¢= dy—a)F +f | 0 -vte =u —0o +t ae) +f | A07 =(ay— aE + uF’) +f—y’ 
and down B; 
Flow of mer- 
cury down A 
and up B 


VOL. XXV. D 
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Now, A0.— A@_, is measured directly by the deflection of the 
galvanometer spot on the scale; call this deflection d ; it is 
the deflection due to reversing the current. 

Similarly, A0,-°— AO_, is the deflection caused by super- 
imposing a flow on the reversed current ; call this deflection d,. 


Then d,=2a,(F-+-pF’) 
and d,=a,(F+ nF’), 
and hence d, _ 2de __ 2Cr 

d, Ay ms 
s m 
or ae Tsar i de. 


In each experiment several values of d, and of m/d, are found, 
and the mean of each set used in the calculation for v. 


3. Description of Apparatus. 


The apparatus, which has been greatly modified during the 
progress of the research, will be seen on reference to Fig. 3 
to consist essentially of two parallel glass experimental tubes 
T,, T,, clamped at their lower ends within the large zinc vessel 
V, and passing above into an annular heater, A, near the top of 
which they are joined by an inverted U piece. The left-hand 
tube T, is joined below by wide pressure tubing to the glass 
head H, while the right-hand tube T, 1s similarly connected to 
the glass bulb tube B, and thence by narrow pressure tubing 
to the system of capillaries, which form the flow resistance. 
The mercury, which fills the apparatus, may be made to convey 
an electric current, which enters by the head H, and leaves the 
bulb tube B by eight platinum wires fused through the glass and 
dipping below into the mercury reservoir D. By releasing the 
pinch cock F, the mercury may be caused to flow slowly from 
the head H, through the apparatus and the attached capillaries. 
When the vessel V is full of cold water, and steam is circulating 
through the annular space of the heater A, a temperature 
gradient, about 8 cms. iong, is obtained in the middle of the 
experimental tubes T, and T,, temperature changes near the 
middle of each gradient being measured by the thermo-junc- 


tions T;,, T;,, of iron and constantan sealed through the glass 


tubes. 
The following is the method of preparing and mounting the 
experimental tubes, great care being taken in the insertion 
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and insulation of the thermo-junctions. A cane of glass, as 
uniform in cross-section as possible, the internal diameter 
being just under 7 mm. and the external diameter about 1 cm., 
was divided into four parts. Two of the parts were prepared, 
as shown in Fig. 4, by Messrs. A. C. Cossor, Ltd., the iron 


FROM 
BOILER 


COPPER EOF 


COPPER 
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and constantan wire being passed through glass beads, the 
junction formed, and the insertion effected with a minimum 
upset of internal cross-section. The wires were in the same 
vertical plane, the junction being about 3-5 cms. from the 
nearer end. of the tube and some 25 cms. from the further end. 
D2 
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Several such tubes have at different periods been supplied to 
the author, and the glass work brought to such perfection that 
in the tubes used in the present apparatus internal distortion 
was hardly visible. The next procedure was the insulation of 
the wires within the tubes, which was effected first with a 
thin layer of black club enamel, which flows very easily, and 
then, after drying with hot air, with a coating of red household 
hard enamel, use being made of a very fine camel-hair brush. 
Practice was required before neat insulation could be carried 
out and rough or unsuccessful coatings of enamel could easily 
be dissolved away by ether. The tubes, after thorough drying, 


(Porm 


Fia. 4. 

were returned to the glass-blower, who skilfully joined on the 
top portions with inappreciable disturbance and without 
affecting the insulation. The pressure tubing and corks M,, ns, 
M,, n, were then put on the experimental tubes, which were 
also passed through the loose holes of the large cork S. Both 
tubes being held vertically, they were adjusted relatively to 
one another until the thermo-junctions were as nearly as 
possible in the same horizontal line : thus fixed by the double 
clamp C they were returned to the glassblower to be joined 
together by a U piece. 

The apparatus was now filled with mercury, which had been 
distilled and purified by falling in fine drops through dilute 
nitric acid, and the clamp holding the tubes was then itself 
clamped at a convenient height on the firm iron upright fixed 
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within the zinc vessel V. The annular heater was now lowered 
down its supporting pillars P,, P}, towards the cork S, which 
could easily be made to fit it by adjusting the position of the 
outer vessel X and its contents. The heater and cork “S” 
were then lowered to the final position, the corks n,, na being 
brought up against the cork S, and closing the space above to 
air currents. Cotton wool was carefully wound round the tubes 
between the corks as well as round the annular heater, under- 
neath which were soldered concentric strips of gauze forming 
a hold for cotton wool, which could be packed into the spaces 
lying between them and the outside of the cork S. The vessel 
V was filled with cold water up to the middle of the corks 
M,, M,, which had previously been boiled in paraffin wax. 
By covering the water with a layer of Fleuss-pump oil its 
evaporation into the cotton wool above was prevented. 

The two constantan wires were joined together at W, and the 
two iron wires lead away to the copper leads shown in the 
diagram, the junctions of copper and iron being side by side in 
two glass tubes J, J, immersed in water in the Newton annular 
cooling calorimeter R. The ends Cn, Fe,, Fe, of the wires were 
of use only when the actual temperature of the junction T,,, 
T, were required. The iron constantan couple has not only 
the merit of being suitable for fusing through glass, but also 
possesses a remarkably high thermo-electric power—some 
50 microvolts per degree centigrade—the relation between 
electromotive force and temperature being for the range 
0°—100°C. strictly linear. 

The galvanometer was a quartz fibre mirror instrument of 
the Broca type, the equivalent resistance of the two coils in 
parallel being 8-28 ohms, and the sensitiveness such that a 
micro-ampere produced about 11 cms. deflection on the scale 
distant nearly 2 metres from the mirror. The resistance of the 
rest of the circuit was 1-18 ohms, and a degree alteration in 
difference of temperature between the thermo-junctions was 
represented by 60 cms. deflection. There was no movement 
of the galvanometer mirror on quickly reversing a current of 
8 amperes whether the galvanometer circuit was open, closed, 
or short-circuited, thus showing both that the instrument was 
sufficiently far away from the experimental tubes to render 
magnetic disturbance negligible, and that the insulation of the 
thermo-junctions was satisfactory. 

An operation of importance is the adjustment, when steam 
is passing through the heater of the thermo-junctions T;,, Tja 
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to the same temperature, so that when the galvanometer 
circuit is closed the line of light is suitably situated on the scale. 
It was anticipated that this would be troublesome, and earlier 
apparatus was so designed that each experimental tube could 
be raised or lowered relatively to the other Experience showed, 
however, that this was absolutely unnecessary, for if the junc- 
tions were set by eye to be as nearly as possible in the same 
horizontal line, the fine adjustment could easily be made by 
reducing the emissivity loss on one tube or the other by the 
addition of a small piece or two of cotton wool, inserted with 
the aid of a knife or prong, to that already round the tubes 
between the corks. This method of adjustment is not only 
convenient, but also brings out most clearly the need for com- 
plete firmness and rest of the wool during an experiment, 
emphasising the necessity for protection from draughts, con- 
vection eddies and vibration. 

The currents used during the research varied from 4 to 
9 amperes, and were derived from the 100-volt mains in series 
with which were a woven-wire resistance with six steps, a 
0-20 ohm rheostat in 40 steps, a standard ;/5 ohm resistance, a 
hot-wire ammeter, and the reversing commutator and main 
apparatus. In multiple arc with the woven-wire resistance 
were a water resistance and 0-1 Weston ammeter, the water 
resistance in which the distance between the zinc electrodes 
could be varied forming a most suitable fine adjustment for 
the current in the main circuit. During the night the current 
from the mains was much steadier than during the day, but 
prior to any reading the current was for some time closely 
watched and regulated if necessary by the water rheostat. 

It remains to describe the method of obtaining a constant 
flow, which will cause temperature changes of the same order 
as those produced by reversing a current of 5 or 6 amperes. 
Calculation shows that a flow of 1 gram per hour 1s about the 
equivalent of reversing 3 amperes, while before it was decided 
to proceed with the method, preliminary experiments made 
two years ago showed that flows of mercury of about 2 grams 
per hour could be obtained constant to 1 per cent. without 
any special precautions. Most of the flows used in the appa- 
ratus described were as large as 3-5 grams per hour and, at 
least, constant to one part in 150, but, what is more important, 
the ratios mean flow to galvanometer deflection produced by the 
flow were at least constant to 2 per cent., which is as high an 
accuracy as can be obtained in the value of the galvanometer 
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deflections produced by current reversals. It is interesting 
to note that an outflow of 5 grams per hour, which is faster than 
any used in the research, would roughtly mean a linear velocity 
through the experimental tubes of about 1cm. per hour. 
The flows then being very small, it is unnecessary to maintain 
a constant head by any overflow arrangement, but the head 
tube H was allowed a width of about 5cms. The resistance 
consisted of about 2 metres of thick-walled thermometer tubing 
of fine bore, on to which was joined by pressure tubing a piece 
of ordinary glass tubing drawn out into a very fine capillary 
over a metre long. The last and finest portion of this capillary 
lay on a wooden inclined plane, by altering the inclination of 
which the value of the flow could be medificd. The drop 
period varied from about 4 to 8 seconds, according to the mag- 
nitude of the flow which was measured, as described in the next 
section. 


4. Practice of the Method. 


An experiment was usually started between three and four 
o’clock in the afternoon by preparing the boiler and starting 
the flow of steam through the annular heater. The current 
was started after steam had been passing for an hour, and after 
another hour the short-circuit plug of the galvanometer key was 
removed and the position of the line of light on the galvano- 
meter scale examined and modified, if need be, by the addition 
of a little piece of cotton wool to one side or other of the sur- 
roundings of the experimental tubes. Even after the attain- 
ment of the steady state the galvanometer needle still showed 
signs of irregular movement, but towards 10 at night the deflec- 
tion became much steadier, and it was possible to proceed with 
the experiment. This “zero movement” has caused the 
author, and many other experimenters on the Thomson effect, 
the greatest trouble ; in earlier apparatus used in the research 
it was large and progressive, and was attributed in part to the 
warping of wood which supported the annular heater and glass 
tubes. In the present apparatus the supports were all very 
stable; convection currents from the heater were allayed by the 
free use of cotton wool, and humidity changes within the wool 
were prevented by covering the water in the cooling tank with 
a layer of Fleuss pump oil. So great was the improvement 
brought about by the modification of the apparatus and by 
working at night that often, though not always, the needle 
would behave almost perfectly, good behaviour being illus- 
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trated by the reversal readings of Experiment IV., given in the 
next section, and relatively bad behaviour by the reversals of 
Experiment VI. 

The deflection having become steady, the statical part of the 
experiment or “ the reversals ” was proceeded with as follows : 
The needle of the ammeter in the main circuit was maintained 
by the water resistance in one of the branch circuits accurately 
on the current reading chosen, which was always an exact 
number of amperes, for some 10 or 15 minutes prior to taking 
the galvanometer deflection. When this had been read the 
commutator was reversed and the new steady state waited 
for—a period of about 35 minutes, during the last 10 of which 
the movement was very little. A uniform period of 40 minutes 
was allowed between each reversal, the current being closely 
regulated for 10 minutes before each reading. The deflections 
due to reversing the current were then found by subtracting 
the mean of two consecutive readings with the current in the 
same direction from the intermediate reading with the current 
in the opposite direction. 

Sufficient reversal readings having been obtained, and the 
current being in the direction causing the line of hight to lie 
on the right-hand side of the scale, the dynamical or flow part 
of the experiment was proceeded with by observing the deflec- 
tion as before, short-circuiting the galvanometer, and releasing 
the pinch-cock whereby a flow.of mercury through the appa- 
ratus could be started. The release of the compressed pressure- 
tubing evidently caused a momentary outrush of mercury, for, 
unless the galvanometer was short-circuited, the line of light 
was thrown off the scale towards the left. For this same 
reason, too, the velocity of the mercury was not measured 
until the flow had settled down. 

The method of obtaining the flow readings and flow magnitude 
is best illustrated by an example :—In Experiment I. the last 
reversal reading was at 1-0a.m., when the deflection was 
9-75 to the right. The galvanometer was at once short-cir- 
cuited and the pinch-cock released very small drops of mercury 
commencing to fall from the end of the fine capillary. By 
1-15 it was safe to re-open the galvanometer circuit, the line 
of light being on the scale, but well to the left. At 1-25 the 
measurement of flow was commenced, a weighed watch-glass 
being placed under the end of the capillary as soon as the first 
drop after 1-25 had fallen. Meanwhile the deflection had 
approached a steady value, which, after 10 minutes watching 
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of the current, was read immediately after 1-42 as 19-7 to the 
left ; the galvanometer was then short-circuited. The watch- 
glass was then carefully removed the moment the first drop 
after 1-45 had fallen, and the pinch-cock was then at once 
screwed up tightly. After 2 o’clock the galvanometer circuit 
was opened, and the final reading taken at 2-25, after steadying 
the current, was 10-0 to the right. The intervals between 
galvanometer readings were thus practically equal, and the mean 
of 9-75 and 10-0 added to 19-7 gave the flow deflection 29-58 
corrected for zero change. This was now divided into 1-0674, 
the number of grammes of mercury outflowing in the 20 minutes, 
the values of M/d in the tables below thus being obtained. 
The above process was repeated, usually three times, using flows 
of different value, the modification of flow being easily effected 
by raising or lowering the inclined plane on which the end por- 
tion of the fine capillary rested. 

That different values of M/d should be obtained on different 
days is only to be expected from the theory which shows that 
it will depend slightly on the current and emissivity alterations, 
but more largely and directly on the difference of temperature 
between the hot and cold sources. Similarly, in the statical 
experiment the ratio C/d is only theoretically and practically 
an approximate constant. Any change, however, which affects 
the ratio M/d will equally affect the ratio C/d, so that changes 
of temperature in the room would in no way impair the accu- 
racy of the values obtained, provided the second part of the 
experiment follows on immediately after the first. 

At the conclusion of the flow portion of the experiment the 
actual temperature of each thermo-junction was found by 
balancing its electromotive force against that of a similar 
junction tied to a good standardised thermometer immersed 
in hot water in a long cylindrical vacuum vessel. 

The actual current values taken were not based on the read- 
ings of the hot-wire ammeter but on the electromotive force 
across the standard 145 ohm resistance as measured on a Paul 
millivoltmeter, which could not always be spared from the 
laboratory until late in the evening. This millivoltmeter was 
most carefully calibrated, both before and after the series of 
six experiemnts, on a Crompton potentiometer against a new 
Weston cell, which agreed to one part in 400 with an older 
Clark cell. 

The only other value required before calculating the value 
of o is s the specific heat of mercury. This is taken as 0-03294, 
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which is Barnes* value at 62°C. and which agrees very closely 
with the value given by Winkelmann. 


5. Results of Experiments. 


The first table given is a verification of the equation 0=a F+ f 
for flows, and shows that they are small enough to permit of the 
one approximation made in the theory of the method. 


Galvanometer | Mean deflection Mass outflowing 
Hone: readings. d. in 20 min. M. Mid 
9-55 19-55 
10:37 | 22-2 40-58 1-4885 0:0367 
11-20 17-2 
12-2 21-5 338-70 1-4194 0:0367 
12-45 17-2 
1-27 | 15-0 32-43 1-2024 0-0371 
2-10 17°65 
2-52 6-3 24-15 0-8884 0:0368 
3:35 18-05 
4:17 6-45 24-78 0:8984 0:0363 
5-0 18-60 
5-42 2:65 21:75 0:7978 0:0367 
6-25 19-60 
TT 9-45 28-88 1-0682 0-0370 
7-50 19-25 


In this experiment, which proves that the flow of mercury 
is proportional to the temperature change it produces, no 
electric current was running. 

The results of six consecutive experiments using differing 
currents are now given :— 


Experiment I. 


‘Date June 12-13, 1912. 
Temperature of thermo-junctions, 60-2°C. 
Magnitude of current, 6-24 amperes. 


TABLE A.—Reversals. 


, Defiection 
Hour. Galvanometer readings. d, due to reversal of current. 
7-0 9-3 
7-40 10-25 19-20 
8-20 8:6 18-93 
9-0 10-4 19-30 
9-40 9-2 19-35 
10-20 9-9 19-08 
11-0 9-15 19-10 
11-40 10-0 19-15 
12-20 9-15 19-03 
1:0 9-75 


Mean value of d,=19°14. 
* Barnes, Brit. Assoc. Report, p. 530, 1902. 
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TABLE B.— Flows. 


Galvanometer Mass M outflowing M/d 


Hour readings. Deflection. in 20 mins. 
1-0 9-75 
1-42 | 19-7 29-58 1:0674 0-0361 
2-25 10-0 
3°7 9-4 20-20 0-7248 0:0359 
3°50 11-6 
4-32 | 21-4 32:8 1:1552 0:0352 
5:15 11-2 
5:57 | 19-85 30:95 1:1080 0:0358 
6:40 11-0 
Mean value of M/d=0:0357[5. 
noe 7008294, 19-14 0-08575 
~ 2 6-24 1200 ` 
=0-00000151. 
Experiment II. 
Date June 14th and 15th. 
Temperature of thermo-junctions, 61-4°C. 
Magnitude of current, 7-24 amperes. 
TABLE A.—Reversals. 
Hour Galvanometer readings Deneotion 
' 88. de due to reversal of current. 
11-15 16-1 l 
11-55 6°75 22-70 
12-35 15:8 22-43 
1:15 6-50 22-40 
1-55 16-0 22-50 
2-35 6-50 22-68 
3°15 16-35 
Mean value of d= 22°54. 
TaBLE B.—Flows. 
Galvanometer . Mass M outflowing 
Hour readings. Deflection. in 20 mins. M/d. 
Height of capil- 
lary tube altered 
by accident. | Not taken. Not weighed. 
4-40 17-45 
5-22 | 13-0 30-58 1-0707 0-0350 
6-5 17-70 
6-47 | 13-25 31-18 1-1005 0:0353 
7°30 18-15 
8-12 | 12-10 30-25 1-0810 0-0357 
8°55 18-15 
9-37 | 12-85 30-93 1-0855 0:0351 
10-20 18-0 


Mean value M/d=0°0353. 
whence o=0-00000151. 
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Experiment IIT. 


Date June 18th and 19th. 
Temperature of thermo-junctions, 63-7°C. 
Magnitude of current, 8-25 amperes. 


TABLE A.— Reversals. 


i Deflection 

Hour. Galvanometer readings. d due to reversal of current. 
10-10 10-1 
10-50 16-2 26-13 
11-30 9:75 25-85 
12-10 16-0 25-75 
12-50 9-75 25-80 

1-30 16:1 26-00 

2-10 10-05 26:10 

2-50 16-0 


Mean value of d,=25°94, 
TABLE B.—Flows. 


Galvanometer ; Mass M outflowin 

Hour readings. Deflection. in 20 mins. g M/d. 
4-15 17-5 
4-47 19-15 36-6 1:3044 0-0356 
5-40 17:4 
6-22 | 12-85 30-6 1-0908 0:0356 
7:5 18-1 
7:47 | 13-9 31-8 1-1392 0:0358 
8-30 17-7 
9-12 | 14-4 32°4 1-1703 0-0361 
9-55 18-3 


Mean value of M/d=0°0358. 
whence ¢=0-00000155. 
Experiment IV, 


Date June 21st and 22nd. 
Temperature of thermo-junctions, 61-3°C. 
Current, 5-12 amperes. 


TABLE A.—Reversals. 


. Deflection 
Hour. Galvanometer readings. didisito coversal'or caret: 

10:0 16°65 
10-40 1-05 15-60 
11-20 16°65 15-55 
12:0 0-95 15-60 
12-40 16:45 15-50 

1-20 0:95 15-60 

2:0 16°65 


Mean value of de=15:57. 
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TABLE B.—Flows. 


Galvanometer 


: Mass M outflowin 

Hour readings. Deflection. in 20 mins. 8 M/d. 
2-0 16-65 
242 | 5 22-25 0-8091 0-0364 
3.25 17-25 | 
47 | 69 23-53 0-8586 0:0365 | 
4-50 17-8 | 
5:32 | 13-95 31-9 1/1653 0-0365 
6-15 18-1 
6-57 | 14-65 32-68 1-2055 00369 | 
7-40 17-95 | 


Mean value of M/d==0.0366. 
whence 7=—0-00000153. 


Experiment V. 


Date, June 26th and 27th. 
Temperature of thermo-junctions, 60-6. 
Magnitude of current, 4-10 amperes. 


TABLE A.—Reversals. ` 


: Deilection | 

Hour. Galvanonietor readies: de due to reversal of current. 
11:10 17:85 
11-50 5°45 12-28 
12-30 17:6 12-22 

1-10 5:30 12°30 

1-50 17:6 12-20 

2-30 55 12°33 

3-10 18-05 


Mean value of de= 12.26[6. 


TABLE B.—Flows. 


Galvanomcter À Mass M outflowing 7 

Hour readings. Deflection. OO ming. M/d. 

3-10 18-05 

3:52 | 92 27-98 1-0351 0-0370 

4-35 19-5 

517 | 21:3 40-44 1:5128 0:0374 

6-0 18-78 

6-45 | 18-2 | 37-14 1:3953 0:0376 

7-25 19-1 

8-3 | 19-65 | 33-45 1-4435 0-0375 

8-50 18-5 | 


Mean value of M/d=0.0374. 
whence 7=0-00000154. 
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Experiment VI. 


Date, June 28th and 29th. 
Temperature of thermo-junction, 67-5°C. 
Magnitude of current, 9-26 amperes. 


TABLE A.— Reversals. 


Deflection 

Hour. Galvanometer readings. de due to reversal of current. 

9-10 9-4 

9-50 19-0 28°95 
10-30 10:5 29-32 
11-10 18-63 29-16 
11°50 10-55 29-44 
12-30 19-15 29-38 

1-10 9-90 29°48 

1°50 20:0 29-33 

2°30 8°75 28:95 

3°10 20-4 


Mean value of dj=2.):25. 


The zero movement was worse than usual at night. 
TaBLE B.—Flows. 


Galvanometer : Mass M outflowin 

Hour readings. | Deflection. oo M/d. 
3:10 20-4 
3:52 | 13-45 34:85 1:2815 0-0367[ 7 
4°35 22-4 i 
5:17 | 16-95 39-29 1:4426 0:0367[2 
6-0 22-28 
6-42 | 18-58 41-32 1:5220 0-0368[3 
7:25 23-2 
8-7 16-0 38:98 1-4295 0:0365[7 
8-50 22-75 


Mean value of M/d=0.03675. 


The flows used were all large and more constant than usual. 
This experiment gives c=0-00000159. 
The results are summarised below :— 


Current in Value of ø is calories per 
amperes. tanp eratumo: degree Centigrade per aE 

4-1 60-6 0-00000154 

5-12 : 61:3 0-00000153 

6°24 60:2 0:0°000151 

7:24 61-4 0-00000151 

8-25 63-7 0-00000155 

9-26 67:5 0:00000159 


On ascertaining the direction of the current the Thomson 
effect was seen to be negative for a flow of mercury down one 
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of the experimental tubes from hot to cold had a similar effect 
to reversing a current initially passing downwards. 


6. Discussion of Method and Results. 


While the theory of the method is general, it would seem 
limited in practice to mercury and amalgams. Again it is 
more important than in Haga’s method that adequate time 
be allowed for the attainment of the steady state ; for if the 
time were insufficient the deflections due to current reversal 
would be too small, while the deflections due to impressed 
velocity would be larger than their ultimate value and so too 
low a value of the effect would be obtained. Probably this 
objection would disappear if the flows were started by slowly 
opening a tap. 

On the other hand, the flow effect and Thomson effect are 
similar terms in the equation of the method, their influence on the 
emissivity loss being similar and negligible ; they can, moreover, 
be made to give deflections of the same order ; on the contrary, 
the Thomson effect and Joule effect are dissimilar and depen- 
dent, and in Haga’s method in which a comparison between 
these two effects is made a measurement of temperature gra- 
dient is necessary, and deflections of the same order can only 
be obtained at the expense of differences in emissivity con- 
ditions. In practice the flow portion of the experiment has 
never presented the slightest difficulty, but much trouble has 
been taken in attaining suitable deflections on reversing the 
current and, above all, in securing consistency in their value by 
reducing to a minimum variations of zero. 

The author believes that the method will be very suitable 
for finding the variation of Thomson effect with temperature, 
but has not attempted it with the present apparatus in which 
only the higher temperature source could conveniently be raised. 
Schoute’s results indicate that the variation with temperature 
is large,and it is thus not advisable to determine the temperature 
coefficient by increasing the temperature-gap. Moreover, 
it is desirable to shorten the time needed for attainment of the 
steady state. 

The results obtained by the author are in fair agreement with 
those obtained by Schoute, employing a modification of Haga’s 
method. Schoute obtained values, somewhat inconsistent, 
varying from as low as 0-00000134 at 32°C. to as high as 
0-00000248 at 154°C. the value changing from 0-00000160 at 
53°C. to 000000180 at 58°C. The only other experimenter on 
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the effect in mercury 1s Haga, who, working as far back as 1885, 
obtained a value as low as 0-00000069 at 78°C., but owing to 
the difficulties under which he worked his results are very 
inconsistent ; moreover, the Joule effect and Thomson effect 
temperature changes were measured under different conditions 
and in different ways, and what is serious in this particular 
method a very large upset of cross-section was caused by the 
introduction of his thermo-junctions. 


In conclusion, the author must express his thanks to Principal 
Armitage-Smith, for facilities for carrying out the work, all of 
which was done through the night; to Dr. A. Griffiths, head of 
the Physics Department, for his great interest, and to Mr. J. L. 
Prescott, who, while at Birkbeck College, made valuable trans- 
lations of most of the foreign Papers referred to in the introduc- 
tion. 


ABSTRACT. 


In this Paper an investigation is made of the distribution of tem- 
perature down a conductor conveying an electric current and at the 
same time moving uniformly through two fixed temperature sources. 
The effect of the Thomson heat on the distribution is seen to be 
exactly similar to the effect of a small impressed velocity. This result 
is applied to mercury to measure the Thomson effect by comparing 
the alteration of temperature 40, at a point near the middle of the 
gradient caused by reversing a current of C amperes with the altera- 
tion of temperature A@, at the same point due to a flow of mercury 
of m grammes per second. It isshown that, without any approxima- 
tion as to emissivity loss or magnitude of Joulian heat, 2Co/ms 
= A@,/A6,, where s is the specific heat of mercury and e the specific 
heat of electricity. Working with currents of from 4 to 9 amperes 
and with flows of different magnitudes—but never exceeding 1 cm. 
per hour—consistent values of ¢ are obtained, the value at 61°C. 
being — 1-52 x 10—6 calories per degree Centigrade per coulomb. The 
thermo-junctions, which were of iron and constantan, were fused 
through the glass tubes with inappreciable distortion. | 


DISCUSSION. 


The PRESIDENT stated that the Paper dealt with a difficult problem 
and gave an adequate and promising method of measuring the Thomson 
(ffect, but he queried whether it was justified to assume the velocity of 
flow was constant over the cross-section of the tube. 

Dr. A. GRIFFITHS stated that it was not assumed that the velocity 
over the cross-section was constant, but only that the temperature was 
constant, which on account of the extreme slowness of the flow would be 
justified. The author performed one experiment when the flow was 
stopped and obtained the same difference in tem perature on reversing the 
current. 
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' Dr. W., E. SUMPNER pointed out that it was not realised how extremely 
slow the flow wage—something of the order of 1 cm. per hour. 
B Prof. C. H. Lers was struck with the ingenuity of the method. There 
were, however, a number of small corrections to be considered, such as 
the heat transmitted through the glass. More accurate knowledge of the 
thermoelectric phcnomcna in liquids was vrgently needed. 

Mr. R. S. WHIPPLE inquired how the iron and constantan wires were 
fused into the glass tube to which the Author replied. 
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V. An Improved Joule Radiometer and its Applications. By 
F. W. Jorpan, A.R.C.S., B.Sc. 


Received OcroBerR 21, 1912. Rean NOVI MBER 8, 1912. 


l HAVE already described a simple Joule apparatus* adapted 
to show the existence of the Peltier and Thomson effects. 
The tube and partition in that apparatus possessed a consider- 
able thern.al capacity and were made of bad thermal conductors. 
The time of attaining temperature-equilibrium was conse- 
quently excessive, and its extreme sénsibility to stray heat 
caused the zero to creep in such a way as to render the appa- 
ratus unsuitable for exact measurements. The following 
apparatus was designed to eliminate the necessity of elaborate 
thermal insulation and to give a steady zero and a fairly high 
sensibility. 

A brass tube A (Fig. 1), 4 cm. long, 1-6 cm. diameter and 
0-2 cm. thick, was divided longitudinally into two compartments 
by a copper plate B, 0-6 mm. thick. Two rectangular gaps 
were cut in diagonally opposite corners of the partition and two 
sector-shaped discs of copper, cc, were soldered to the edges of 
the gaps to form the horizontal sides of the channels for the 
current of air between the compartments. The partition B 
and the discs cc were soldered to the inner surface of the brass 
tube A. Two light mica vanes, dd, each 7 mm. by 6-5 mm. 
and total weight 1-4 mgm., were fixed with a little shellac to a 
fine glass stem e. The distance between the vanes and the 
other dimensions were arranged so that when suspended the 
clearance between the edges of the vanes and the sides of the 
channels was about 1mm. A small silvered glass mirror m, 3-5 
by 2-5 by 0-2 mm., was attached to the glass stem e, and the 
whole system was suspended by a quartz fibre 9 cm. long and 
0-004 mm. diameter about. The flanged ends of the brass 
tube A and the brass cover plates DD were ground plane and 
screwed together tightly. The glass tube E carrying the 
torsion head was fitted over a short brass tube fixed centrally 
to the upper cover plate. The motion of the vanes was limited 
by stops to about 20 degrees. The air in the interior of the 
apparatus was thus practically sealed from communication with 
the atmosphere and shielded from stray heat by the brass 


* “ Nature,” May 18, 1911, p. 380. 
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enclosure. The apparatus was fitted inside a concentric brass 
tube and the whole was mounted on a levelling stand. More 
elaborate thermal insulation would probably be required in 
the neighbourhood of intense sources of heat and also for a 
more sensitive instrument. 
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The sensibility of an instrument of this type may be ex- 
pressed by the deflection in millimetres on a scale at a distance 
of a metre from the mirror produced by the absorption o1 
evolution of heat at the rate of a microwatt in one of the com- 
partments. This was determined by passing a measured 
current through a known resistance in one of the compartments, 

E2 
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The ends of a short length of No. 47 eureka wire f were 
soldered to two leads g of No. 36 copper wire. The insulated 
leads g were fastened together, and to the inside of a narrow 
glass tube with paraffin wax. The glass tube was passed 
through a circular aperture in the lower cover plate and sealed 
with chatterton compound ; a pair of dummy leads were simi- 
larly mounted in the other compartment to compensate any 
gain or loss of heat along the leads to the resistance loop. 

The position of the spot of light on the scale was steady a few 
minutes after the apparatus had been levellcd and adjusted. 
Bringing the hand quite near to the outer brass tube had no 
appreciable effect, and the zero remained steady to within a 
fraction of a millimetre. The motion of the vanes was exces- 
sively damped, and the period of swing was much greater,.than 
the undamped natura! period. 

The deflections produced by measured currents through the 
resistance loop were very nearly proportional to the squares 
of the currents. This agreed with the results I have obtained 
with other instruments of this type. In the case of the full 
scale deflection the spot of light became steady 40 seconds 
after the current was started through the resistance. On 
breaking the current the spot of light returned to the original 
zero in about the same interval of time. This interval of time 
could be reduced by diminishing the air resistance to the 
motion of the vane. The latter could be effected by increasing 
the clearance around the edges of the vanes. The following 
figures give some idea of the sensibility of the instrument. 

A deflection of 122 mm. on a scale at a distance of a metre 
from the mirror was produced by a current of 4-75 milliamperes 
through the resistance of 10-5ohms. This gives a sensibility 
of 0-52 mm. per microwatt. The small deflection of about 
l mm. produced by 0-5 milliampere could be repeatedly 
observed. The range of the instrument could be extended 
to measure feeble alternating currents of the order of 10-* am- 
peres by using a heater of 1,000 ohms, and the least detectable 
current in this case would be 5x 10-5 amperes. 

Alternating currents producing more than the full scale 
- deflection could be conveniently and accurately measured by 
the compensation methods of H. L. Callendar* and K. Ang- 
stro6m.t In Callendar’s method the heat from the heater would 
be absorbed by the current through a thermo-junction in the 


* Phys. Soc. “ Proc.” Vol. XXIII., March 17, 1911. 
{ Phys. “Zeit.,” p. 685, 1905. 
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same compartment. In Angstrém’s method the heat would be 
balanced by the heat from a similar resistance in the other 
compartment. A calibration with direct currents would be 
necessary in every case to measure alternating currents. 

Although I have not yet tried it, the instrument may be 
adapted to measure the heat given out by small quantities of 
radium. A calculation shows that 1 mgm. of radium should 
give a deflection of 50 mm. on the scale. | 

To measure radiant heat it would be sufficient for most pur- 
poses to make a small window of rock salt or fluorite of about 
50 sq. mm. in the side of the brass tube A and direct the radiant 
heat on to a thin metal disc supported centrally by a fibre in one 
of the compartments. The rate of absorption of heat by the 
disc could be measured by Callendar’s method. The indications 
of the instrument could thus be made independent of radiant 
heat from directions other than those limited by a tube directed 
towards the window and the receiving disc. 

Previous to this I had constructed on similar lines an appa- 
ratus in which the tube and partition were made of thin mica 
and 12cm. long. This larger instrum2nt was eleven times as 
sensitive as the one described here, but owing to the difficulty 
of thermally insulating the apparatus it was abandoned. 
There seems to be no reason why that sensibility should not be 
attained again in an improved form of instrument. 

In the original Joule apparatus the radiation from an ex- 
ternal source was absorbed by the badly conducting glass walls 
and partition of cardboard. The convection current of air 
was thus formed near the inner surface of the compartment and 
attained a steady velocity when temperature equilibrium had 
been established. The latter state would only be complete 
after a considerable interval of time, owing to the large thermal 
capacity and small thermal conductivity of the enclosure. 
In the modified apparatus the heat radiated to the walls of a 
compartment is practically ineffective in producing a convec- 
tion current, and thus one cause of its slowness of action and 
unsteadiness of zero has been removed. 

Since the construction of this experimental form of radio- 
meter a compensation method of measuring the Thomson 
effect has occurred to me. The present apparatus is on too 
small a scale and would have to be considerably modified in 
order to be suitable for this measurement. The following is 
an outline of the method. 

A thin wire of the metal AB (Fig. 2) is attached with solder 


70 MR. F. W. JORDAN ON AN 


or an electro-deposit of the same metal to the thick leads D 
and E, also of the same metal. These leads are insulated from, 
and led through, the lower cover plate of the radiometer. Two 
thin wires of different metals, OF and OG, are attached to wire 
AB to form a thermo-junction, O, for the measurement of the 
temperature at the centre of AB. One of these wires, OG, 
should be of the same metal as AB. Two small plates of mica, 
perforated to slip over AB, serve to separate the parts of the 
wire to the right and left of the thermo-junction and also to 
form a continuation of the partition of the radiometer. 

Let an alternating current, C, or a direct current reversed at 
regular short intervals be passed through AB. The resistances 
of the two halves of the wire may be adjusted by electro- 
deposition, so that the convection currents on either side of the 


Fia. 2. 


partition cause only a small deflection of the vane. This 
adjustment need not be made exactly, as balance can be effected 
by passing a current through an auxiliary heating coil. The 
fractions of the quantities of heat evolved by the halves of the 
wire, which are effective in producing the convection currents, 
will not in general] be the same. 

Let k, and k, be these fractions for the halves OA and OB 
respectively. 

Let R, and R, be the resistances of the halves OA and OB 
respectively. 

Let q be the rate of generation of heat by auxiliary coil, pan 
that which corresponds to small deflection of vane. 


Then k,C?R,—k,C?R,=¢. 
A strong direct current, C, is then passed through the wire to 
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raise its temperature to about 100 deg. The cooling in one 
half of the wire due to the Thomson effect is compensated by 
passing a small current, c, in the opposite direction through the 
other half and the lead OG. The reverse holds for any heating 
due to Thomson effect. An approximate calculation shows 
that, by suitably dimensioning the wires, the current c can be 
made as small as 0-002C. Thus the Thomson and Joule effects 
in the lead OG can be neglected. 

On changing from alternating to direct current the resis- 
tances will, owing to the Thomson effects, undergo small varia- 
tions. In the following treatment, for the sake of clearness, 
it is assumed that the figure applies to the case where the 
Thomson effect is positive. 

Let o =Mean Thomson coefficient in volts per degree, 

C=Current through BA, 

c=Compensating current through OB, 

t==Difference of temperature between the centre O 
and the leads D and E as determined with 
thermo-junction at O and others on leads D 
and E, 

ôR, and 6R,= Variations of the resistances R, and R, respec- 

tively. 

Let the compensating current c be adjusted to give the same 
deflection as formerly. Then 

i,{C2(Ry+4R’,)+-oCt} —ky|(C-+0,)*(Ra+ 6R’s) 

—a(C+e,)t}=g. (1) 

The assumption that k, and k, for the Joulean heat are the 
same as for the Thomson heat is justifiable in the case where (1) 
there is a steep temperature gradient from the centre towards 
the end of wire AB, and (2) the greater part of the heat from 
wire AB is dissipated within the radiometer. Both these 
conditions can be nearly fulfilled. 

Let C be reversed and compensation effected by adjusting 
c Írom B to O. Then 


ki C(R — ôR” ,)—oCt! —k,\(C—c,)?(R,—6R",) 
+a(C—c,)ti=q. (2) 
There remains on subtracting (2) from (1) and neglecting 
small terms 
k,C?6R,—k,C?6R.+- 2k oCt+-k,ot}(C+-c,) = 
+(C—e,)t — 2k Cle, +e,)R,==0, (3). 
where 6R,=6R’,+6R’, and 6R,=dR’,+6R”’,. | 
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Let the compensating current c be now passed through the 
other half OA of the wire AB. Then similarly 
kR” ,— k CR” ,+-2k,oCt-+-k,ot{(C+cz) 
+(C—e,)! —2k,C(cste,)R,;=0. (4) 
It may be assumed that 6R,—6dR’””,=dR,—dR”,. Hence 
addition of (3) and (4) and division all through by C gives 


dit(ky-+h,)— FP OHOR LR ky ths)=0. (5) 


To obtain this equation it has been assumed that (1) (c;—c,) 
and (c,—c,) may be neglected in comparison with C, and (2) 
k, very nearly equals k,, and (3) R, very nearly equals R}. 

Thus wala ert ort oat Ba) i , (6) 

To measure ¢ two additional thermo-junctions would be 
attached to leads D and E, preferably near the cover plate of 
` the radiometer. The resistance (R,+R,) would be the total 
resistance of wire AB, and the parts of the leads D and E be- 
tween the extreme thermo-junctions. This resistance could 
be measured with sufficient accuracy by the aid of a potentio- 
meter or a voltmeter. 

All the quantities on the right of equation (6) are measurable 
to a sufficient degree of accuracy for the determination of the 
- Thomson coefficient. It is very difficult to separate the 
Thomson effect in a metal from other parasitic E.M.F.s arising 
from possible inequalities in the composition and crystallo- 
graphic structure of the metal. The latter is more especially 
true of those metals in which the Peltier and Thomson E.M.F.s 
vary with direction through the characteristic crystal of the 
metal. Hence in many cases too much reliance cannot be 
placed on the final result. 
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ABSTRACT. 


E The first part of the Paper relates to improvements which have 
been made in order to convert the original Joule convection appa- 
ratus into an instrument for the exact measurement of small steady 
rates of evolution or absorption of heat. These improvements con- 
sisted in (1) replacing the badly conducting glass enclosure and card- 
- board partition by others made of brass and copper respectively ; 
(2) replacing the uncertain and variable magnetic control of the 
movement of the vane in Joule’s apparatus by the elastic control of a 
quartz fibre ; (3) shaping the channels, in which the vanes moved, so 
that the angular deflection of the vanes was proportional to the rate 
of evolution of heat; (4) reducing the size, so that a more uniform 
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temperature of its various parts could be easily maintained by (5) 
placing the radiometer within a concentric brass tube to exclude all 
extraneous heat excepting that which might be directed through 
apertures in its side towards the radiometer. 

The sensibility of the instrument was measured by passing a 
current through a resistance loop in one of the compartments of the 
partitioned tube, and found to be equal to 0:52 mm. per microwatt, 
as measured on a scale at a distance of 1 metre from the mirror. 
Thus the instrument my be used for the measurement of feeble 
oscillating currents, it being about as rapid as a Duddell milli- 
ammeter. 

To sonvert the apparatus into an instrument for the measurement 
of radiant heat it is suggested that the radiant heat be directed 
through a sm2all rock salt or fluorite window in the side of a compart- 
ment on to a thin blackened metal disc supported centrally by a 
badly conducting fibre within the compartment. š 

Its use for the quick measurement of the heat given out by radium 
is also suggested. 

It is suggested that small steady rates of evolution or absorption of 
heat might be measured by the compensation methods of Callendar or 
Angström. 

The second part of the Paper relates to a suggested method of 
measuring the Thomson effect with this radiometer. The method 
hinges on an experiment described by the author in ‘ Nature,” 
May 18, 1911, p. 380. In that apparatus the halves of a thin wire on 
either side of the partition are heated by the passage of an alter- 
nating current through thicker leads of the same metal. The Joule 
effects are compensated very nearly by an electro-deposit of the same 
metal, by scraping the thin wire, or by an auxiliary heating coil. The 
substitution of a direct current for the alternating current causes a 
slight heating in one and a cooling in the other half of the wire. The 

eating or cooling due to the Thomson effect in one half of the wire is 
Compensated by passing a small measured current in the proper direc- 
tion through the other half of the wire. This small current is passed 
through a thin lead of the same metal attached to the centre of the 
thin wire, and may be adjusted in four different ways. The tem- 
perature difference between the centre of the wire and the thick 
eads is measured with suitably attached thermojunctions. 

The Thomson coefficient is expressible in terms of measurable 
quantities, and is equal to the product of the mean compensating 
current and the mean resistance of the halves of the wire divided by 

e temperature difference between the centre of the thin wire and its 
thick leads. 

DISCUSSION. 
f Dr. W. H. Eccres stated that he had worked a good dea! with other 
hele of convection instruments. The better-known type consisted of a 
F ix of wire which was caused to rotate by the draught up the tube. 
orbes in 1890 patented a convection galvanometer with a screw pro- 
Peller placed in the draught tube over the heater. He had developed this 
Y using a fine paper screw propeller suspended by a quartz fibre, and 
used it for measuring small oscillatory currents, though his old instru- 
ment was 50 times less sensitive than Mr. Jordan’s. 
ee AUTHOR stated that Crookes in 1887 had used vanes set at 45° in a 
to measure convection currents. 
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VI. Note on the Attainment of a Steady State when Heat 
Diffuses along a Moving Cylinder. By Miss A. SOMERS, 
B.A. 


CoMMUNICATZD BY Dr. A. GRIFFITIS, BIRKBECK COLLEGE. 


RECEIVED OCTOBER 8, 1912. Rear NOVEMBER 8, 1912. 


In experiments aiming at the determination of thermal con- 
ductivity, carried out by Mr. Nettleton, and described in the 
“Proceedings of the Physical Society of London,” Vol. XXII., 
April, 1910, a column of mercury having its ends at fixed tem- 
peratures is kept in steady longitudinal motion, and it is 
necessary to ascertain the time of attainment of a steady flow 
of heat along the column. This has been done by experiment, 
but the following suggests a method of calculating the time 
from purely theoretical considerations :— 
Let K=the thermal conductivity of the material of the 
column, 
v=the velocity of the column alen moving from the 
cooler to the hotter region, 
p=the density of the material of the column, 
s=the specific heat of the same, 
6=the temperature above the enclosure at any point 
within the column of distance x from the plane 
normal to the column through its cooler end, 
at a time ¢ measured from the beginning of the 
experiment, 
L=the length of the column between the points at fixed 
temperatures, 
0 =the fixed temperature at the hotter end, 
0 =the fixed temperature at the cooler end. 
Let the initial temperature of the column be that of the 


enclosure. 
Then, when the flow is from the cooler region, the equation 
which gives the temperature at any point within the column is 


Kee do d0 
dat OP a P E 


DIFFUSION OF HEAT. 75 


The solution of this equation to satisfy the conditions of the 
experiment is 
l—e'tpa/k v2ps ae) 


iae a (nd i 
0—0 =(0,— 0) _ gres t Ae Pee siny | e€ \4K TpLe )f 


where 2 has every positive integral value in turn, and 
in pai eee 
Ai Tipit PAO 1.0 E 84}. 
4K: T Ly 
As the rate of flow of heat past any point in the cylinder is 
given by 
TA aa 0o), 


it follows that the rate of flow across the hotter end of the 
cylinder is given by 
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being (6,—9,) . genic -Į When the steady state is attamed. 
_ Thus the formula gives the time of attainment of the steady 
state.* 

It may be noted that a strictly analogous equation is applic- 
able to the case of the diffusion of a salt in solution through 
a tube, both ends of which are kept at constant concentration, 
as described by Mr. Clack in the “ Proceedings of the Physical 
Society of London,” Vol. XXI., 1908, and Vol. XXIV., De- 
cember, 1911. He has calculated the time required for the 
attainment of a steady rate of diffusion when the liquid is at 
rest, and concludes from experimental evidence that the actual 
small variable velocity of the liquid will not appreciably affect 


this time. 


* Calculations based on these formulz show that, with velocities of the 
Magnitude suggested by Mr. Nettleton, an approximatcly steady state, 
involving less than 0°5° difference from the ultimate temperatures along 
the column, will be attained in just over two hours, 
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Assuming that the velocity is uniform, this conclusion is 
supported by calculation from a formula similar to the above, 
since the velocity in this case is of far lower order than the 
coefficient of diffusion. 


ABSTRACT. 


The Paper dealt with the case of a column of mercury moving with 
uniform speed between two fixed temperature sources. The differen- 
tial equation for the temperature within the column was stated and 
its solution given, and it was shown how the time of attainment of a 
steady state could be obtained from the latter. The case of the 
diffusion of a salt in solution up a tube could be treated in the same 
manner. 


DISCUSSION. 


Dr. A. GRIFFITHS asked if some Fellow would solve the problem when 
the velocity, instead of being constant, was a periodic function of the 
time. 

Mr. B. W. Crack stated that Miss Somers had referred to his work on 
diffusion, and in such a slow phenomenon it wa; im portant to save as much 
time as possible. The velocity of the liquid down the diffusion tube re- 
ferred to was in his experiments natural and not artificial, depending on 
the change in volume of the solution as it became less concentrated by 
the diffusion. This velocity was veryslow. In his apparatus it was of the 
order 1 cm. in four months, and he felt justified in assuming that this 
would not materially alter the time required to attain the steady state. 
Experiments showed that this assumption was legitimate. 

Mr. R. APPLEYARD drew some analogies between the differential equation 
` used and that for the flow of electricity along conductors. 
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VII. The Thermomagnetic Study of Steel. By S. W. J. SMTH, 
M.A., D.Sc., Assistant Professor of Physics, Imperial 
College of Science. 


RECEIVED OCTOBER 21, 1912. READ NOVEMBER 8, 1912. 


Among the phenomena exhibited by magnetic materials, one 
recurs so frequently that it may reasonably be looked for in any 
substance whose magnetic properties are still incompletely 
known. 

This phenomenon appears in curves plotted to show corre- 
sponding values of the permeability u and the temperature 0 
for different values of H, the magnetising field. For each 
particular field there is in general a temperature at which the 
permeability is a maximum. When the field strength is 
comparatively large the maximum is not very pronounced and 
the u0 curve is concave to the axis of 0 over a wide range. 
As the field strength is reduced, however, the maximum 
becomes (within certain limits) more and more clearly defined. 
The range over which the curve is concave to the axis of 
temperature becomes ultimately only a few degrees. Simul- 
taneously the temperature of maximum permeability 
approaches the critical temperature of the substance. 

These characteristic variations constitute the phenomenon 
referred to above. They suggest a method of exhibiting, with 
the maximum of clearness, the co-existence of different mag- 
netic constituents in the same material. The object of this 
communication is to illustrate this method by showing how 
strikingly the presence of carbide of iron in steel lends itself 
to demonstration by its aid. 

It has been shown in an earlier Paper* that the permeability 
of this carbide is relatively very small above 230°C. The 
measurements were therefore restricted to temperatures 
between that of the air and 250°C. They were made by 
the ballistic method upon a sample of the nearly pure carbon 
steel kindly given to me by Prof. Arnold, and stated to contain 
the following percentages of elements other than iron: 
C=0-85, Si=0-05, Mn=0-06, S=0-03 and P=0-02. The 
material was supplied in the form of carefully annealed 


* “ Proc.” Phys. Soc., Vol. XXIV., 1911, p. 64. 
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rods half an inch in diameter. From one of these a tube 
5cm. long was constructed, having an inductive cross- 
sectional area of nearly 1 sq. cm. 

It was found by trial that cotton immersed in melted paran 
wax retains its insulating power sufficiently well, for the pur- 
poses of magnetic measurements, up to 250°C., although it 
chars and becomes defective at much lower temperatures when 
heated in air. The primary and secondary coils were therefore 
constructed of cotton-covered wire and the “ ring” was sus- 
pended, by the leads from the coils, within a test tube contain- 
ing more than enough wax to cover it completely. Heat 
was conveyed to the test tube through a thick containing tube 
. made of copper. The temperature of the ring was measured 
-= by means of a calibrated copper-constantan couple placed 
within it and also by means of a mercury thermometer in 
contact with its outer surface. 

Some of the results of the experiments are shown in the 
figure on page 79 in which the abscissæ are temperatures and the 
ordinates are the approximate permeabilities, in absolute units, 
corresponding with the values of H marked opposite the curves. 
The points denoted by crosses represent observations taken 
during cooling. Only a few observations (represented by dots) 
were taking during heating, owing to the relatively greater 
difficulty of temperature regulation in that case. 

The curves present various features of interest which it seems 
inadvisable to discuss in detail until further experiments upon 
this and upon other steels containing different percentages of 
carbon have been completed. 

It seems obvious, however, that the contribution of the 
carbide towards the apparent permeability of the material 
as a whole becomes more and more restricted in its range as the 
strength of the magnetising field is lowered. Until, when the 
field is below 0-2 gauss, the even sweep of the curve between 
20°C. and 250°C. suffers no considerable disturbance except over 
some tens of degrees in the neighbourhood of the critical 
temperature of the carbide. To show this the more clearly in 
the figure the curve for H=0-19 C.G.S. is drawn more boldly 
than the rest. Attention may also be drawn to the curve for 
H=0'045, the weakest field in which measurements could 
conveniently be taken with the apparatus used. In this case 
the maximum permeability occurs in the neighbourhood 
of 213°C. and is nearer the critical temperature than any 
of the other. maxima. The u0 curve also descends more 
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steeply beyond the maximum than in any of the other cases. 
Several of the curves—this one in particular —show evidence 
of a secondary maximum which may possibly be due to some 


unsuspected constituent. . 
It is not, of course, to be supposed that the fields given in the 


figure are the actual fields in which, for example, a ring of the 


Temperature Degrees Centigrade. 


pure carbide would exhibit variations of permeability precisely 
similar to those just described. The carbide, as we have 
examined it, is embedded in a material of which the permea- 
bility is in general very different from its own. The effective 
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field within it will therefore be different in general from the 
average field within the steel as a whole and will, moreover, 
be different in different parts of the ring—unless the distribu- 
tion of the carbide is exceptionally regular. 

It is, however, unnecessary for the present purpose to lay 
stress upon this point. The immediate object is only to show 
that, by experiment, fields can be found which make the 
existence of a particular constituent very conspicuous. 

When it is remembered that the existence of any definite 
carbide of iron has often been a subject of dispute amongst 
metallurgists and others, and even now rests mainly upon 
chemical analyses somewhat difficult to perform, it 1s sur- 
prising that purely physical methcds of indicating its existence 
were not multiplied long ago. 

It will be seen that the results given in this Paper explain 
the rounded outlines of the permeability-temperature curves 
given in Fig. 3 of the earlier Paper* in which fields stronger than 
H=2 were applied. They explain also why the temperature 
of the maximum permeability below 250°C. becomes lower 
as the field strength is raised. Similarly, they account for the ~ 
shapes of the curves given in recent Papers by Maurain and ` 
by Moir.t All of these data, to which may be added the — 
results given in a still more recent Paper by Mr. Guild and the 
writer,§ can therefore be cited in proof of the existence of the 
same ccnstituent in steels containing the mest widely differing 
percentages of carbon. They show also that the relative 
amount of this constituent increases with the percentage of 
carbon, and it is quite possible that a methcd could be devised 
by which, from the thermo-magnetic properties alone, the 
percentage of carbon in any particular steel could be easily 
determined. 


ABSTRACT. 


Thermomagnetic measurements make it increasingly evident that 
the magnetic properties of steels are frequently those of mixtures of 
magnetic substances, each possessing characteristic properties, which 
contribute in a comparatively definite way to the properties of the 
material as a whole. 

In the case of a simple ferrcmagnetic substance, magnetising fields 
can generally be found in which the peimeability variation with tem- 


* Loc. cit., p. 66. - 
t “ Ann. de Chim. et de Phys.,” Vol. XX., 1910, pp. 353-389. 
ł “ Proc.” R.S.E., Vol. XXXI., 1911, pp. 505-516. 

$ “ Proc.” Phys. Soc., Vol. XXIV., 1912, pp. 342-348. 
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perature is comparatively small except in the neighbourhood of the 
critical temperature. In such fields there is a very clearly marked 
peak in the permeability temperature curve for the substance. The 
explanation of this peak which the molecular theory affords is well 
known, and suggests that the phenomenon should be found common 
to all ferromagnetic substances. The immediate object of the pre- 
sent Paper is to show that it is exhibited by the carbide of iron 
(cementite) which exists in annealed carbon steels. For this pur- 
pose it is not necessary to isolate the carbide because, as shown in the 
Paper, the phenomenon is quite clearly discernible in the perme- 
ability temperature curves for the steel. The particular steel ex- 
amined contained 0:85 per cent. of carbon. It was found that the 
fields necessary to evoke the comparatively sudden variations in the 
permeability of the carbide above described are small and such that 
the permeability variation of the iron present along with the carbide 
is slight in the neighbourhood of the critical temperature of the 
latter. The sudden gain and loss of permeability by the carbide as 
the temperature alters will be roughly equivalent to sudden removal 
and replacement of gaps in the magnetic circuit through the steel. 
They should therefore be attended by correspondingly sudden rise 
and fall of the apparent permeability of the material as a whole. 
This is found to be the case. There is a sharply marked peak near 
210°C. upon the permeability temperature curve for the steel. 

In the absence of measurements between 200°C. and 220°C. the 
peak would escape notice and it is for this reason, probably, that it 
has not been recorded before. It could scarcely be found by acci- 
dent. The search for it was prompted by the considerations out- 
lined above in conjunction with results obtained in earlier work with 
Messrs. White and Barker. 
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VIL. The Law of Plastic Flow of a Ductile Material and the 
Phenomena of Elastic and Plastic Strains. Bu CHARLES 
EDWARD LARARD. 


RECEIVED NOVEMBER 1, 1912. READ NOVEMBER 22, 1912. 


In a Paper recently read before Section G of the British Asso- 
‘ciation,* the author, en passant, stated briefly certain con- 
‘clusions he had arrived,.at connecting the variables, torque, 
time and twist, in the case of a ductile material which had been 
twisted to destruction. In the present Paper he offers a 
sufficiently full account of the investigation on a piece of mild 
steel of the form and dimensions shown in Fig. 1, which was 
twisted to destruction under a pure torque of increasing mag- 
nitude. 
It is a matter of common experience to those who have to 
deal experimentally with the straining of material to destruc- 
tion that the load, and, in the case of torsion, the twisting 


l- Twist measured 
e-on this length ->j 


Fra. |. 


moment, must be increased more and more slowly, or at a 
‘diminishing rate of increase with respect to time, as the test 
proceeds, and that towards the end of the test, when the 
Material is reaching its breakdown, very small increments in 
the load or torque are accompanied by very large amounts of 
plastic or permanent strain. 

Three principal cases presented themselves to the author 
before commencing the experimental work. These are the 
-cases where— 

1. The angular velocity of straining or twisting is main- 
tamed constant, the torque being increased continuously so 
-as to maintain equilibrium between the twisting moment and 
the moment of resistance of the specimen. 


* Dundee Mecting, September, 1912. 
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2. The torque-time rate (or, as it may be termed, the velocity 
of the torque) is kept constant and the twist-time rate being 
continuously increased to maintain equilibrium. 

3. After each step-by-step increment in the torque time is 
allowed for the greater part of the plastic strain to be recorded. 
before the next increase in the magnitude of the torque. 

The author has made many experiments in connection with 
al) three, but he here presents a partial solution of the first 
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Fig. 2.—AUTOGRAPHK TORQUE TWIST {DIAGRAM (FOR 12 In. LENGTH 
BETWEEN SHOULDERS.) 


problem only, in the particular case where the specimen was 
twisted to destruction at a uniform angular velocity, w, of 
0-1145 deg. per second. For the purpose of this and other 
tests three special instruments or pieces of apparatus were 
used :— 

1. A recorder to draw autographically throughout. the test 
the torque-twist curve for the full 12in. length of specimen 
between the shoulders. This curve is reproduced in Fig. 2, 
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and shows clearly the kind of curve obtained with a yield point 
very clearly defined. 

2. A torsion indicator with a large graduated aluminium 
circle for determining the angle of twist, at any stage in the 
test, on an 8in. length of the specimen, being the distance 
between the gauge points. 

3. Apparatus for simultaneously marking the time on the 
torsion circle, the steelyard scale and the autographic diagram, 
so that both the torque-time and twist-time rates as well as the 
corresponding accelerations could be deduced. 

The material for the purpose of these tests was supplied by 
Messrs. Firth, of Sheffield. The specimen was forged at an 
approximate temperature of 850°C. as a cylindrical piece 42 m. 
diameter from billets of Siemens-Martin mild steel 12 in. round. 
It was then annealed in an oven for one hour at a temperature 
of 750°C., after which is was removed, buried in sand, and 
allowed to cool gradually. After cooling it was machined to 
the dimensions given in Fig. 1. l 

A chemical analysis of drillings taken from the specimen 
gave the following composition :— 


Car DOM: osei nesa e a 0-320 per cent. 
Silicon is sade cndsay as tia oe oat La aea aTa 0-160 „p ,, 
MAanGanese soc sis.ccveureneccts csddneseeceasseaw ees’ 0-530 ,,  ,, 
Ul PRUE escret ean cod ategsad ces eeeete 0-028 „p ,, 
Phosphorus: 24sec. ssccicesesetvaceesnanceweiewns 0:030 ,, 45 


The cost of the steel and its machining was defrayed out of 
a Government grant received through the Royal Society. 

The twisting of the specimen was carried out in the large 
testing machine* installed in the author’s laboratory at the 
Northampton Institute, London. 

It will be sufficient for the purpose of this Paper to state 
briefly the manner of holding and twisting the specimen and 
applying the torque. One enlarged end of the torsion specimen 
is inserted into a die-block sliding into a bracket fixed to the 
steelyard lever of the testing machine, while the other enlarged 
end is held by a die which slides into the boss of a large circum- 
ferentially toothed straining wheel connected by gearing to an 
electric motor. The two end dies and attachments ensure 
that the geometrical axis of the specimen when produced shall 


* For descriptions see the author’s Papers in the “ Proceedings ” of the 
Institution of Mechanical Engineers, Vols. IIL. and IV., 1907, and the 
British Association Paper published in “ Engineering,” on Sept. 3 and 10, 
1909. 
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be coincident with the line of contact of the knife edge of the 
steelyard lever with its support. The rotation of the large 
wheel effected the twisting of the specimen. To keep the steel- 
yard lever horizontal so that there should be equilibrium 
between the torque and the resisting moment, the poise weight 
was moved forward in the positive direction, defining by its 
position on the steelyard scale the magnitude of the torque. 
Before starting the test, the specimen was placed in the 
machine and the vernier scale attached to the poise weight 
adjusted to zero on the steelyard scale, with the beam floating ~ 
horizontally in its neutral position. At a given moment, the 
time being noted, the electric motor was started and kept run- 
ning throughout the test, driving the gear and twisting the 
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Fre. 3.—TorguE Twist CURVE FOR STEEL SPECIMEN, 3 IN. DIAMETER BY 
S Ix. Lona. 


specimen at the uniform rate stated. The poise weight was 
advanced continuously so as to keep the lever (after the yield 
period was passed) in its horizontal position throughout the 
test, and time intervals were marked simultaneously at pre- 
determined times on the steelyard scale, the torsion circle and 
the autographic diagram. For the purpose of receiving the 
time marks, a specially prepared paper was used, glued by 
fish glue both to the aluminium torsion circle and to the steel- 
yard scale on the lever. The pencils for marking time were 
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pieces of pointed brass wire which, on the depression of a key 
at required intervals, came into contact with the paper. 

During the testing to destruction of this specimen some 
hundreds of observations of time, torque and twist were made. 
To publish all the tabular data would make a very bulky Paper. 
The author has deemed it advisable, therefore, after reducing 
the results, to give his deductions in graphical and mathema- 
tical form. 

Some of the plottings for the torque, T time ¢, and the 
twist 0 for the 8 in. length are given in Fig. 3, and the curve 
obtained gives a good idea of the kind of variation between 
these two variables. The experimental values of or obtained 


from the tabular data have been plotted as ordinates to a time 
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base (see Fig. 4) and an inspection of the result indicates that 
there is a linear relationship between these two variables with, 
in the limit, assuming the line to pass through the origin, an 
equation of the form 


dt dT 1 
mE t Ga 
dT 1 
Consequently qg ys Constant, t. ., the rate of increase 


of the torque with the time varies ig as the time. 
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This is at once an indication that the two variables, torque 
and time, are connected by the compound interest law, so that 


we may write 
t=ae?", 


ne is substituted for ¢ the above equation becomes 
0=awe"T. 
It should be noted that the line in Fig. 4 has been drawn with 


an equation, T= a obtained after the value of b had been 


found from the plottings in Fig. 5. 
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Taking the differential equation given above and differen- 


tiating we obtain 


dT 1 
d? bt 

or OT i onstant, 
dp =constan 


t.e., the acceleration which is negative, or, as it may be called, the. 


deceleration of the torque with respect to time varies inversely as the 
square of the time. è 

Since t=ae’™ represents to a first approximation the rela- 
tionship between the variables T and t we have 


log,) t= log,, a+bT log, €, 


which is a straight line. 

Plotting the experimental values of log,,¢ and T as in Fig. 5, 
further confirmation of the truth of the fundamental equation 
is obtained to at least a first degree of approximation. The 
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values of the constants a and b are also obtained from these 
plottings, giving 


T 
t=8-23e"=8-23(1-035)", 


where ¢ is in seconds and T in inch-ton units. 
Results similar in form to the foregoing may be stated 
' where 0 is the independent variable, since 0= at. 

Having deduced the relationships given as representing very 
closely the results of the experiments, the author wishes to call 
attention’to the plottings of the logarithms of the time near 
the two axes in Fig. 5. It will be noticed that for a short range 
of torque the points obtained lie a little below the line drawn 
suggesting that there may be a small time constant t in the 
exponential equation. 

Making this assumption the equation would then take the 
form 2 

t-+-ty=aeT, 


‘and this equation is the general solution of the differential 
equation 

“ =bt+ constant 

dT i 
suggesting that the line of Fig. 4 may not strictly pass througn 
the origin although it is close to it. On trial it was found that 
if t, was taken at about 6 seconds and the plottings for Fig. 5 
were made between log, (t+6) and T the points were brought 
up to the line given, determining another form of the general 
equation. This constant ż makes no appreciable difference in 
the value of b. 

Owing to the small value of the constant t, the other plottings 
for log,,¢ are not appreciably affected, the differences in the 
values of log,,(é+6) as compared with the values of log,,t © 
become negligible within a very short range of the torque. In 
this connection it should be stated that the duration of twisting 
was 42 minutes. 

The author wishes here to summarise certain other con- 
clusions he has formed as a result of many experiments extend- 
ing over five years, reserving the full account for later publi- 
cation. 


1. The Elastic Period. 


(a) Plastic strain is always produced by applied stress, and 
-when its amount becomes large enough to be detected by the 
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strain instrument the actual linearity between stress and 
elastic strain is no longer directly obvious. 

(b) The recorded limit of elasticity depends on the degree- 
of accuracy to which the strain instrument is capable of indi- 
cating the strain, t.e., there is no definite limit of elasticity, the 
recorded limit being merely an instrument limit. 

(c) In the case of a tension test where the increase of strain 
is measured in the direction of the applied stress, linearity 
between, stress and strain is apparently very pronounced, but 
in the case of a torsion test very small increases in the elongation. 
of helically twisted generating lines of the specimen are accom- 
panied by the relatively large angles of torsion measured by 
the twist-strain instrument, with the result that plastic strain 
is observed very early in the test giving low instrument limits. 
of elasticity.* 

(d) There is elastic strain, whether it is obscured by plastic 
flow or not, which is closely proportional to the torque (or 
load) for all values of the torque (or load) up to the maximum, . 
and it is given by 6,/T=6,/T,, where T is any torque not 
exceeding the maximum load, and T, and 6, are from observa- 
tions of torque and twist respectively during the elastic period. 
of instrumental linearity between stress and strain. Conse- 
quently the usual formula may be used for calculating elastic 
strains for values of the torque up to near the maximum. t 

(e) The total strains produced under applied stress, even 
before the yield period is reached, depend on the time as well 
as on the torque (or load). 

(f) The linearity between elastic strain and applied aires 
may be rendered obvious up to a high value of the load by 
suppressing the plastic flow.f 


`The Yield Period. 


(a) The plastic strain N under constant load during 
this period depends on the time. If the load is imposed on a 
specimen either very slowly or very quickly§ there is no yield 
period, the former case corresponding very closely to iso- 
thermal straining and the latter to adibatic. 


* See Author’s Paper, “ Engineering,” Sept. 3 and 10, 1909; also Author’s 
Paper, “ Proceedings ” of the Institute of Automobile Engineers, Jan., 1911. 

+ See Paper by the Author, ‘‘ Minutes of Proceedings ” Institute of Civil 
Engineers, CLXXIX., 1909. 

t Author’s Paper, Institute Civil Engineers, 1909. 

$ ‘ Strength of Materials,” Ewing, pp. 41-42, 1899 E4. 
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(b) Most General Case.—When the yield torque (or load) 
is reached and where equilibrium is maintained between the 
load and the resistance, the velocity of the plastic strain is 
rapidly and increasingly accelerated for a short period of time 
due to some rapidly and increasingly softening process going 
on in the material, the acceleration 0 rapidly reaching a 
maximum value followed for a short period by a rapidly 
decreasing acceleration, the velocity 0 still increasing until the 
acceleration reaches zero value with momentary uniform 
velocity. From this point and for by far the greater part of the 
yield,the velocity 9 undergoes constantly decreasing retardation 
due to some gradual and. increasingly hardening process going. 
on in the material, until the curve in ĝ and ¢ becomes, or tends 
to become, asymptotic to the axis of time with the limit zero 


deceleration and a uniform value of 0. 

(c) From what has been stated above it follows that the: 
vield period is produced when from the conditions of loading 
acceleration of plastic flow is produced and further that where’ 
the torque-time and torque-twist ratios are kept below certain 
critical values, and, therefore, where there is no acceleration - 
but only a retardation, no yield period is produced, and the 
elastic-torque-twist, line and the plastic-torque-twist curves 
are compounded into a smooth and continuous resultant 
torque-twist diagram. | 

(d) The yield period may be due to the production of a fluid 
state (liquefaction) in parts of the material under the accelera- 
tion with subsequent relegation and hardening producing 
deceleration after the parts have adjusted themselves to their 
new positions. The torque-twist curve which is continuous. 
denotes a condition of semi-plastic flow. 

(e) The yield period which takes place under the circum- 
stances indicated can be raised by strain* and heat treatment 
at low temperatures to almost any position with respect to a 
torque-twist curve. 


3. Total Strain. 
(a) If the above results are accepted the total strain for any 
value of the load is given by 
o= 6 + 6, 
total elastic plastic 


* J. Muir: “ Transactions’? Royal Society, Vol. CXCIIT. (1900), and! 
Author’s Paper “ Minutes of Proceedings ” Institute of Civil Engineers, 1909. 
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Where the elastic strain is a linear function of the load for all 
ordinary speeds of loading possible with .a statical testing 
machine, and where the plastic strain is function of both load 
and time. 

ABSTRACT. 


The author gave an account of the twisting to destruction at a 
uniform angular velocity of a cylindrical steel specimen 3 in. dia- 
‘meter and of his deductions from the experimental data. The 
following deductions were made :— 

1. The rate of increase of the torque with the time varies inversely 
as the time. 

2. The acceleration of the torque velocity which is negative or, as 
it may be called, the de-celeration, varies therefore inversely as the 
square of the time. 

3. The variables, timet, and torque T,are connected by the com- 
pound interest law. 

More exactly ¢+¢,=ae’™, where ġ is a time constant. Correspond- 
ing results in terms of the angle of torsion ô and T obviously followed, 
‘since 0=wt, where w is the angular rate of straining. 

The author also summarised certain other conclusions he has formed 
as a result of many experiments extending over five vears, illustrating 
his arguments by means of original diagrams, but reserving the full 
account for later publication. 


DISCUSSION. 


Sir R. HADFIELD considered the Paper an important one. With re- 
spect to the question of elastic limit, many years ago he was working on 
manganese steel, which has a very low elastic limit but a very high tenacity, 
yet it is used for just those purposes {for which high elastic steel is used. 
In carrying out some experiments on manganese steel 25 years ago, by re- 
peated re-toughening the specimen he elongated an 8 in. bar to 14in.. He 
also drew attention to the behaviour of steel when the rate of stress was ex- 
-ceedingly great, such as in the Admiralty tests with projectiles. A 14 in. 
:shot with 35,000 ft.-tons’ of energy will pierce a12in. plate in =}, second. 
So we get here problems not met with in ordinary engineering, yet records 
taken of the passage of the shot show that the steel behaves very much the 
-same under these conditions as it does in an ordinary testing machine. 

Dr. C. CHREE pointed out that there were two ways in which the elastic 
limit could be defined : (1) Either as the range within which Hooke’s law 
holds or (2) ‘as the range within which the strain reduces to zero again when 
the stress is removed. He thought the results would have been clearer from 
a physical standpoint if the author had employed ¢ (time) throughout as the 
‘independent variable in his mathematical expressions. If he had taken 
.aT /dt as ordinate and ¢ as abscissa in Fig. 4 his theoretical curve would have 
been a rectangular hyperbola, which would have served satisfactorily to 
show the agreement between the observations and the theory. The real 
physical significance of the experiments seemed to be that under the condi- 
tions of test 6dT/dt was a constant. Had the author tried whether this 
relation held when 0 did not increase uniformly with the time? The 
formula required some restriction as it made dT /dt initially infinite. 

Mr. F. L. Hopwoop, commenting on Mr. Larard’s view that the elastic 
yield persists during the plastic yield, mentioned that a similar conclusion 
had been drawn by Andrade (“ Proc.” Roy. Soc., A., Vol. 84, 1910) from 
‘tension experiments on lead and copper. 
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Prof. MARGETSON pointed out that since the rate of strain was constant, 
Figs. 2 and 3 were practically similar, and hesuggested that if the results had 
been stated in terms of 0 and T, instead of between ¢ and T, the results 
would have been more in accordance with the author’s previous statement * 
of the compound interest law in the form aeT= 0. 

Mr. R. APPLEYARD, in drawing attention to Fig. 5, remarxed :—There is a 
certain amount of divergence between the calculated firm line and the line 
passing through the plottings, and Mr. Larard suggests that to account for this 
it may be necessary to introduce a small time-constant tọ. It should be ob-: 
served, however, that in working with logarithmic curves a smallerror in the 
constants is, as a rule, sufficient to produce a divergence of the kind here 
obtained. Hence it is'worth while considering whether the divergence is due 
to the author having selected scarcely the best value for b. In Fig. 4 the 
observation points are somewhat scattered, and although it is convenient to 
draw a line from the origin to the point (2400, 80) which makes b= 5, this 
is not necessarily the best line to fit the final result of Fig. 5. If the line of dots 
in Fig. 5 is continued backwards to cut a vertical line through the origin it 
will be found to give a value 

log o a=0-64. 


Hence, a=4:37, instead of the author’s 8-23, would meet this case. It is, 
therefore, desirable to examine b very carefully before assuming the existence 
of a quantity to The relation between T and ¢ is, therefore, in this case 


log, t=0-64+ bT log, e. 


Now, take the best point in Fig. 5, and it is seen that there is agreement, 
where T= 264 x 10, and log,, ¢==2-625, as nearly as can be judged from the 
diagram. Hence, b can be derived from 


b x 264 x 10? x 0-4343 


2-625 =0-64+ 7940 , 
since T has here to be in inch-tons. This gives b=0-0388, or}= 25:8. Now 
in Fig. 4 is co-ordinated a and ¢, and since 
a, 
av 
we can select a value, say, t=2,400, and we find 
dt ; 
at 00388 x 2,400 = 93-07, 


which is well above the 80 selected by the author. This point, if joined to the 
origin, gives a line which is within the observation points, and the effect on 
Fig. 5 would be that the firm line in that diagram would pass through the 
plottings without the introduction of a new factor t 

The AUTHOR replied, and supplemented his remarks as follows: The shot 
experiment quoted by Sir Robert Hadfield is suggestive of problems of great 
importance from a physical as well as from a practical pointof view. If it be 
established as true in a more universal application that the stress-time rate 
multiplied by the strain is constant then it follows that if the velocity and 
energy of impact are great enough the small fraction of a second representing 
the duration of impact is insufficient to allow of the development of disin- 
tegrating strain in the bulk of the shot, and so penetration takes place. The 
Author agrees with Dr. Chree that the real physical significance of the 


* “ Proceedings ” Institution of Mechanical Engineers, 1907. 
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; ; dT. oe : aari 
experiment is that 9- 1s constant. This interpretation was definitely stated 


by him in the circulated abstract.of his British Association Paper.* In 
further reply to Mr. Appleyard the author states that he has not made the 
mistake of allowing logarithmic differences to involve him in any: serious 
error. The line given by him in Fig. 5 gives an intercept which is the log of 


8-23. That the value b= n is evidenced by the fact that when the different 


values of dT/dt, are multiplied by the measured angles `of. twist 'the pro- 
ducts, throughout the entire range from the end of the yield to near the 
maximum load are astonishingly close to 3-435, this constant being derived 
as follows :— 

dv 1 w 


Since de bh be’ 


we get, on substituting the values w=0-1145 and b= a 


dT 
05 3:435. , 
/ 

Mr. Appleyard in drawing another line for Fig. 5 may not perhaps know that 
in all such diagrams there is a slight flexure downwards near the bottom of 
the line and a slight flexure upwards at the other extremity. The author is 
investigating the significance of this peculiarity. With respect to the inter- 
preta’ionof the constant t first suggested, but afterwards qualified, the author 
has some feeling of uncertainty. It is not unlikely that its place should be 
taken by a very slowly increasing function of the torque corresponding to 
the growth of the elastic strain with the time. Replying further to Mr. 
Hopwood, the author holds the view, as may be gathered by this Paper 
and his previously published Paper,f that for steel not only does the elastic 
strain persist, but that it is continuously augmented under increasing load 
and time until it reaches its maximum value at some load not far below the 
maximum. 

In reply to Mr. Hopwood the Author stated that if his results on 
‘double and simultaneous flow’’ had been in any way anticipated, so 
much the better for the theory, but at the same time he called attention 
to the results in his previous Papers. Prof. Margetson’s point was covered 
in the Paper referred to since the angular velocity of straining w.s there 
given. 


* «Report, ” British Association, 1912. 
+ “ Proceedings ” Institution of Civil Engineers, 1909. 
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IX. The Effects of Holes and Semicircwar Notches on the 
Distribution of Stress in Tension Members. By E. G. 
CoKxER, M.A., D.Sc., Professor of Mechanical Engineeriny 
in the City and Guilds of London Technical College, Fins- 
bury. 

RECEIVED AND READ NOVEMBER 10, 1911. \ 
RECEIVED IN REvISED Form NOVEMBER 12, 1912. 


In a previous Paper* the author has determined approxi- 
mately the difference of the principal stresses at the minimum 
sections of tension members having notches of various forms, 
and in the present Paper some experimental values are ob- 
tained for circular holes and semicircular notches in tension 
members, and these are compared with the results. of calcula- 
tions. The method of experiment adopted is similar to that 
described in a former Paper.f A strip of transparent xvlonite 
is cut into shape and subjected to stress in any convenient way. 
The distribution of the stress is then examined by the optical 
effects produced when plane or circularlv polarised light is 
passed through the plate at a perpendicular incidence. 

The optical effect of the stress distribution at any point is to 
cause a retardation, R, in the component rays into which the 
incident beam is broken up, and to a first approximation R is 


proportional to the difference of the principal stresses 66 and 


rr at a point 7,6, and to the thickness T of the plate, so that 
we have 
R=(00—rr)CT 

where C is a constant. | 

The retardation can be measured directly in terms of a 
wave-length scale, and the stress difference can be inferred 
therefrom, bvt in the present Paper the numerical values have 
in all cases been determined by reducing the field of view to 
darkness by using a stressed member placed along the direction 
of one of the principal axes of stress at the point considered, so 
that the stress difference is measured directly. 

A case of primary importance is that afforded by a cylin- 
drical hole in a tension member, such as occurs in many forms 


* “ Trans.” Inst. Naval Architects, April, 1911. 
t“ The Optical Determination of Stress,” by E. G. Coker, “ Phil. Mag.,” 
10. 
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of engineering construction, although generally the conditions 
are complicated by the stress caused by the pressure of a rivet 
in the hole, and also by the stress due to the grip of the rivet 
heads. For plane stress the equations of equilibrium are 
satisfied when the radial stress rr, the tangential stress 00, and. 
the shear stress r0 can be expressed in terms of Airy’s func- 
tion F, where 
~ 1@F 1¢F > OF ~ a tae 
m= ogee ae Sa ae og fe oe 
For the case of a hole in an infinite plate subjected to stress p. 
it can be shown* that the function F has the value 


2 72\2 

F=}p| 2—2 log es oe COs 20}, . . (2) 
from which we readily obtain the stresses in the form 

m PA ERAN E Mia =) | 3) 

rH) e+ pte )08 20)... (8) 

~ 2 4 

=pl S- (1435) cos 201, eae oe Se (4) 

~ 2a? 3a!) . 

(=3p) -1 a F e sin DOs a ae a he a O) 


where a is the radius of the hole. 

The same result has been recently obtained by Suyehiro,t 
using the method of generalised plane stress. For a tension 
member with a small hole in it sufficiently far from the edge we 
see that the stress across the minimum transverse section rises 
slowly as we approach the discontinuity, and finally very 


rapidly. When r=a and 0=%, we have 00=3p and rr=r0=0, 


or the maximum stress is three times the uniform stress at a 
distance from the discontinuity. | 

In order to experimentally determine the stress at the mini- 
mum section of a tension member when pierced by a central 
hole, strips of xylonite were prepared, lin. in width and 
0-186 in. thick, and. holes were cut in these ranging from 
xin. to $in. These specimens were stressed in a simple 
form of apparatus for applying definite tension loads. 


* Föppl, “ Vorlesungen über Technische Mechanik,” Vol. V., p. 352. 
t “ Engincering,” September 1, 1911. 


J 


-= come this source of error, which had a considerable influence 
on the stress determinations, the holes were drilled from both. 


l 
Experi- - Size | pounds per square inch at a distance (in inches) an 
ment | hole | from the edge of— Gone 

No. | c ee 
molt x le | % u bhan 

1 vy (545/550... 560! ... | 570| 615 | 1,470 584 

2 $ |560/575|) ... , 595]... | 622 | 1,560 ... 620 

3 4 1580|585| ... 640) 760 1,770) eo auu 724 

4 3 | 625 | 630 ! 890 | 1,850 Nes ei Bee. 3 868 

5 4 | 635 | 760 1,070 ` 2,040 bo sis 4 | 1,035 
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In the earlier experiments the holes were drilled through 


from one side of the plate in the ordinary fashion, but this was. 


found to slightly damage the material, owing to the drill 


pushing the last section of uncut material outwards and causing. 


a slight strain around the edge of the hole. In order to over- 


sides, and rather smaller than the final size, the correct dia- 
meters being obtained by removing the remaining material 


with a fine file. This treatment caused no injury to the 


specimen and more accurate stress determinations became 
possible. 

At first a total load of 200 lb. was applied to the specimens, 
but this was afterwards reduced to 100 lb. to minimise pos- 
sible errors due to imperfect elasticity of the material at high 
loads. 

As a result of an optical examination of the transverse sec- 
tions through the centres of five holes of different diameters 


the following results (Table I.) were obtained of the differences. 


of the principal stresses at various points in the section. 


TABLE I. 
Total load 100 lb. Section of specimen, 1 in. x 0- ae in. 


Measured difference of the principal stresses in | 


Some of these valucs are plotted in Fig. 1, and a comparison 
of these numbers with the values obtained by calculation 
shows that, when the hole is small compared with the breadth 
of the plate, there is a very close agreement. 

It may be remarked that the maximum values are difficult 
to obtain, as they are point values at the periphery of the hole, 


where the variation of stress in a radial transverse section is. 


very great, and determinations are therefore more liable to 


error here than at any other point. 
In order to determine the law of variation of stress along the 


cross-section the stresses were calculated for the ideal case of a. 


| 


98 PROF. E. G. COKER ON THE EFFECT OF 


1500 


1000 


Stress in pounds per square inch; 


T h 


Stress in pounds per square inch. 


© 


1500 


1000 


500 


Stress in pounds Ler square inch. 


Fic. 1.—Stress DISTRIBUTION IN A TENSION MEMBER. WITH A CENTRAL 
Hous. Nos. 1, 3 AND 5 oF TABLE I. (Ths calculated values are shown 
by dotted lines.) 


a a ces ne E. 
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hole in an infinite plate subjected to uniform tension, and 
these were compared with the values obtained in Table I. Fhe 


principal stresses 00, rr at the cross-section are given by 


=F ( 2+ pet a), ° ° . . e e (6) 
~ 3 az a4 
MEg (5-5). e e ° e . e ° (7) 


‘and from these we obtain the following ratios for values of r/a 
between 1 and 10. 


TABLE II. 
Pla isasi 10 125 |15 20 |30 40 50 100 |œ 
We) hasten |3 | 1-934 1-519 1219| 1-074 1-050) 1-022| 1-005] 1 
Mpasi | O 0-346. 0-370 0-281, 0-148 0-090 0-058 0015| 0- 
pe ip i, 13 | 1-588 1-149 0-938 | 0-926 0-960 0-964 | 0-990 pa! 


The experimental determinations differ from the ideal case 
in that the uniform stress p, corresponding to a plate of infinite 
width, is not directly ascertainable, and in order to obtain its 
value for any case we may select two or more experimental 
values and compare them with the coefficients in Table II. to 
obtain a value of p. If this is done it will be found that the 
‘curves of stress variation agree very well with the experi- 
mental values, but this is not a very accurate method, and a 
more searching test is to determine the value of p from the 
load applied to the plate, assuming that the principal stress 


variation 60 follows the law given by equation (6). Ifthe mean 
stress across the section is p, and the edge of the plate is at a. 
distance c.a from the centre we have 


ia of aè 3a‘ 
prca—1)=| 00 ; dir=] | I+ dats “= ) dr, 


from which we readily obtain a formula for calculating p 1m 
terms of p,, and the dimensional value c in the form 


1 1 1 i 
pa=p( 1+ +5t5,3) ° z Se. Wi “eno g (8) 


The values of p, for each case, have been determined from this 
latter equation, and the calculated stresses, corresponding to 
the observations, are plotted for comparison with the observed 
values, and are shown by dotted curves in each figure. 

VOL. XXV. G 
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As will be seen from Fig. 1, there is a very fair agreement for 
small holes and a less good agreement for large ones, but these 
latter obviously lie outside the limits contemplated by the 
mathematical solution. It appears that, for any central hole 
having a diameter not greater than one quarter of the width 
of the plate or member, we may assume the law of variation of 
stress of equation (6) without serious error. 

Within these limits the maximum stress may therefore be 
calculated from the applied load by the formula 

6c8 l 
Pmax. = 2031 2c? of | Pmeam a o n g (9) 


and if c is great compared with unity this reduces to the simple 


approximation formula 
3C 


Pmax. = p4] Penn: . (10) 


If the hole has a greater diameter than one quarter of the 
width of the plate, the experiments show that the maximum 
stress is greater than that calculated by these approximate rules. 

Another case of importance is that of a semicircular notch 
in a tension member. 

A perfectly general solution has been obtained by Chree,* 
and an approximate solution is given by Leon,} for a small 
semicircular notch in a tension member on the assumptions that 
the radial and tangential shifts with reference to the centre of 
the semicircle are expressed by 

u=fy(r)-+fa(r) - sin?0) T 
v=f3(r) . sin 20 a mo 


He obtains 
~ p a2 at at ; 
sa sa oi) + P( a2 stl) sine 0 6 
e a2 4 
96=P (FF 9) gfe mtg b, . (12 
2 aa Ge oe 
ro — = caer 7+1 )sin 26, 


which satisfy the body stress equations, but not all the surface 
conditions. These equations may be used for comparison with 
*“On the Equations of an T:otropie E’astic Solid in Polar n! Cyiin- 


drizal Co-ordinates,” by C. Chree, M.A., ‘’brans.’? Cambs. PLil. Noc., 
Vol. XIV., 1859. 


t“ Osterreichische Wochenschrift für den Öffentlichen Baudienst,’” 


February, 1908. 


se 


Experi- Radius 


ment of st ae ae | intensity, 
No. | notch. iy omens otee ine or es Ib. /sq. in. 
z | | 5 5 me 
Pope ae ee ee i ee ee 
1 A} [5151515 ... | 515 | .. | 470! 500 1,070 584 
| | 670 , 
2 + gd (530 530) .. | 525| .. | 490 1,160. ... 620 
3 Ł 1535 535| ... | 515 | 705 11,250] .. ¢ uu 724 
4 fe (515 545) ... | 740 [1340| a | e j o 868 
5 4 
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the experimental values, and they indicate that the stress is 
doubled at the notch, for if r=a, we have 


rr=0, 66=2p(1—sin2 0), rO=p sin 0 . cos 0, 
so that when 0=0, 00=2p, and this is the maximum value 
obtained. 
The general values of the principal stresses at the section 


passing through the centre of the notch and perpendicular to 
the direction of the stress are 


m_p at a? 

0=5( atat) e e © e . (13) 
_p(v_@ 14 

rls a) Lo sis &- ao ce e IA) 


and for purposes of comparison with the results of experiment 
the following table of coefficients is given :— 


TABLE ITI. 
TR 11125 15 20 |30 |40 |50 | 100 | x. 
JD vcresseeee 2 1525 1321 1-156 “1-062 | 1-033 1021| 1-005 | 1 | 
e O 10115 0-123 0-094 0-049 | 0:029 | 0-019 0-0049 [o 
(m/p a 2 | 1410 1-198 1-062 1013 | 1-004! 1-002, 1-0001 1 


An optical examination was made of specimens having 
notches symmetrically arranged with respect to a transverse 
section as the most convenient form, and determinations of the 
differences of the principal stresses are shown in the accom- 
panying Table IV., and some of these values are plotted in 
Fig. 2. 

The solution given by equation (12) implies infinite width, but 
since finite width is a practical necessity it seems best on 
general grounds to take for experimental comparison the sym- 
metrical form used here. 

“ABLE LY. 
Measured differences of principal stresses in 
pounds per square inch at a distance (inches) 


RRO 685 - 890: 11.600! a ox ‘ek 1.035 


\ 
| 
‘Mean stress 
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15.0 


1000 


500 


Stress in pounds per square inch. 


1000 


T 


2000 


Stress n pounds per square inch. 


1500 


1€00 


500 


Stress in pounds per squure inch, 


Fia. 2.—STREss DISTRIBUTION IN A TENSION MEMBER WITH SEMICIRCULAR 
NotcuEs. Nos 1, 3 anp 5, TaBLE IV. (The calculated valucs are 
shown by dotted lines.) 
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To determine how far the variation of stress agrees with the 
approximate expression obtained above the value of p is found 
from the equation 


p,ae—1)= | dir= | í 24. a+ )ar, 


where ca is the half breadth of the plate from which we obtain 
the expression 


21,11 | 
pa=p (143 +6, she a) .. . (15) 


The values of the stress variation obtained from this value 
of p are obtained from the last line of Table III., and are 
plotted for comparative purposes in Fig. 2. > The agreement 
for small notches is fairly close, but, for those cases which 
clearly lie beyond the conditions assumed by the mathe 
matical analysis, the results indicate that probably both 
principal stresses differ rather markedly from the calculated 
values. A want of agreement is also noticeable for notches 
of szin., vsin. and fin. radius in the neighbourhood of 
r/a=2, where the minimum values are reached, and as the 
radial stress rises to its maximum‘near this value it seems 
probable that the radial stress equation is not so close an 
approximation as the value for the tension across the section. 
For the larger notches the formula does not agree very well 
with the experimental values except at the maxima. 

It is, therefore, not justifiable to state any general rule for 
the maximum stress due to a notch which has a radius greater 
than one-eighth of the breadth of the member, but within this 
limit we may express the maximum stress in terms of p„ and 
c in the form 

12c? 


Pmax. ~ Pimenn; i 6c3-+-4e-+c+ 1 


and if c is comparatively large so that the first power may be 
neglected, we have 


(16) 


max, 9LF MEAN (17) 
p at <p 
as an approximate expression for use in calculating the greatest. 
stress produced in a tension member with symmetrical notches 
of semicircular form. 

A preliminary step to the solution of the second problem 
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has been made by L. F. Richardson,* and his tentative results 
differ somewhat from the experimental values here found. 

It is hoped that it will be possible to undertake a joint in- 
vestigation by a method suggested in a former Paper f to com- 
pare with the results already obtained. 

In conclusion the author wishes to thank Dr. Chree for 
kindly reading and criticising the manuscript. 


ABSTRACT. 


The necessities of practical construction lead to a number of interest- 
ing cases of stress problems in which discontinuities like holes and 
notches occur in great variety both as regards form and arrangement. 

For the experimental determination of stresses in loaded members 
an optical examination of a model shaped in transparent material has 
many advantages. 

Two cases of primary importance are examined in this way, and the 
results are compared with those obtained by analysis. The first 
example relates to the case of a hole in a tension member subjected to a 
uniformly applied stress, p. 

The values of (p,—p,) the difference between the principal stresses 
are readily obtained. optically, and they show a fair agreement with 
the calculated’ values if the diameter of the holeis not greater than one- 
quarter of the width of the plate, but beyond this the agreement is 
not so good. For practical purposes it is important to be able to 
estimate the maximum stress from the value obtained by assuming 
that the total load on a tension member is uniformly distributed over 
the cross-section. A formula based on the relationship found in the 
experiments takes the form 


6c8 
Pmax.— 9034202? +e41 mem 

where c is the ratio of the width of the member to the diameter of the 
hole ; if c is large compared with unity this reduces to the simple form 

_ se, 

Pineau 64] 
In the case of two semicircular notches, arranged symmetrically 
with regard to the centre line and to the cross-section, there appears 
to be no exact mathematical solution, but an approximate one has 


been obtained by Leon, resulting in expressions for py and p, at the 
minimum section of the form 


aig eee =u- 
pa=5(2455+ a Py= 95 r2 n 
provided that the radius of the notch is small compared with the breadth 
of the plate. 


* “ The Approximate Solution of Various Boundary Problems by Surface 
Integration combined with Freehand Graphs,” by L. F. Richardson, ‘‘ Proc.” 
Physical Society, February, 1911. 

t“ The Approximate Arithmetical Solution by Finite Differences of Phy- 
sical Problems involving Differential Equations, with an Application to the 
Stresses in a Masonry Dam,” by L. F. Richardson, “ Phil. Trans.,”’ 1910. 
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Experimental determinations of pz—p, show that the maximum 
values agree very well with those of the formule for notches having a 
maximum radius of about one-quarter of the breadth of the member, 
but the minimum values do not show a very good agreement if the 
notch has a radius greater than one-eighth of the breadth. The results 
appear to indicate that the radial stress for large notches is greater 
than that given by the formula. | 

For determining the maximum stress from the applied mean stress 
a formula is proposed of the form 


2e 
6c? +4 +¢41 
and this shows a fair agreement with the experimental values. 


Pmax. ~ Pinean? 


~ 
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X. A Column Testing Machine. By E. G. Coxer, M.A., 
D.Sc., Professor of Mechanical Engineering in the City 
and Guilds of London Technical College, Finsbury. 


RECEIVED NOVEMBER 18, 1912. READ NOVEMBER 22, 1912. 


EXPER'MENTAL determinations of the strength of long mem- 
bers under compression loads are of considerable importance, 
as, in practice, members of this kind are nearly as numerous 
as those subjected to tension, but the results available are not 
nearly so complete as for tension members since compression 
tests are more difficult to carry out, and machines, which 
accurately fulfil the conditions required for experiment, are 
not numerous and are, moreover, very costly. It is essential. 
in compression testing machines to ensure that the conditions. 
of end fixing are realised, and that the load can be accurately 
measured. Both requirements are more difficult to carry -out 
for compression than for tension, as a pillar under load is always. 
tending towards an unstable condition, while a tension member 
acts in the reverse manner. The required conditions of end. 
fixing can be obtained if the end plates applying the load are 
: maintained perpendicular to the axis of the originally straight 
pillar, and in some small machines the end bearing plates move: 
on slides to ensure parallelism, an obviously defective arrange- 
ment, since the friction of the slides renders it difficult to- 
measure the applied load. 

In some very large machines, for full-sized pillars, a massive: 
head is secured by tension rods to a hydraulic cylinder, and. 
the ram of this latter applies the load, usually in a very accu- 
rately axial direction. For rough measurements the total load. 
is determined from the hydrostatic pressure, and is subject to a. 
deduction for the friction of the cup leathers, usually a large 
correction of uncertain amount. This can,. however, be very 
much reduced if the cup leathers are dispensed with and the. 
ram or plunger made a very true fit in the cylinder. The 
plunger then simply floats in oil, which leaks slowly between 
it and the cylinder wall, and the friction is very small and. 
becomes practically negligible if the ram is rotated. 

In some other forms the load, applied by a hydraulic plunger 
of the usual type, is weighed by aid of a large circular diaphragm: 
carrying one end plate and clamped at its edges in a casing to 
enclose a thin layer of liquid. The pressure registered by the 
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imprisoned liquid enables the load to be weighed with great 

accuracy, while the arrangement also permits the bearing 
~ plates to remain perpendicular to the axis of the specimen. In 
the well-known Emery testing machine this pressure is weighed. 
on a smaller diaphragm by a subsidiary system of levers. 

A mechanical weighing device attached directly to an end- 
pressure plate usually necessitates this plate having more than 
one degree of freedom, a bad defect in a testing machine of this. 
kind. This difficulty may, however, be overcome, and the 
simple machine described here uses a lever system to measure: 


Fia. 1. 


the load on a plunger, which is constrained to move axially 
without appreciable friction. This is accomplished by con- 
trolling its motion by aid of thin spring plates or wires, which 
are secured to the movable plunger and to a fixed casing, so 
that all degrees of freedom are suppressed except one. In one 
arrangement, which has been designed for testing small models 
of pillars made of transparent materials, the central plunger 1s.. 
constructed to grip the inner edges of annular discs placed with 
their planes a considerable distance apart and clamped to a 
fixed casing. 
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A diagram of this arrangement is shown in vertical section, 
Fig. 1, in which the plunger A is secured at each end to a pair of 
very thin brass or steel diaphragm plates, B,, Ba, which latter 
are clamped at their outer edges in a casing, C, of annular cross- 
section. The plunger so secured has a small amount of vertical 
motion only, and the pillar to be tested is set between the com- 
pression plates D and E, the latter of which slides on the guide 
bars F and G, and is adjusted in height by a flat-topped screw, 
H, secured in the base. | 


Fic. 2. 


In large machines a hydraulic ram replaces the screw, and 
the sliding plate E is not required. The load borne by the 
plunger is weighed, in this example, by a single lever pivoted 
at J and carrying a weight at its outer end. The lever is 
maintained in a horizontal position by the screw, and the 
plunger is limited to a very small amount of motion by stops 
K. An index finger, not shown, is also provided to show 
when the plunger is freely supported by the diaphragms. 
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Photographs of the stress distribution show that this appa- 
ratus gives satisfactory results for transparent pillars under 
usual conditions of end fixture. 

In some forms of apparatus it may be more convenient to 
use perforated diaphragms, or thin wires arranged radially in a 
plane. In others it may be more convenient to set thin 
rectangular strips in parallel planes, and the model of an 
arrangement for a small machine, Fig. 2, shows a block, A, sup- 
ported by four steel strips B,, B,, Bs, B,, arranged so that all 
degrees of freedom except one are suppressed. In this arrange- 
ment the load is applied by the plunger C of a hydraulic 
cylinder moving in the same line as the block A, and the load 
transmitted through the pillar to this block can be measured at 
the point D by a weighted lever system, or other suitable 
arrangement. 

The application of thin plates, wires and diaphragms to 
give one degree of freedom to a pressure enables the load to be 
measured with great accuracy, since there is no appreciable 
loss due to friction, and the energy stored in the elastic guiding 
members, when these latter are displaced from their central 
configurations, is restored when the equilibrium positions are 
again attained. 

In conclusion, the Author desires to express his thanks to his 
assistant, Mr. F. H. Withycomb, who has been very helpful in 
the detailed design and construction of the apparatus. 


ABSTRACT. 


The conditions of fixture of the ends of columns, and the large 
influence this has upon their strength, generally make it necessary to 
use special testing machines for these members, in which the end 
plates applying the load are accurately parallel, and remain so 
during a test. 

If only rough measurements of the load are required this ofters no 
serious difficulty, but accurate measurement involves elaborate 
mechanical devices, some of which are briefly referred to in the Paper. 

This difficulty is overcome in a simple manner by supporting one 
pressure plate by two or more annular diaphragms spaced at con- 
siderable intervals, and clamped at their outer edges to a fixed 
casing in such a manner that only one degree of freedom is possible 
This construction is carried out in the machine described in the 
Paper. The total load on the pressure plate supported in this way 
can be measured by a loaded lever system, or other sutable means. 
The other pressure plate may be carried on guides, and the load 
applied by screws, hydraulic pressure or other suitable means. 

Rectangular plates or wires may also be used in place of annular 
diaphragms, and a model showing an application to a compression 
machine is described. 
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Photographs of celluloid columns are shown under stress, and the 
colours produced by temporary double refraction indicate that the 
loads are satisfactorily applied in a machine of this type. 


DISCUSSION. 


Sir R. HADFIELD thought this Paper opened out an important field of 
research. 

Mr. C. E. LARARD asked if the machine was meant for testing metals or 
only xylonite, as in the former case the conical pivot at the top would be a 
source of weakness. 

The AUTHOR replied that for heavier machines the conical pivot could 
he replaced by a narrow strip of thin steel plate which he considered pre- 
ferable to a knife edge. 
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XI. The Electrical Conductivity and Fluidity of Strong Solu- 
tions. By W. S. Tucker, B.Sc. 


RECEIVED NOVEMBER 22, 1912. Reap January 24, 1913. 


Ir may be fairly assumed that when solutions are of such 
concentration that the molecules of dissolved substance 
occupy a relatively large volume, the ions produced will inter- 
fere with each other’s movements. If the ionisation factor be 
calculated from the ratio of the molecular conductivity to that 
at infinite dilution, we get a result which fails to take into 
account this interference, and therefore cannot be regarded as 
reliable. 

In Prof. Callendar’s association theory of strong solutions* 
the depression of freezing point and elevation of boiling point 
can be foretold by associating with each molecule and ion a 
certain constant number of water molecules. With the data 
at his disposal he obtains good agreement between the experi- 
mental values and his calculated values for cane sugar up to 
any concentration, and for solutions of potassium, sodium and 
magnesium chlorides. For the strong solutions of calcium 
chloride discrepancy occurs, most probably owing to unsatis- 
factory ionisation data. 

The experiments here described were made to find whether 
there is any relation between conductivity and fluidity. 

Certain experiments have already been performed by Lyle 
and Hosking f with sodium chloride, and later by Hosking+ 
with lithium chloride. but they did not work with so many 
strong solutions, nor did they cover the same ranges of tem- 
perature. 

Calcium chloride solution, with its low cryohydrate point and 
its extreme solubility, forms a very good solution to work on. 
Moreover, it can be highly supercooled. This can be illus- 
trated by taking a solution slightly above cryohydrate strength 
and cooling it. 

Referring to the curves shown in Fig. 1, crystals of the salt 
CaCl,6H,O should separate out at P, but the solution super- 
cools to Q.: The addition of a fragment of ice causes rise to R, 
giving the approximate freezing point. Ice now separates 


* Callendar, ‘‘ Proc.” Roy. Soc., A, Vol. 80, 1908, p. 466. , 
t Lyle and Hosking, “ Phil. Mag., May, 1902, p. 487. 
t Hosking, ‘‘ Phil. Mag.,” May, 1904, p. 469. 
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from R to S. At S fresh crystals presumably of the salt make 
their appearance, causing a rise to T, probably above cryo- 
hydric point: but separation of these crystals quickly brings 
the solution to the constant temperature of the cryohydric 
point. l 

A supercooling of 15°C. can be obtained with proper precau- 
tions, when the crystals are dissolved in their own water of 
crystallisation. 


Temperature, Degrees C. 


Concentrition (Mol, per 10) mol.) 
Freez ng Point aad Soluoil ty D agriw. 


Temperature, Degrees C, 


£ 2 a 15 z0 
Lime, Minutes, 
C oii Cucv., 
lie. 1. 


The feature of the method here described is the simultaneous 
observation of temperature, viscosity and resistance. The 
electrolytic cell and viscometer are immersed in the solution 
for which they are employed, and both are bound to the bulb 
of a platinum thermometer, which serves also as a stirrer. 
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Measurement of Conductivity. 


The electrolytic cell C is a flattened tube drawn out into a 
flat jet. It contains a platinised-platinum electrode, P, whose 
dimensions are 25 mm. by 5mm. The second electrode, also of 
platinised-platinum, forms a cylindrical sheath, Q, round the 
bulb of the thermometer T. (See Fig. 2.) 


Fic. 2.—APPARATUS FOR DETERMINING VISCOSITY AND CONDUCTIVITY. 


The thermometer is mounted on a frame to which a vertical 
oscillatory motion is imparted. This motion is caused bv a 
connecting rod attached to a large pulley driven by a motor. 
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As the thermometer oscillates it draws through the liquid a 
platinum scoop, which acts as an efficient stirring arrange- 
ment. . | 

The resistance was measured by that modification of 
Kohlrausch’s method described by Fitzpatrick,* in which a high- 

speed double commutator and a moving-coil galvanometer 
replace the coil and telephone. An accuracy of 1 part in 
2,000 could be thus obtained, and was greater than that pos- 
sible with the viscosity apparatus. 

A preliminary experiment was made which showed that the 
oscillatory motion of the cell and the consequent motion of the 
liquid in it did not affect the resistance readings. Such oscilla- 
tory motion ensured the temperature of the liquid in the jet 
being exactly that of the liquid in the bath. 

In the observations taken the concentration was expressed 
In gram-molecules per 100 molecules of water. This concen- 
tration remains constant with change of temperature, and was 
employed by Prof. Callendar in his Paper on strong solutions. 

The capacity of the cell was found by the use of a standard 
solution employing Kohlrausch’s results. 

The molecular weight of the anhydrous salt is taken as 110-9,- 


Measurement of Viscosity. 


The viscosity is measured by a modification of Poiseuille’s 
method. The tube through which the flow occurs is a uniform 
jet about 2 cm. long drawn out from a piece of quill tubing, V, 
as shown by the diagram, Fig. 2. Connection can be made by 
means of the side-tube S with an aspirator or with a compressed 
air reservoir. When the tube is immersed in the solution, the 
latter can be drawn in or driven out at will. 

The viscometer is plunged into the solution to a certain 
-depth, and the time of inflow is measured and compared with 
that of water under the same conditions. 

During the experiments the viscometer is invisible, hence 
the levels of the liquid when flowing into the tube are indicated 
by electrical means. | 

Two fine platinum wires A and B serve as contacts and are 
insulated from one another. As the liquid rises within the 
tube it makes circuit with Q and A through the liquid and the 
motion of a galvanometer is noted. A second motion is pro- 


* B.A. “ Report,” 1886, p. 328. 
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duced when contact with Bis made. Thus the passing of the 
levels can be accurately timed. 

The assumption is now made that the rate of influx of the 
solution is proportional to the hydrostatic pressure, and in- 
versely proportional to the viscosity. 

The accuracy of this assumption was checked by an experi- 
ment with pure water, whose viscosity has been accurately found 
by Thorpe and Rodger.* 

Two experiments are performed. 

1. The water is run into the tube under its own pressure, the 
initial and final differences in level being H and h, respectively. 
It can be shown that 


=e", 


H gnn" 
h, 

where p is the density, 7 the viscosity, ¢ the time of inflow, K a 
constant depending on the dimensions of the jet, and a the area 
of the wider portion of the tube. 

- 2. An external pressure P is applied by means of the aspira- 
tor, and this acting with the hydrostatic pressure accelerates 
the rate of inflow. The expression then becomes 


where f, is time of inflow. 
Readjustments are made so that h,=0, and H becomes H,, 


på H 
giving 1, rene, 
P f mt ? 
from which p= e" 1§; 
H, 
l If 
but ie loge K 
Pa e 
hence ' =i l 


With the apparatus used a value of the density of water was 
obtained with an error of less than 1 per cent. This result 
justifies the use of the method, since no higher accuracy was 


* Phil. “ Trans.,” 1894, A, p. 1. 
VOL. XXV, H 
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attempted. The viscosities of the solutions used in the ex- 
treme cases are as 1 : 40. 


Water is taken as a standard liquid of known viscosity. 


Variation of Conductivity and Fluidity with Concentration at 
Constant Temperature. 


The following table shows the results obtained for solutions 
of different concentrations all at the temperature of 16-77°C. 

This temperature was approximately that of the room. To 
ensure its constancy the solution was contained in a cylin- 
drical Dewar vessel, which, however, was not silvered. The 
temperature of the contents was brought to the above exact 
value by presenting to the walls of the vessel a warm or cool 
surface, and the liquid was stirred to secure uniformity of tem- 
perature. The vessel was then screened from further radia- 
tion. 


TABLE I. 
Temperature 16-77°C. 
ae | (2) (3) | (4) | (5) (6) (7 
ncen- ; 
y Density. Conduc- : a 
tration. | Grammes! Resis- lance. Visco- | Fluidity. |} œ 
M (n) r tance ( oe a n E 
ol. per : A 2.8. 2.8. 
100 mol — Ohms wage units. units. | X 10 
of water. ' j 
0 0-9988 si ct 0-01081 92-50 ose 
0:927 1:0434 2,032 4-921 0-0121 82-64 6-424 
2:757 1:1293 915-4 10-93 0-0161 62°11 6-38 
4:106 1-1793 1782-5 12-78 0-0199 50-25 6-19 | 
5-436 1-2313 766-8 13-04 0-0251 39-84 6-02 | 
7:252 1:2933 845 11-83 0-0371 26-95 6-05 
8:429 | 13308 | 9685 | 10:32 | 00486 | 2058 | 5-95 | 
9-363 1-3569 1,074 9-31 0:0602 16-61 3°99 | 
10-11 1:3788 1,179 8-479 0:0706 14:16 5 93 
10-65 1-3960 1,278 7-823 0-0818 12-22 6-01 
11-22 1-4063 1,435 6-969 0-0989 10 11 6-14 


*16-66 15210 | 3,220 3-106 0-3320 3-012 | 6-18 


* Melted crystals supercooled about 13°C. 


The meaning of the last column is difficult to interpret, but 
is worth quoting. It will be seen that while the concentration 
alters from 4 to 16 molecules, while fluidity changes to 16 times 
its value and conductivity suffers a fourfold change, the quan- 


tity x ; 5 only varies about 3 per cent. 


A similar treatment of Lyle and Hosking’s results for sodium 
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chloride and Hosking’s results for lithium chloride suggests a 
similar conclusion. The data supplied, however, are inade- 
quate, since the solutions are generally more dilute. 


Curves connecting C and n, F and n, and 7 and n are plotted 


in Fig. 3. 

From the fluidity and conductivity curves no evidence is 
given of a vanishing of these quantities at higher concentra- 
tions. 
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The above authors quoted such a vanishing of both quan- 
tities for sodium chloride at 10-74 normal, and for lithium 
chloride at 16-normal concentration. 

Both these results are obtained bv extrapolation. 

[Since this Paper was first submitted, the results obtained 
by Bousfield and Lowry* with strong solutions of sodium 


* Bousfield and Lowry, “ Phil. Trans.,”’ 1905, Vol. 204. p. 253. 
H 2 
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hydrate have been examined. The relations between con- 
ductivity, fluidity and concentration expressed as a ratio of 
weights of solid to solvent are shown in Fig. 3a. 


The linear relation between = and n for strong solutions 


is again shown. | 
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Fic. 3a.—Prorertizs or NaOH So.vurions (BousFIELD AND Lowry). 


Variation of Fluidity and Conductivity with Temperature. 


The same apparatus was used as before, except that the 


electrode P in the electrolytic cell was slightly moved. 


The temperatures above that of the air were obtained by 
surrounding the Dewar cylinder by a second larger Dewar 


cylinder containing water. 


This was heated by a current of steam. 
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For temperatures below that of the air, ice was added to the 
water, and below 0°C. a mixture of ice and salt was employed. 
Finally, for temperatures below — 10°C. liquid air was used. 
After cooling to the desired temperature the excess of liquid 
air was boiled off by passing a current of air through it. During 
the observations the mean of the initial and final temperatures 
gave the temperature quoted. 

In the viscosity-temperature experiment the solution of 
strength 7-252 molecules was taken. A. preliminary experi- 
ment was made to determine the densities at the various tem- 
peratures employed. For this purpose an accurate mercury 
thermometer, reading to 50°C. by x. deg. divisions, was em- 
ployed. The mercury was replaced by the solution and the 
volume of the bulb was accurately found by weighing the 
mercury. 

The co-efficient of expansion for a range of nearly 100°C. 
is nearly constant, its mean value between 0°C. and 50°C. 
being 0-000455. 

The following table gives the relation between fluidity and 
temperature :— 

TABLE II. 
Concentration 7-252 molecules per 100 molecules of water. 


2 (1) | (2) 8) 


(4) 


a | Density. _ Viscosity. ae 
| 85-22 1259 | 001438 | 6955 
70-61 1-266 ' 0.01678 O! 59-59 
56-79 1-275 0-01849 | 54-09 
i 37-15 1-282 0-02666 ` 37-51 
| 23-70 1-290 003544 ` 28-22 
16-77 1-293 0-0418 23-92 
—0-15 1-301 0-0726 13-77 
| —5-51 1-303 0-086 | 11-56 
| — 8-85 1-305 0-1007 | 9-94 
| 15-19 1-308 0-1338 | 7-475 
— 19-07 1-309 | 0:1569 | 6-372 
3045 1-314 90-2628 | 3-806 
I 49-16 1-323 0-5919 l 1-689 


i 


At the same time, readings of resistance were taken from 
which the conductivity for the same solution was obtained. 
These are included in Table III. (p. 120), together with 
results for the other solutions. 

Columns (1) and (4) of Table II. and (1) and (2) of Tabie II. 
are plotted in Fig. 4, while columns (1) and (3) of Table II. 
are plotted in Fig. 5. 
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Fig. 4 has a third curve, the ordinates for conductivity being 
halved, so that its variation with temperature can be more 
readily compared with that of fluidity. 

The variation of conductivity with concentration and tem- 
- perature is clearly shown in Fig. 5. 

Very dilute solutions give a straight line relation, which is 
gradually modified to a curve of increasing curvature, as the 


ae . conductivity 
concentration increases. The ratio -———————— has here no 
concentration 


definite meaning, since the denominator deals with a ratio of 
masses, but the latter has the advantage of not changing with 
temperature, and in this way the curves can be separated. 
They are very similar to the molecular conductivity curves. 

It will be seen that there is no evidence of a disappearance 
of conductivity at a definite temperature, such as has been 
suggested by Lyle and Hosking for sodium chloride solutions 
and by Hosking for solutions of lithium chloride. The risk 
in extrapolation from above —20°C. to obtain such a vanishing 
point is clearly shown by the lower curves of Fig 5. 

The above results also agree in this matter with those of 
Kunz,* who worked with sulphuric acid at low temperatures. 
As distinct from sulphuric acid, however, these properties of 
calcium chloride solutions exhibit no marked breaks in con- 
tinuity with concentration at the temperatures above referred 
to. We thus have no evidence, within the limits of accuracy 
of the above observations, of the existence of many different 
hydrates. 

The author wishes to thank Prof. Callendar and Dr. 8. W. J. 
Smith for their valuable suggestions and helpful interest in 
the work, which was carried out at the Imperial College of 
Science. 


ABSTRACT. 


In adopting Callendar’s association theory of strong solutions 
(“ Proc.” Roy. Soc., A., Vol. LXXX., p. 466) some difficulty is ex- 
perienced in getting the strongest solutions of electrolytes to conform 
to the laws laid down. This is attributed to the inaccuracy of the 
ionisation data, which are derived from observations on electrical . 
conductivity. It may be supposed that the viscosity of the solution . 
will affect its conductivity, and the author carried out a series of | 
experiments to determine if there were any definite relation between . 
conductivity and fluidity in the case of calcium chloride soluticns. 


* Kunz, “ Compt. Rend.,” Vol. CXXXV., p. 788, 1902. 
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- The feature of these determinations is the simultaneous observa- 
tion of viscosity, electrolytic resistance and temperature. 

Solutions were contained in an unsilvered Dewar cylinder, which 
permitted a slight adjustment of temperature if necessary. 

A platinum thermometer records the temperature, and is caused 
to oscillate in the solution by a stirring mechanism. 

In so doing it draws a platinum scoop through the liquid and thus 
acts as an efficient stirrer. ‘he conductivity cell and the viscometer 
were bound to the thermometer by rubber bands. While the ther- 
mometer oscillates the readings of electrical resistance were measured 
by means of the rotating commutator and bridge. The viscometer 
was in the form of a capillary pipette. which was immersed in the 
solution a known depth. The levels of the inflowing liquid were 
indicated electrically, and hence the rates of inflow could be accu- 
rately estimated and compared with that of water. Viscosities 
eorrect to less than 1 per cent. were obtained 


Isothermal Observations.—Perfectly smooth curves for conduc- 
tivity and fluidity were obtained, even when the supercooled melted 
crystals were included. No definite connection between conductivity, 
fluidity and concentration can be derived if the latter is expressed in 
terms of volume, but if concentration is expressed as a ratio of 
masses—molecules of solute to 100 molecules of solvent—the ratio 
conductivity C /fluidity F stands in linear relation to the concen- 
tration n when the latter exceeds one-fourth its maximum value. 
In spite of the enormous variations of the quantities in this ratio 
C/n¥ has values differing at most only 2 per cent. from the mean. 

Examination of similar results by Bousfield and Lowry for sodium 
hydrate give striking agreement with this conclusion. However, 
owing to the dependence of C and F on linear dimensions, this rela 
tion is difficult to interpret. 


Variations with Temperature.—One solution of nearly cryohydrie 
strength was examined at temperatures from 40°C. to — 50°C. The 
same tube and apparatus were employed, and for lower temperatures 
liquid air was used as a cooling agent. The failure of the fluidity- 
temperature and conductivity-temperature curves to exhibit the 
same variations was clearly shown. 

Conductivities of various solutions were examined from 40°C. to 
their freezing points and the curves C/n and temperature plotted. 
The increasing curvature with concentration is shown and the error 
involved in applying the ratio, molecular conductivity to that at 
infinite dilution, obtained at one temperature, to indicate ionisation 
at another temperature, is quite apparent. 

Moreover, within the limits of accuracy employed no indication is 
given of the existence of different hydrates. 

The results obtained above suggest that no reliance can be placed 
on ionisation data derived from electrical conductivity observations. 


DISCUSSION. 


Prof. C. H. Lees remarked that the observations should be extended 
to sce whether other strong solutions gave a simple relation between the 
fluidity and the resistance. 
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Mr. F. P. WoRLEY thought the ratio of the conductivity to the concen- 
tration when the latter was expressed asso many gramme molecules of salt 
per 100 of water had a rather doubtful meaning. 

Mr. F. E. Suir asked if Mr. Tucker had got any explanation of the fact 
that he found the cryohydric point 24 deg. higher than previously found. 

The AUTHOR, in reply, stated that Morse and Fraser, working on the 
osmotic pressure of sugar solutions, found it bore a simple relation to the 
concentration per-100 molecules of water and not to the volume concen- 
tration. In reply to Mr. F. E. Smith, Roozeboom had used an alcohol 
thermometer in determining the cryohydric point. He might also have 
got it too low, due to supercooling. | 
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XII. Some Methods of Magnifying Feeble Signalling Currents.* 
By 8. G. Brown. 


'TELEGRAPHY over long submarine cables is continually on the 
‘increase, and I think it may be brought forward as a fairly 
accurate statement that the number of messages sent doubles 
itself every ten years. It is therefore important that, besides 
the increase in the number of the cables laid down each year, 
means should be devised to increase the carrying power. 

The instruments which I have invented and am about to 
describe were designed primarily for cable work, but they are 
equally applicable to recording many other kinds of signalling 
impulses. 

For good reasons, recording by photographic means is 
objected to by nearly every telegraphist. If the photo- 
graphic method were permissible, great advances in speed 
would be available, but it is important that the record should 
be of a simple, cheap and immediate nature. 

Lord Kelvin invented the siphon recorder in 1867—that is, 
about 45 years ago; he designed it so carefully that no im- 
provement in its sensitiveness has been brought about until 
now. 

Short Siphon Recorder. 


In siphon recorders of the moving coil type what has to be 
done consists of— 
1. Overcoming the inertia of the coil and siphon. 


2. i „ back E.M.F. of the coil. 
3. 3 „ Control of the suspensions. 
4, ss „ friction of air, suspensions and inking. 


As the siphon has to return to zero in a certain time after the 
current in the coil ceases, it is necessary for the coil and siphon 
to have a definite frequency of oscillation depending on the 
speed of the signals. For submarine telegraphy this fre- 
quency lies between about 3 and 10 per second, and is adjusted 
by varying the control on the coil. As the control necessary 
to give a certain natural period to the moving system is pro- 
portional to its moment of inertia, it follows that by reducing 
this inertia we reduce the forces required both to accelerate the 
coil and to overcome the control. 


~ 


* Discourse delivered at the Eighth Annual Exhibition of Apparatus, held 
by the Society on December 17, 1912. 
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The ordinary siphon recorder employed is a siphon tube of 
about 24 in. long and from 8 to 12 mils in diameter. The 
moving coil consists of 500 turns of 2-mil wire at a mean radius 
of in. The coil and siphon are mounted on separate 
axes and are connected by silk fibres so that the angular move- 
ment of the siphon is about two to three times that of the coil. 
By reducing the length of the siphon to 4 in. and substituting 
a narrower coil it is possible to greatly increase the sensitive- 
ness of the recorder. | 

In order to make the inertia effects of the moving system a. 
minimum, it is advisable to make them equal for the coil and 
the siphon. Even a narrow coil of 300 turns has about 100 
times more inertia than the siphon, so that it is necessary to 


| T 
2) ee 
i 
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move the siphon through 1/100 times the angle moved by the 
coil. 

By reducing the number of turns on the coil and increasing 
the field it is possible to reduce the natural period for a given 
sensitiveness and back E.M.F., but as the mass of the mount- 
ings and insulation of the coil only decrease slightly as the turns 
are reduced the gain is not very marked. In practice it is in- 
advisable to reduce the turns on the coil below 50 or 100 turns, 
as with lower values the power required to overcome the fric- 
tion of the air and inking becomes too limited. This precludes. 
the possibility of attaching the siphon directly to a coil of a 
few turns, and means of magnifying the motion of the coil and 
transmitting it to the siphon have to be used. In this instru- 
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ment (Fig. 1) it is accomplished by means of a fine fibre, E, 
which is kept in tension by flat springs at each end. The 
fibre is attached to an arm carried by the moving coil A, and 
to a vertical fibre, F; on the siphon suspension. 

The siphon is carried on an aluminium carrier to which a 
single central fibre is attached at the top and two parallel 
fibres, FF, 0-2 in. apart below. One leg of the siphon (Fig. 2) 
lies on the axis of the suspension and dips into a small opening in 
a pipe extending from theink-pot. Thisarm goes in between 
the two vertical fibres, and as the opening in which the siphon 
dips is only a small one, the ink level remains practically con- 
stant whether the reservoir is full or not. The siphon turns 
round on the axis in which the leg lies, and this makes the drag 


A 
S 
= 


= 


STIN 
Fia. 2. 


between the moving siphon and the ink very much less than if 
the siphon cut across the surface of the ink. 

In order to produce an ink line on the paper without intro- 
ducing friction the siphon must not touch the paper even 
momentarily, and arrangements have been made to jerk the 
ink in fine drops on to the paper. To accomplish this the 
whole of the siphon suspension is vibrated rapidly up and 
down between the springs V and K by means of the spring V, 
which is attached to the vibrator. As the spring V is very 
weak in comparison with the reed, the vibrations of the latter 
are not affected by the movements of the spring. To impart a 
jerk to the siphon a stop, H, is fixed directly under the axis of 
suspensions and two I'ttle dash-pots, DD, on either side prevent 
the spring bouncing on the stop. 
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The working end of the siphon is ground flat, and an aniline 
dye with a small proportion of methylated spirit or ordinary 
red ink is used for recording on the paper. In this way a fine 
line of very closely spaced dots can be obtained without intro- 
ducing any appreciable drag on the siphon. 

For signalling purposes, the distortion due to the radius of the 
siphon being only 4 in. is not at all troublesome as the velocity 
of the paper moving round the wheel R masks this. 

When the instrument is adjusted to have a natural fre- 
quency of 10-5 per second, with a 300-ohm 300-turn coil, a 
current of 50 microamperes gives a full-sized signal corre- 
sponding to a deflection of 0-1 in. on the paper. Under these 
conditions the back E.M.F. of the coil is only about one-quarter 
to one-fifth of that of the ordinary recorder coil. 

Trials with this instrument have shown an increase of speed. 
of 30 per cent. on the largest Atlantic cables. 


Thermo-electric Magnifying Relay. 

In this instrument (Fig. 3) the power in the relay circuit is 
generated by means of five thermo-junctions at different 
temperatures. The heat is supplied by two little flames, CC, and 
a very light thermopile, B, is suspended so as to swing in and 
out of the flames and is coupled to a moving coil through 
which the received currents pass. 

The thermopiles consist of alternate junctions of platinum 
and platinum -+ 20 per cent. iridium, wires being used of 1 mil 
diameter. The joints are made by twisting the ends of the two 
wires together and holding the junctions in a Bunsen flame for a 
short time. In this way a perfectly good and permanent joint 
is ensured. The wires are melted on to a fine glass tube about 
10 mils in diameter, and one connection is brought down 
inside the tube to the first junction and the other connection 
comes along the outside of the tube. 

For moving the thermopile in the flames similar arrange- 
ments to those just described for the siphon recorder are em- 
ployed. Under the saddle which carries the thermopile the 
two silk fibres are stretched, and on to one of these the cross 
fibre which transmits the movements of the coil to the thermo- 
pile is attached. The top and bottom suspensions are of fine 
phosphor bronze wire and serve as Jeading-in wires to the 
thermopile. 

To supply the heat two little flames are fed by two or three 
strands of cotton wick with alcohol or methylated spirit. Ifthe 
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wick just protrudes above the opening a small steady flame is 
produced and the lamp is provided with adjustments to vary 
the distance between the flames and the position of both flames 
relative to the thermopiles. 

Instead of burning directly on the lamp wicks, a simple 
vapour burner can be fitted which will give good results even 
with very impure spirit. This consists of a brass cap which is. 
kept hot by a copper wire attached to it at one end, and is 
heated at the other end by the flame. By altering the amount 
of wire in the flame the size can be varied. 

_ An alternative arrangement which gives greater sensitive- 
ness and enables heavier thermopiles to be used is to fix the 
thermopiles and vary the flames by means of a valve or shutter 
actuated by the coil movements. 


Fica. 3. 


As the thermopile current depends on the difference of tem- 
perature between the junctions a certain time is required to 
heat the wires. It is found that for cable work, where the 
frequency seldom exceeds 10 per second, the lag is inappre- 
ciable, but for considerably faster movements it becomes 
important. 

In duplex working when the sending current has to be 
balanced so as not to affect the receiver, quick “ jarry ” move- 
ments are very difficult to eliminate, but the lag in the thermo 
instrument reduces these movements very considerably and is 


a valuable property. 7 
When the thermopile is in its central position and no current 
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is flowing both junctions are at a dull red heat, and when fully 
deflected one junction becomes bright red and the opposite one 
is black or very faintly red. In intermediate positions the 
current generated by the thermopile is nearly proportional to 
the deflection. 

The curve (Fig. 4) was taken from a thermopile with seven 
junctions on each side. When the thermopile was deflected 
0-075” the current it sent through a resistance of 42 ohms (equal 
to its own resistance) was 0-81 milliampere. With the natural 
period of the coil equal to 8-7 per second and a 480-ohm 
480-turn coil, a current of 0-03 milliampere through the coil gave 
a current of 0-81 milliampere from the pile through an external 
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resistance of 42 ohms. For slowly changing currents this 
corresponds to a magnification of power of about 27 times, and 
of course this can be greatly increased by reducing the period 
of the coil. For quickly changing movements the power 
magnification is not so great, owing to the back E.M.F. of the 
coil. 

Trials of this instrument on an Atlantic cable have shown an 
increase in speed of about 40 per cent. 


Mechanical Relay. 


The instrument just described is a magnifying relay—that is 
to say, it multiplies the impulses received in exact proportion 
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to their strength. This form of relay is quite distinct from 
an ordinary make-and-break relay, which delivers a constant 
' current for any impulse over a certain strength. For very 
many purposes it is essential that received impulses should be 
magnified without altering their shape, and this can only be 
_-done by an instrument with a constant magnifying power. 

That this is the case in the thermo relay is shown by the 
diagram (Fig. 4) where the current supplied to the coil and the 
current delivered by the thermo-junctions are plotted. Within 
the range of the instrument the points lie on a straight line 
and represent, in this case, a constant magnification in current 
of about 27 times. 

This property I will now illustrate in an entirely mechanical 
relay in which movements operated by very small forces are 


ey 


Fic. 5. 


largely increased in strength without affecting their motion. 
‘The relay consists in principle of a rotating spindle around 
which are wound one or more turns of a flexible cord. The 
spindle is revolving in such a direction as to pull away from the 
magnified forces and towards the small forces that control the 
movement. Suppose a heavy weight has to be raised by a 
force of one-tenth of the amount, it will obviously be necessary 
to supply 90 per cent. additional energy, and this is supplied 
by the motor driving the spindle. The magnification of force 
and energy depends on the number of turns which the cord 
makes round the spindle and follows a compound interes* law. 
_ In the model shcwn it will be seen that a large magnification 
.of power can be easily obtained by very simple means. Thus 
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I can move this 14 lb. weight rapidly up and down by pulling. 
upon this silk fibre. 

Fig. 5 shows an application of the principle to cable work, in 
which the small forces operating the coil A are intensified suffi- 
ciently to work the coarse relay arm R. The spindle rotates 
away from the relay arm R and towards the coil, and produces. 
a much greater tension in the fibres t than in s. When the coil 
swings on its axis the tension is increased in one of the fibres. 
and diminished in the other and a similar change in a mag- 
nified degree takes place in the fibres ¢. 

By using means of this sort it 1s possible to work an aR 
siphon direct writer which normally requires some 3 milli- 
amperes by a current of 10 microamperes 
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XIII. The Resistance of Electrolytes. By S. W. J. Smitu, M.A., 
D.Sc., and H. Moss, B.Sc., Imperial College of Science. 


RECEIVED JANUARY 24, 1913. READ JanuaRy 24, 1913. 


I. Introductory. 


In 1911 some interesting experiments were exhibited before 
this Society from which the conclusion was drawn that the 
resistance of an electrolyte subjected to alternating currents 
varies with the frequency of these currents to an easily per- 
ceptible degree. A bridge method was used, a variable self- 
induction being inserted in the arm containing the electrolyte 
and a vibration galvanometer being employed as detector.* 

It was assumed that the E.M.F. of polarisation could be 
written in the form 


: e= | idt, 
in which 2 is the current and C the so-called capacity of the 
electrodes. 

Now this expression takes no account of the fact that few, if 
any, electrolytic condensers retain their charges unimpaired when 
the polarising current is removed. There is in general a leakage 
which increases with the degree of polarisation of the electrodes. 
It is easy to show that the effect of such a leakage is to alter 
the phase of e with respect to 2, so that they are not in quad- 
rature as the above expression supposes. 

In the simplest case, when t=% sin pt, the value of e is not 

ty 
Cp 


cos pt, 


which it would be if there were no leakage, but 


where C’ is obviously greater than C because the maximum 
value of e is less than it would be if leakage were absent. 

The effect of this change in the expression for e is that (when 
the current ¿=ù sin pt is passing) the E.M.F. between the ends 


* H. F. Haworth, ‘ Phys. Soc. Bulletin,” March, 1911. 
12 
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of the arm (of total resistance R) containing the electrolyte 
is not 


ae l ) 
B= ig) R sin pt— é -1p ) cos w 


ço; pt}: 


b = f ( si , _ ( COs Ọ 
ut t3 ( R+ Cp sin pt Cp 


The condition that E and 7 should be in the same phase—and 
therefore that their ratio should be the same at any instant— 
is thus not 


1 
Gg 
but pain ee 
u Cp Lp=0. 


Hence, when the bridge is balanced, the apparent. resistance of 
the electrolyte arm is not R but 


sin 9) 
R- HORR 

It will therefore appear to be a function of p if the ae 
sin o/C’pR is not negligible in comparison with unity.* 

The interactions between polarised electrodes and the sur- 
rounding solutions are frequently complex and the phenomenon 
just indicated is only one out of several posstble disturbing 
influences. It is difficult in any particular case to decide that 
all of them have been allowed for. 

The cause of the leakage assumed above varies from one 
case to another ; but it can be followed very clearly in one 
particular case which we shall attempt to summarise. 

` Consider a cell in which the electrolyte contains a salt of 
the metal of which the electrodes are composed. Let the 
concentration of the salt be c and let a small E.M.F. be applied 
to the cell. The current which ensues will be accompanied by 
changes of concentration in the border layers of the elec- 
trolyte. Let these changes be +dc and —dce respectively at 
the anode and cathode surfaces. Then, assuming the logar- 
ithmic formula due to Nernst, the expression ex decje will 
represent, sufficiently closely, how the back E.M.F. of polarisa- 
tion depends upon dc. Using alternating currents and sup- 


* For estimates of the magnitudes which sin 9/C’ can attain, see M. Wier, 
“ Ann. der Physik,” LVH, p. 37, 1896; a'so F. Kohlrausch; ibid., p. 514. 
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posing diffusion to be negligible, the concentration changes, 
and the back E.M.F., would acquire maximum values at the 
end of each half-period of the current, as the expression 
ex jidt requires. But it is obvious that diffusion cannot be 
ignored. Its effect will be to make the concentration changes 
reach maximum values before the end of each half-period— 
namely, when the rates of gain and loss of the cathode and 
anode layers respectively, owing to diffusion, equal the rates of 
loss and gain due to the current. If we confine the concentra- 
tion changes to one electrode by making the other electrode 
very much larger we get for the stationary state, as Warburg 
has shown,* 
dex — cos ( t 1) 
Vp per 4 

where, as before, dc is the change of concentration in the imme- 
diate neighbourhood of the electrode. If we suppose that, by 
the addition of a neutral salt containing the same anion, any 
P.D. within the electrolyte is obliterated, we get that 


—1 1 
x deje x = cos | pt> ). 
ex lec = cos ( pt-+ 4 
mene d 
¥P l 
Comparing this with the expression Oa cos (pt-+ọ) for e 


given on p. 133, we see that we ought to have ọ=zx/4, that the 
apparent capacity K=1/Lp?=C’/cos » should be propor- 
tional to c/p, and that the variable part of the apparent 
resistance, 2.€., sin 9/C’p=Lp tan ọ, should be Lp. 

These conclusions can be verified experimentally, as has been 
shown by Neumann. 

Next, suppose that c is reduced until it becomes almost neg- 
ligible. The changes of concentration de accompanying a given 
small polarisation e will now almost vanish. Diffusion effects 
will be reduced to a minimum, since the concentration gra- 
dients will have almost disappeared, and the apparent capacity 
due to concentration changes will be negligible. The polarisa- 
tion (variations in the charge) of the condenser-like double 
layer at the electrode surface will, however, take place as 
before. The capacity of this layer (neglected above) is inde- 


* E. Warburg, ‘‘ Ann. der Physik,” LXVII., p. 493, 1899. 
+ E. Neumann, “ Ann. der Physik,” LXVIL., p. 499, 1899. 
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pendent of c, and occasions a back E.M.F. of the simple form 
first mentioned. It is, therefore, to be expected that, as c gets 
smaller, ọ will approach zero and the capacity a relatively 
small constant value independent of p. The effects produced 
by gradually reducing c have been studied experimentally by 
Kriiger,* and shown to be explicable in the way here indicated. 

We have thought it necessary, however imperfectly, to draw 
attention to this work, because it seems to have attracted 
much less notice than it deserves. It shows the need for care 
in the interpretation of any new experiments upon the resis- 
tance of electrolytes. 

Il. Experimental. 

It occurred to us that there was a simple way in which we 
could use modern instruments to find, without risk of serious 
error, whether the resistance of an electrolyte depends appre- 
ciably upon the frequency of the currents to which it is sub- 
jected. It depends upon direct readings of current and voltage 
and, consequently, is not susceptible of the highest accuracy. 
We thought, however, that we could expect to attain an accu- 
racy of l part in 1,000 in comparing resistances, at any fre- 
quencies within, the range at our disposal, by its use. 

The principle of the methcd will be obvious from the figure 
(representing a particular case) given on p. 138, and is, in fact, 
well known. What novelty there is lies in the manner in which 
the principle is applied. 

Currents measured by anammeter A are passed through the 
electrolyte by means of main electrodes p and g. The resulting 
P.D.s between the ends of a tube containing the electrolyte 
are measured by means of the voltmeter V and the auxiliary 
electrodes p’ and g’. The ratio of the two readings gives the 
resistance. 

The procedure when using direct currents requires little 
comment. We have merely to ensure that the voltmeter 
gives, to a sufficient degree of accuracy, the P.D. between the 
ends of the tube when a known current, measured by A, is 
passed through it. 

For this purpose it is necessary to use a voltmeter of which 
the resistance is extremely great compared with that of the 
electrolyte and of which the capacity can be neglected in com- 


* F. Krüger, “ Zeits. f. Physik. Chemie,” XLV., p. 1, 1903. For another 
aspect of polarisation capacity, see E. Rothé, “ Ann. de Chim. et de Phys.,”’ 
[8]. Vol. 1., p. 215, 1904. Cf. also Krüger, {Physik Zcitschr.,” XI., p. 719, 
1910. 
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parison with that of the auxiliary electrodes p’ and q’. If an 
electrostatic voltmeter is used the resistance is, of course, 
practically infinite and the capacity, even of a very sensitive 
instrument, is very small compared with that of electrodes of 
moderate size. For example, the minimum capacity of elec- 
trodes of such metals as Hg, Cu and Pt is of the order 10 mfd. 
per square centimetre, while that of the electrometer may be 
of the order 10-4 mfd. or less. 

It is further necessary that the contact P.D.s between p’ and 
q’ respectively and the electrolyte should not be subject to 
uncertain fluctuations. For this reason it is best to use 
mercury electrodes whenever possible. The twocontact P.D.s 
will then usually be not only constant but also of practically 
identical magnitude. Any appreciable difference between 
them would, of course, affect the measurements. It can be 
allowed for, if present, by taking the mean of the voltages 
‘obtained when the.current is passed through the electrolyte 
first in one direction and then in the opposite. In making 
this latter test 1t may be necessary to allow for certain pecu- 
liarities of the electrometer which will be described later. 

Suppose now that alternating currents are being used. It 
is again necessary that the capacities of the auxihary electrodes 
should be very large compared with that of the electrometer ; 
but, in addition, the quantity 27?n?C?R?, where n is thefrequency 
of alternation, C the capacity of the electrometer and R the 
resistance of the electrolyte, must now be small in comparison 
with unity. This expression shows that the capacity of the 
electrometer ‘may require to be taken into account if the 
freguency'and the resistance are high. For instance, if the 
frequency is of the order 2,500 œ per second and the resistance 
of the order 10,000 ohms, the capacity of the electrometer must 
be allowed for if it exceeds 2 10-4 mfd. when an accuracy of 
the order 0-05 per cent. in the measurement of R is desired. 

In our case it was advisable to work with fairly high resis- 
tances because the ammeters which we had gave a much 
wider range of sensitivity than the voltmeter. Other things 
permitting, it is an advantage to use high resistances. End 
corrections may then be made inappreciable and, working with 
small currents, it is possible to reduce the disturbance due to 
the heating effects of the latter to a very small quantity. 
Further, it is relatively easy when working with continuous 
currents to keep these steady for a considerable time, when they 
are small, without using main electrodes of large area. 
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The current-measuring instruments at our disposal were a- 
Duddell thermo-ammeter suitable for currents of the order 
10 milliamperes and a Duddell thermo-galvanometer of which 
the sensitiveness could be varied within wide limits. The 
available voltmeter was an Ayrton-Mather electrometer 
(constructed by Paul) of which the deflection could not con- 
veniently be read, with an accuracy of 0-1 per cent., unless- 
an E.M.F. of the order 10 volts was applied between its ter- 
minals. Its capacity was, however, sufficiently small to be 
negligible when using the instrument in parallel with a resis- 
tance of 10,000 ohms at the highest frequency of alternation 
available. 

We had three convenient means of obtaining alternating: 
currents, namely, a rotating commutator with which any 


Thermai 
Ammeter 


Electrostatic 
Voltmeter 


frequency between 0 and 100 œ per second could be obtained,. 
a Crypto alternate current generator giving conveniently 
100 œ per second, and a Siemens high-frequency alternator 
giving frequencies of 500 to 2,300 œ~ per second. The latter 
were measured by means of a Frahm vibrating-reed frequency 
indicator. 

In the experiments to be described the electrolyte was con- 
tained in a tube, of about 1 mm. internal diameter and about 
30 cm. long, connecting two bottles in which were the main 
and auxiliary electrodes as shown in the figure above. 

The area of each main electrode was about 30 sq. cm. Each 
auxiliary electrode had an area of about 2-5 sq. cm. and was 
contained in a test tube perforated at the side, supported as 
shown in the figure. This apparatus was immersed in an oil 
bath by which sudden changes of temperature were prevented. 

The circuit was made as simple as possible, to avoid 
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unnecessary self-induction and capacity, and contained only the 
electrolytic resistance, the measuring instruments and the 
source of E.M.F. Any desired change in the intensity of the 
alternating current was made by altering the magnitude of the 
exciting current in the generator. 

The apparatus was arranged so that observations with con- 
tinuous currents and with alternating currents of different 
frequencies could be taken one after the other in rapid succes- 
sion. Readings were taken alternately with continuous and 
alternating currents for a period of half an hour so that a 
comparison between the two should not be affected by small 
changes of the galvanometer zero (which could not be entirely 
eliminated) or by a change in temperature. The continuous 
current was reversed between successive determinations. The 
current was adjusted approximately to the same value for each 
determination of the same series and several series with different 
currents were obtained. One series of readings is shown in 
detail in Table I. The temperature of the oil bath remained 
at 18-1°C. throughout the experiment. The electrolyte used 
was a normal solution of potassium chloride. 


TABLE I. 
| | Resistance, 
| it Frequency,! P.D., Current. ohms. 
| c ~ per sec. volts. amperes. — 
| ! 0 | 100% | 500 % 
1.503 p.m.) 500 10:235 | 0-001127 |... | 9,081 
151 ,, 0+ 10-115 | 0-001116 | 9,064 p 
1.51} ,, 100 10-07 0-:0011085| —... 9,084 | 
1.524 ,, 0— 10-11 0-001115 | 9,067 
1.534 ,, 500 9-805 | 0-001079 a 9,087 
1.55 ,, 0+ 9-95 0-001097 | 9,070 
1.56 ,, 100 10-015 | 0-001102 a 9,088 
1.563 ,, 0— 10-12 į 0-0011155| 9,072 
1.573 ,, 500 9-955 | 0-0010955| __... ' 9,087 
20° 4, 0+ 9-87  ' 0001088 | 9,072 
2l ,, 100 10-015 j 0-001102 „| 9088 | 
L21} ,, 0— 10-125 | 0-0011165| 9,069 | 
23 5 500 9-805 | 0-001079 She 9,087 
CIA 0-+ 10:02 | 0-001105 | 9,068 7 
2.44 ,, 100 10:07 | 0001109 |... 9,080 | 
125 p 0 10-105 ; 0-001115 | 9,063 | 
! | | Means ...| 9,068 | 9,085 | 9,085 
I 3 


It will be seen that the greatest difference between individual 
readings at each frequency does not exceed 0-1 per cent. and 
that the mean readings for each frequency are identical within 
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€°05 per cent. at least. The conditions of working were such 
that we could expect to be able to detect differences of this 
order. Weaimed at getting identical readings of the ammeter 
in successive experiments at different frequencies and com- 
paring the correspor.ding readings of the voltmeter. -Since we 
could compare these with certainty within 1 part in 1,000 and 
since the deflection varies approximately as the square of the 
voltage we could expect to detect any variation of the voltage 
exceeding 1 part in 2,000. Thus we could usually compare the 
apparent resistances to within 0-05 per cent. without difh- 
culty, and still more nearly under the most favourable condi- 
tions (absence of zero variations). 

From the numbers in Table I. there can be no doubt that 
the resistances as measured by this method are identical at 
frequencies of 100 ~ and 500 œ per second respectively. 

We obtained a precisely similar result on comparing the 
resistances at frequencies of 500 ~ and 2,300 œ per second. 
This is shown in Table II., in which two sets of observations 
similar to those of Table I. are summarised, the comparative 
resistances being given to the nearest 5in 10,000 in each 
case. 


TABLE II. 
Approx P.D. appr | rane 
vols: amperes. 0 500 œ 2,300 © | 
10 0-001 9,425 9,440 9,440 
13 0-0014 9,395 9,410 9,410 


There was, therefore, no ambiguity about the results of the 
experiments with alterna‘ing currents. But when these are 
compared with the results for steady currents it will be seen 
that the latter are uniformly about 1 part in 600 lower. So 
that even if we assume that the experimental error may amount 
to 0-1 per cent. there is still a small difference of at least 0-05 
per cent. which remains unaccounted for. 

The easiest way of testing whether this difference arose out 
of the method of calibrating the instruments was to replace 
the electrolyte by a metallic resistance and to observe whether 
the same discrepancy recurred. For this purpose a resistance 
of about 700 ohms was constructed by depositing a thin film 
of gold upon a strip of glass. 

It was now necessary to use currents of the order 0-014 
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ampere to get P.D.s of the order 10 volts. The results. of two 


series of observations are shown below :—- 


TABLE ITI. 
| Frequency. 
. 0 | 100 ~ 500 ~ 
Resistance I. ... 734-9 oe 736-5 
Resistance IL.... 733-4 734:9 735-0 


| 


| 2300-6 | 


736-4 


Similar results were obtained with various other resistances- 
Differences of exactly the same order as those obtained with 
the electrolyte were always observed. (We found, using 
different steady voltages, that the resistance of the gold strip 

was always the same at the same temperature within the limits 


of experimental error.) 


From these results it is obvious that the small differences 
exhibited in Tables I. and II. do not represent any peculiarity 
of the electrolyte and that the resistance of the latter was the 
same within 1 part in 2,000 whether it was carrying steady 
currents or alternating currents of any frequency up to 2,300 aœ 


per second. 
HI. Supplementary. 


It is perhaps desirable, in view of the behaviour of the instru- 
ments, that the method of calibration should be indicated. 

The ammeter gave the same deflection when a known 
current was passed through it in either direction and the 
readings showed that the couple producing deflection of the 
suspended system was very nearly proportional to the square 
of the current. We therefore assumed that when an alternat- 
ing current 7, of period t, produced the same steady deflection 
as a continuous current tọ, the relation given by the equation 


ir 


lo T =| edt was true. 
0 


The voltmeter, however, gave appreciably different readings 
when the same E.M.F. was applied to it in different directions. 
In our calibration, upon which the results given in the Tables 
depend, we assumed that this was due to a contact P.D. within 
the instrument which remained constant during the measure- 
ments. Calling this P.D. e we applied a known steady voltage 
Up, first in one direction and then in the other, and assumed that 


the two deflections 0, and 0, could be written 


6,=ho (vote)? and 0a=ka, (vo —e)? 


respectively. 
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Since 6, and 0, were nearly equal and since we had reason 
to believe that dh,/d0 was small, we took kg, =ke, =k. Whence 
we got 3(0,+6,)=K(v 2+ e?). We then assumed that if we 
applied an alternating voltage v, of period z, satisfying the 


condition | v’dt=v,2t, we should get a steady deflection 


0 
G=-3(0,+6,), since the mean couple tending to produce deflec- 
tion in this case would be proportional to 
a (v+e}dt, i.e., to vte. 
0 

We have found, however, that a small error, which would 
produce differences of the same sign as those shown in Tables I. 
and II., can be introduced in this way. Because, even if it be 
correct to explain the difference between 6, and 0, by means 
of a contact E.M.F., it is possible to show that it k incorrect 
to assume that this E.M.F. is constant. In the instrument we 
used it decreased perceptibly when v was increased. For 
example, applying first a low steady voltage vọ we inserted 
between this and the electrometer a small constant E.M.F. 
of such sign and magnitude that the voltmeter deflection 
remained unchanged when v, was reversed. The apparent 
contact E.M.F. was then balanced. Increasing the applied 
voltage until the deflection was approximately doubled it was 
easy to see that the contact E.M.F. was now over-compensated 
by the inserted voltage. An approximate estimate showed 
that, in one case, the apparent value of e decreased from about 
0-07 volt when the applied voltage was 7 to about 0-06 when the 
applied voltage was 10. 

Hence e is a function of the applied voltage. Its rate of 
variation may depend upon the sign of the latter; but un- 
fortunately its relative magnitude, compared with the voliages 
required to produce accurately measurable deflections, was so 
small that it was impossible with our instrument to decide this 
question. For obvious reascns we are unable to say whether 
these peculiarities are shared by other instruments. 


ABSTRACT. 

Some experiments upon this question were exhibited before the 
Society by Dr. Haworth in 1911. In these a modification of Wien’s 
method was used—the optical telephone being replaced by a vibration 
galvanometer—and the conclusion was drawn from them that the 
resistance of an electroly te varies to an easily perceptible degree with 
the frequency of the alternating currents to which it is subjected. 
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The authors point out that the terminal difference of potential and 
the current in a branch of a network containing capacity and self- 
induction may be in the same phase although their ratio does not 
give the resistance of that branch. This will happen (whether the 
branch contains an electrolyte or not) if there is leakage through the 
condensers, causing the P.D.s between their plates to be out of 
quadrature with the current. The apparent resistance of the branch 
will then be a function of the frequency of the alternating currents 
circulating inthe bridge, and Wien’s method (as Wien himself points 
out) will give this apparent resistance only. 

It is, therefore, unsound to use the method to test whether the 
resistivity of an electrolyte depends upon the frequency of the cur- 
rents to which it is subjected, unless it is shown that the effects of 
leakage through the electrolytic condensers can be neglected or 
allowed for. 

A particular case was indicated by the authors, in which the leak- 
age could be made large or small at will. The results for this case 
had been interpreted by Kriiger, without assuming any variation of 
resistance with frequency, in a manner which seemed satisfactory to 
them. 

In order, however, to remove or justify any doubt upon the ques- 
tion they have performed test experiments by a simple and direct 
method which was described. It depends upon simultaneous 
measurement of the voltage between the ends of a tube containing 
the electrolyte and of the current passing through it. The former 
was measured by means of an Ayrton-Mather electrostatic volt- 
meter connected to auxiliary electrodes and the latter by means of a 
Duddell thermo-galvanometer. 

In the cases examined it was found that the resistivity of the elec- 
trolyte was constant within 0-05 per cent., whether steady currents 
or currents of any frequency up to 2,300 alternations per second were 
used. 

Until the instruments were calibrated by means of a metallic 
resistance there appeared to be a small difference of about 1 part in 
600 between the resistance as measured by continuous currents and 
the values obtained with alternating currents. 

Some supplementary experiments were made with the object of 
elucidating the peculiar behaviour of the instruments which this 
calibration disclosed. On account of the smallness of the effect its 
cause could not be completely ascertained ; but the fact that the 
apparent contact P.D. within the voltmeter was a function of the 
applied voltage, decreasing as the latter was raised, would cause an 
effect of the same sign as that observed. Unallowed-for leakage, 
greater with steady than with alternating puinen ts; might also provide 
a partial explanation of the results. 


DISCUSSION. 

Mr. A. CAMPBELL expressed himself interested, and thought that the 
virv small discrepancy described might be due to the method employ c, 
which involved taking direct readings of both volts and amperes. lie 
had not noticed the effect himself. It might be that it only occurred in 
particular instruments. He thought the effect was more likely to lie in 
the thermo-ammeter than in the electrostatic voltmeter. 
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Mr. F. E. Smit asked how long the current was left on before readings 
were taken, and was it possible that with direct currents the effect might 
be due to differences of concentration round the electrodes. He agreed, 
however, that the fact that gold showed the same phenomena seemed to 
negative this possibility. 

Mr. R. S. WHIPPLE suggested a radio-active leak in the voltmeter. 

Prof. G. W. O. Howe thought the discrepancy was too regular to be due 
to any radio-active leaks. 

> Dr. H. F. Haworrn remarked that Dr. Smith in his equations had 
assumed R to be independent of the frequency. He suggested that the 
resistance decreased as the frequency was raised because the complex 
molecules in the solution were shaken asunder, and also suggested that 
using platinised electrodes instead of ordinary platinum might have the 
effect of disintegrating these complex molecules in the solution, thereby 
giving a constant value of the resistance. The mercury electrodes 
employed by Dr. Smith might also have just the same effect. Heating 
the solution also decreases the resistance by breaking up the complex 
molecules. 

Mr. G. D. West asked if the authors had used lower frequencies than 
100. 

Mr. G. L. ADDENBROOKE remarked that it had been known to him 
for a long time that contact P.D. was by no means constant. It could be 
altered by fingering the apparatus. He thought the deflections with 
alternating currents might be influenced by vibration of the electrometer 
needle. 

Mr. F. P. WorLey remarked that physical chemists were entirely 
dependent on physicists for the method they employed in measuring 
electrolytic resistances, and any suggestions for improving methods 
followed by chemists would be very acceptable to them. 

Prof. C. H. LEEs remarked that Dr. Smith had given a very simple 
explanation of the facts, and it was open to Dr. Haworth to explain them 
in any other way if he preferred. 

The AUTHORS replied briefly to the various questions asked and 
criticisms offered as follows: (Mr. Campbell) The observations show 
that the discrepancy, although very small, lay outside the limits of experi- 
mental error. It would be interesting to examine the behaviour of other 
instruments of the same and of different types. (Mr. F. E. Smith) [Readings. 
were taken continuously for half an hour or more, direct-current readings in 
opposite directions being made between those with alternating currents. 
The direct-current readings showed no systematic differences such as would 
arise from concentration changes. The latter would be produced at the 
main electrodes only, and could not affect the readings except indirectly by 
diffusion, of which the effects would be negligible in the apparatus used. 
(Mr. Whipple and Prof. Howe) The variation of the apparent contact P.D. 
with the voltage might have an electronic origin. (Mr. West) There was the 
same difference bei ween the continuous and alternating-current effects even 
when the frequency was the lowest (about 10 œ per second) that would give 
steady readings. (Mr. Addenbrooke) The apparent contact P.D. for a 
given voltage, in the electrometer used, changed very little from day to day. 
The variation with the voltage, to which they referred, was a different phenoe 
menon. If the vibration of the needle produced any effect they would expect 
that effect to be different at different frequencies, but no evidence of this was 
found. (Mr. Worley) Kohlrausch and Holborn had given information 
-ufficient to satisfy all ordinary needs in their “ Leitvermégen der Elektro- 
lyte.” 

Dr. Haworth wcs, of course, entitled to seek fresh explanations if those of 
other workers seem to him insufficient. In order to find whether the resis- 
tance of a conductor, metallic or otherwise, varies with frequency, it is neces- 
sary to avoid possible sources of error in the method of measurement. With 
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molecules in solution possessing the properties he suggests it would be re- 
markable if Ohm’s law were obeyed by electrolytes under any circumstances. 
His next remark suggests that he has found since his first experiments with 
platinum that the apparent variation with frequency can be reduced by 
platinisation. ‘To the authors this result presents no difficulty. If, how- 
ever, Dr. Haworth’s explanation is correct, new results should appear. The 
apparent resistance of an electrolyte should be alterable by merely placing 
pieces of platinised platinum in the containing vessel. Similarly, the freezing 
point or the boiling point of the electrolyte should be altered by the addition 
of this material. So also with mercury. With regard to the effect of heat, 
the opinion is very generally held that most of the results of other observers 
are best explained by making the opposite assumption to that which Dr. 
Haworth favours. 


é 


THE DYNAMICS OF PIANOFORTE “ TOUCH.” 147 


XIV. The Dynamics of Pianoforte “ Touch.” By Prof. G. H. 
Bryan, Sc.D., F.R.S. 


REcEIVED FEBRUARY 6, 1912. 


Tue problem of obtaining formule for the vibrations of a 
-stretched string when struck by a pianoforte hammer is 
approached from two very different points of view by Helm- 
holtz and Kaufmann, and there is a correspondingly wide 
difference in the conclusions to which the investigations lead. 

Helmholtz starts with the assumption that the force exerted 
by the hammer on the string is given by an expression of the 
form F sin pt, lasting from pt=0 to pt=z, and he applies 
Fourier’s method to determine the amplitudes of the various 
vibrations set up. While with p constant these amphtudes 
_are all proportional to F, the maximum value of the exciting 
force, a variation in the value of p will manifest itself in a change 
in the quality of tone as dependent on the relative intensities 
_of the fundamental tone and its harmonics. 

Kaufmann, on the other hand, bases his investigation 
mainly on the functional solutions of the differential equation 
of wave propagation along a stretched wire. He thus obtains 
-a differential equation for the motion of the hammer. In his 
analysis he neglects all such forces as those due to the weight 
of the hammer, and thus arrives at the conclusion that if the - 
string is indefinitely extended in both directions the hammer 
will never leave it—a conclusion which ought to suggest the 
obvious inference that it is not justifiable to leave out the weight 
of the hammer and similar forces without further investi- 
gation. Kaufmann’s assumptions necessarily lead to the 
conclusion that so long as the same string is struck by the same 
hammer at the same point the quality of the sound emitted will 
always be the same. A general discussion is, however, given 
as to the influence of elasticity of the hammer on the resulting 
quality of tone as determined by the relative intensities of the 
harmonics. 

Now there are good reasons for believing that the quality 
of the tones produced when playing the piano is capable of 
being varied not only, sometimes, by playing louder or softer 
but also by other differences in playing commonly associated 
with the somewhat ill-understood term “touch.” The differ- 
-ence between the delicate or brilliant touch of the professional 
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pianist and the dull heavy thumping of the schoolgirl may 
doubtless be accounted for to a large measure by judgment or 
want of judgment in the loudness with which the notes are 
struck, proper or improper use of the loud pedal, small devia- 
tions from uniformity in the lengths of different notes or the 
presence or absence of ornaments on the top of the piano. But, 
in addition to all these differences, it will probably be generally 
admitted that there are other differences which seem to be due 
to the varying elasticity of the performer’s fingers, and it is 
certain that many people training as pianists attend to the 
physical development of the muscles of their hands to an 
extent that would hardly be necessary if it were merely a 
question of regulating the total strength of the blow delivered 
to any key of the pianoforte. 

The growing popularity of pneumatic piano-players used in 
conjunction with perforated rolls renders it desirable that the 
dynamics of pianoforte touch should be examined in greater 
detail than has been done either by Helmholtz or by Kaufmann. 
It is very generally admitted or assumed that there is a certam 
element missing in the performance of these machines, namely, 
the touch of the human fingers; and certainly the average 
piano-player of commerce as usually played has very little 
resemblance whatever to the interpretation of the professional: 
pianist. Indeed, as applied to piano-players in general, the un- 
favourable opinion expressed in the “ Encyclopedia Britan- 
nica ” is quite a fair criticism. 7 

A good piano-player in the hands of an experienced performer 
certainly cannot be described as a mechanical musical instrument. 
But it will often be found that if the keys of the pianoforte 
are struck with the fingers, tones -are emitted which cannot 
be exactly reproduced by any manipulation of the pian’- 
player, however skilful. The difference seems to be in the 
quality of the sound rather than in its loudness or softness, and 
if this view is correct, Kaufmann’s theory is not sufficient to. 
account for the difference. 

Now there are many people who for their enjoyment of good 
music have to depend largely on getting the greatest possible 
range of effects out of a first-class piano-player, and it; thus. 
becomes interesting to examine more closely the extent to 
which differences of touch can be made to cause duiferences in the 
quality of individual notes. 

The existence of any such effect obviously suggests the 
assumption that the impressed forces acting on the hammer so 
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far from being negligible, as Kaufmann assumes, are capable of 
considerably modifying the action of the hammer during the 
short interval of time that it is in contact with the string, 
and one such modification would be a lengthening or shorten- 
ing of the duration of contact. If the differences are really 
independent of the loudness of the note, they can only be con- 
trolled by the pianist if he is able to produce time-variations of 
the pressure of his finger on the keys of the piano while they are 
being depressed, and it is certain that such time-variations 
would naturally result from variations in the elasticity of the 
performer’s fingers, such as could be caused by a tightening or 
slackening of the muscles. At the same time it is very difficult 
to find a satisfactory explanation on dynamical principles of 
the relation between cause and effect, and in this connection 
the dynamics of pianoforte touch presents greater difficulties 
than the corresponding investigation for other musical instru- 
ments, the reason being the shortness of the time-interval 
during which the notes are excited. It is easy enough to 
see how the character of the tones of a violin might be altered 
by varying the pressure or velocity of the bow, or the elasticity 
of the hand drawing it, and it would not be hard to reproduce 
these variations in a purely mechanical experiment. 

In the case of a well-adjusted horizontal grand piano, if a 
key is slowly depressed the hammers can be made to nearly 
touch the wires. If the hammer actually press against the 
wires the note is said to be “ blocked,” and fails to sound 
properly. It does not follow that while the hammer is touch- 
ing the string no forces are impressed on it through the check 
action, but it does follow that these forces are not sufficiently 
great to support the weight of the hammer since its position 
of equilibrium is below the string, and the view that their effect 
is appreciable is directly contrary to Kaufmann’s hypothesis. 

In a subsequent communication I propose to investigate the 
differential equations of motion of the hammer in the more 
general case assuming various different expressions for the 
impressed forces acting on it. Before doing so I propose to 
describe a simple apparatus by means of which differences of 
pianoforte touch can be readily reproduced and the dynamical 
actions associated with them made the subject of qualitative 
observation. 

This apparatus (Fig. 1) consists of a long horizontal lever 
fixed- in front of the usual levers of a pneumatic player of the 
ordinary “Standard” type, and operating directly on the 
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auxiliary regulating bellows or wind chamber. This lever 
carries a sliding weight (about 124 oz.) and supersedes the 
ordinary spring. While in the commercial player, the collapse 
of the auxiliary bellows is regulated only by the elasticity of the 
_ spring, which remains constant, the collapsing tension can now 
be varied in several ways. It is reduced by shifting the sliding 
weight to the right, increased by shifting it to the left, and thus 
it is possible to produce very rapid time-varidtions of the 
pneumatic tension reproducing the conditions that prevail 
when a pianist strikes the keys in different ways apart from 
the mere question of loudness or softness in playing. These 
variations are further accentuated by applying hand-pressure 
directly to the lever, thus causing the actual touch of the human 
hands to govern the variations of pneumatic tension and sO 
to be transmitted directly to the keys of the piano. 

It is well worth while to take a good deal of trouble in trying 
different ways of manipulating such a lever and comparing 
the results with the effects produced by a good pianist, as in 
this way a great deal can be learnt about the dynamical actions 
employed in producing these effects. After a little such 
practice it is interesting to disconnect the lever and replace 
the usual spring. 

If my experience is any guide, the result will be disappoint- 
ment, and the effects previously regarded as satisfactory will 
be found to be lacking in many respects. Indeed, after a very 
rough-and-ready preliminary experiment with sticks and strings 
and a kitchen weight, I found it impossible to obtain the same 
satisfaction with the old arrangement that I had experienced 
for 10 years previously. 

The advantage of this arrangement is that it enables the 
dynamical actions to be studied by the same person who 
ordinarily uses the piano-player and it thus eliminates differ- 
ences due to individuality which render difficult a comparison 
of the results produced by different performers, one operating 
with fingers and the other employing the modern pneumatic 
mechanism. 

By merely setting the sliding weight against the letters 
corresponding to the expression marks in the music, the result 
is increased breadth of contrast, the soft passages being less 
dull and the loud ones less thin. By moving the sliding weight 
independently of the pedalling, variations of touch are at once 
obtained bearing a close resemblance to those of the profes- 
sional pianist. With the weight at pp and strong pedalling, 
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= a very “ metallic” effect is produced and the treble parts 
predominate over the bass. With the weight at ff and light 
pedalling, softer and richer effects are produced, the bass parts 
now coming into prominence. In this way it is interesting to 
attempt a pianoforte rendering of organ music and to produce 
contrasts suggestive of a twe-manual organ. 

With regard to what can be done by hand control the 
“ metallic ”? tone is greatly increased by depressing the lever 
and allowing it to sharply fly up again, whereas the vigorous 
bass effects are improved by heavily depressing the lever. A 
sudden jerk up from below in a loud passage often saves a. 
treble note from being drowned by the bass. 

The most noticeable feature of these experiments is the very 
marked differentiation that it is possible to produce between 
notes in different parts of the keyboard. This differentiation 
is particularly noticeable in the case of long chords extending 
over a considerable length of the keyboard ; in such cases the 
intensities of the treble and bass parts can be varied quite 
independently of each other. But even in comparatively 
short chords it is often possible to appreciably accentuate 
certain notes of the chord and to vary the effect at will. 

These results are due to the fact that different notes of the 
keyboard require different kinds of touch to bring out their 
maximum effect, these differences depending on time varia- 
tions of the pressure applied to the keys of the piano. A short, 
sharp pressure produces its greatest effect at the treble end 
leaving the bass notes unaffected; a long, heavy pressure 
brings out the bass notes without affecting the treble ; indeed, 
if we use the term “ exposure ” to denote the time interval. 
during which the pressure is effective in exciting any particular 
note, it will be found with a little experience that the correct 
exposure varies continuously from one end of the keyboard to. 
the other. It is possible with practice to judge exactly the. 
exposure necessary to give prominence to notes in any desired 
part of the scale, and thus to reproduce the great majority of 
effects which a good professional pianist produces in accen-. 
tuating particular notes of chords. To obtain the maximum 
enjoyment out of a piano-player it is necessary to know the 
feel of the touch of every note on the keyboard and this is by 
no means so difficult as it appears. 

The actual “ exposures ” in the case of a piano-player are. 
not so short as might be supposed. I have frequently failed 
to bring out notes iy the lower part of the treble clef through 
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under exposure. In the case where the touch is controlled by 
the sliding weight it often suffices to place this opposite 
the part of the music roll on which are the notes which have 
to be accentuated. 

An explanation of these effects is doubtless largely to be 
sought in the varying masses of the pianoforte hammers, which 
cause them to undergo different accelerations when the same 
force is applied to them by a common pneumatic pressure 
{or rather tension). The lighter hammers rise more quickly, 
and when they are released it will make all the difference 
whether the heavier ones are firmly pressed up or the pres- 
sure on them is suddenly reduced. 

It still remains, however, problematical whether the effects 
are entirely due to this cause or whether the length of time 
that the hammers are in contact with the strings does not 
undergo a corresponding variation, in which case there will 
be a certain duration of contact that will give the maximum 
effect to a particular note as is provided for on Helmholtz’s but 
not on Kaufmann’s theory. Further, it is hardly possible by 
playing chords to judge of the existence or non-existence of 
differences in the quality of individual notes. For this purpose 
it is necessary to select a passage containing single notes only. 
The test is difficult to perform even with the present apparatus, 
for several reasons. When notes are struck loud the im- 
pression is. certainly produced that the harmonics are more 
brilliant as a general rule. But this effect might be due to 
peculiarities in the sense of hearing. On the other hand, it is 
not easy to vary the action without altering the loudness, and 
it is very easy to fail. To some people a note struck on 
the piano sounds louder or softer and nothing else. On 
the other hand I have found that most people notice marked 
differences of quality in the notes of a solo passage pro- 
duced by shifting the sliding weight on the lever although 
some of them state they have no ear for music. 

Personally I should have not the slightest doubt on the 
matter so far as it is capable of being decided by observation. 
Indeed, I would almost be prepared to go so far as to say that 
piano playing, whether by hand or pneumatic action, must 
necessarily sound rather dull and mechanical unless individual 
control is capable of influencing the quality as well as the 
intensity of particular notes. But when we attempt to give 
a theoretical explanation, to apply the principles of dynamics 
and to write down equations of motion, difficulties occur. 
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. Taking the case of the horizontal grand piano, we have seen 
that if impressed forces act on the hammer during its contact 
with the wire, these forces must be less than the weight of the 
hammer. In order to form an estimate of the effect of such 
forces, I have modified Kaufmann’s equations by supposing 
the hammer to be subject to the downward acceleration of 
gravity, taking g=981. The results at first appear very 
promising, and they indicate that, in the case of a string struck 
near the middle, gravity may have an important effect on the 
duration of contact. In the case of a string struck near one 
end, the effect of gravity is much more limited. After a wave 
has had time to travel from the hammer to the near end and 
back again, the terms depending on gravity disappear from 
the equations of motion, and the initial effects appear, so far 
as the calculations go at present, to be far too small to produce 
an appreciable result. It is true that the striking velocities 
assumed by Kaufmann are largely in excess of those required 
for artistic piano playing. I find that for loud passages a striking 
velocity of 150 cm./sec. is quite sufficient, for soft passages 
30 cm./sec. is more than enough ; such a velocity would be just 
sufficient to carry the hammer 5 mm. above the level of the wire 
under gravity. For really delicate playing an even smaller 
velocity is needed. Nevertheless, the equations do not at 
present seem likely to afford the required explanations. In 
the case of the vertical piano, the position of equilibrium of the 
hammers is much further from the strings and the effect of 
gravity much smaller. It is clear that we must either abandon 
our belief in the effects of “ touch ” on “ quality of tone ” or 
seek an explanation of a more general character. 

. The case is somewhat different when the elasticity of the 
hammer, where it touches the wire, is taken into account. 
From Kaufmann’s extreme case of an inelastic hammer, we 
may pass to the opposite extreme of an elastic hammer striking 
a fixed rigid wire. In this case the expression for the force 
will assume Helmholtz’s form. If, however, the hammer be 
also acted on by a downward acceleration due to gravity the 
expression for the exciting force will assume the form F sin pt— 
-constant, so that the duration of contact will be reduced and 
will become shorter as the striking velocity is decreased. 

It should be mentioned that some of the inferior piano- 
players and music rolls are not well suited for showing differ- 
‘ences of pianoforte touch. Many such instruments have 
separate treble and bass buttons, so that it is difficult to get 
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a continuous differentiation between various parts of the scale.. 
Others have large springy reservoir bellows, which collapse 
when a loud effect is required, and come smashing out on 
the soft passages which follow. In many music rolls, too, the 
chords are badly ranged. If the treble notes are even y5 m- 
before or behind the bass ones, as is often the case, any attempt. 
at differentiation is almost certain to fail and the usual dull. 
mechanical playing is the result. Apart from these difficulties, 
there is an essential difference between sheet music and music 
rolls, the former being divided into bars, with the number 
of beats in each bar indicated at the beginning, while the latter 
possess no such indications. This feature alone renders it 
impossible for a person without a thorough knowledge of the- 
music to rival the pianist of even limited experience. 

Most modern inventions, such as the aeroplane, motor car,. 
kinematograph and gramophone have been the subject of dis- 
cussion in scientific and technical journals, but hitherto the 
pneumatically played piano has been conspicuous by its absence,. 
So far as my experience goes there are, however, a good many 
people who are quite willing to take a little trouble in extending. 
their power of control over these instruments, and under these 
circumstances a discussion on the dynamics of pianoforte 
touch may not be altogether out of place in a scientific body 
like the Physical Society. | 


ABSTRACT. 


The author discussed Helmholtz’s and Kaufmann’s theories of the 
vibrations of a pianoforte wire excited by impact, with special 
reference to the effects obtainable with the modern pneumatical 
piano-players and player-pianos, and the common widespread belief 
that these can never reproduce the touch of the human fingers. 
While the rendering of many commercial piano-players in the hands 
of an average performer bears little resemblance to the performance 
of a professional pianist, the author finds that there is generally 
' believed to be a certain element missing even in music played by a 
skilled performer on a first-class modern piano-player, this missing 
element being commonly associated with what is described as 
“ touch.” In view of the great value of piano-players to lovers of 
music, it thus becomes interesting to examine more closely what is 
meant by “‘ touch,” and whether it is capable of being reproduced to. 
a greater extent than hitherto upon pneumatically controlled pianos. 


The question turns very largely on the extent, if any, to which the. 


quality of individual notes can be varied by striking the notes in 
different ways. Such a possibility involves the inferences that (a) 


the intensities of the fundamental tone and its several harmonics are. 


‘capable of independent variation ; (b) these variations can only be: 
produced by varying the behaviour of the pianofortejhammer while 
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it is in contact with the string, for example, by lengthening or 
shortening the duration of contact ; (c) such an effect can only be pra- 
duced by rapid time variations of the pressure applied to the keys while 
they are being depressed—e.g., by a fairly rapid decrease or increase of 
pressure produced by smartly striking or heavily pressing on the key. 

The author finds that Kaufmann’s investigation fails to account. 
for any such effects, and that difficulties arise even when the equa- 
tions are modified so as to take account of impressed forces on the: 
hammer comparable with those due to gravity. On the other hand, 
he describes experiments which appear to indicate beyond all 
reasonable doubt the existence of such effects of ‘‘ touch,” and 
which certainly demonstrate the possibility of reproducing them by 
means of the modern “‘ pneumatic ° instrument. For this purpose 
the author’s piano-player, which is a first-class instrument of the 
** Standard ” type, but with the whole keyboard under one common 
control, was fitted with an “auxiliary lever”? for which a patent 
application has been filed. This lever operates directly on the 
face of the auxiliary regulating bellows, and the air-tension in the 
bellows can be regulated by means of a sliding weight placed on the 
lever, or by applying hand pressure to the lever itself. In this way 
the touch of the human hand can be transmitted directly to the keys of the 
piano. So far as the experiments go, they indicate that even if the 
lever is worked in conjunction with suitable expression marks, as 
could be done by a person of moderate experience, increased breadth 
of contrast is obtained. While by varying the position of the load 
independently of the pedalling a variety of dynamical effects can be 
produced, which can further be increased by hand control. 

A short, sharp pressure produces a bright ringing treble with a 
light bass, a sustained pressure produces a rich bass with a soft 
treble ; the general character of the tone being suitably described as- 
“ metallic ” in the first case and “‘ woody ”’ in the second. A very 
conspicuous feature of these experiments is the marked differentia- 
tion which they show between notes in different parts of the scale, 
especially in chords, the notes of which are accurately ranged (as is 
unfortunately often not the case in music rolls). The duration of the 
pressure required to produce the maximum effect on a particular 
note of the piano varies continuously from the treble to the bass end, 
being least in the treble and greatest in the bass,and by means of this 
natural or dynamical differentiation notes in a particular part of a 
chord at any part of the scale can be accented independently of the rest.. 

Whether it is possible to vary the quality of individual notes is a: 
point that can only be tested by playing single notes as opposed to: 
chords. The differences that can be effected can only be noticed by: 
a trained ear; in the author’s experiments it has been found that 
some persons notice very marked differences, others notice very‘ 
slight differences, others no differences at all. The differences are 
probably as conspicuous as those between a stopped string and a. 
harmonic on the violin. It is not always easy to produce these. 
differences for purposes of demonstration, though it is often easier’. 
to do so in the course of playing through a suitable composition. In. 
any case the author finds that the effects can be obtained more easily 
with a pneumatic player fitted with auxiliary lever than in striking 
the keys with fingers. When the lever is disconnected the change 
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-observed affurds some indication of the origin of the popular belief in 
the limitations of the pneumatically played piano. 

Unlike the gramophone, aeroplane, motor car and cinemato- 
-graph, the modern piano-player has been conspicuous by the absence 
of reference to it in scientific and technical journals. The present 
Paper, which arises out of an attempt to obtain a closer degree of 
approximation to playing the piano with these instruments indicates 
-that they open up some interesting problems in the study of acoustics, 


DISCUSSION. 


Mr. A. CAMPBELL, speaking as a musician, said that Prof. Bryan’s inven- 
tion largely increased the capabilities of the mechanical piano-player, as it 
gave the person who guided the machine the power of accenting particular 
notes at any part of the keyboard. If the loudness be kept constant the 
differences in quality of tone that could be obtained from a piano were quite 
infinitesimal compared with the difference given by two pipes of different 
stopson an organ, and were of negligible value in musical] art, although their 
importance was so commonly magnified by fancy and by professional humbug. 
Piano music had to depend for its variety on factors other than difference in 
tone quality. The comparative constancy in tone quality could, no doubt, 
be demonstrated objectively by means of phonautograph records. Referring 
to the general] question of mechanism in relation to art, he considered that 
the use of mechanical players tended to reduce the number of persons who 
acquire a real knowledge of music by learning to read it by voice or instru- 
ment in the ordinary way, and hence such machines must inevitably prove 
destructive to musical art. , j 

Dr. W. H. Eccuszs entirely disagreed with Mr. Campbell, and considered 
the difference was most marked, and that Prof. Bryan’s lever made a 
great difference in the contrast obtainable ; but he thought it would be an 
improvement to be able to make the soft passages softer. 

The PRESIDENT remarked that the explanation of the difference of tone 
of a note according as to the manner in which it was struck—such as, for 
instance, between the touch of a learner and a skilled player—must interest 
many of even of those who were not musical. 

Mr. G. H. BERRY (communicated remarks), as a practical pianoforte 
maker, certainly thought Prof. Bryan’s invention gave a greater control over 
the instrument to the gifted musician. With regard to the question of varying 
the time of contact of hammer with string by variations in the touch, in his 
opinion it was impossible to do this. When the hammer wasin contact with the 
string the key was entirely disconnected from it, and also the check was merely 
a repetition device, and did not come into action until the hammer had left 
thestring. The only thing that could be varied (neglecting the loud and soft 
pedals) was the velocity with which the hammer struck. It seemed to him 
that with Prof. Bryan’s invention a greater control was obtained over the 
velocity. Kaufmann’s investigation, to which Prof. Bryan referred in his 
Paper, neglects a point of primary importance in the pianoforte. Stokes 
had shown that a vibrating string, if insulated from a sound board or re- 
sonator, was inaudible; therefore the sound from a pianoforte was produced, 
not by the string, but by the sound board. The latter had a natural fre- 
quency of its own, and was set in vibration by the blow of the hammer trans- 
mitted through the strings. The natural frequency of the sound board was 
rapidlydamped. (Some experiments of his own showed that it seldom gave 
more than about six waves, the first two or three being of larger amplitude 
than the forced vibrations caused by the string.) Wasitnot highly probable 
that the varying strengths of the harmonics set up by different velocities 
of the striking hammer were caused by the difference in the amountof energy 
Absorbed in producing the natural frequency of the sound board ? 

. Mr. V. Loven (communicated remarks) considered that as an addition 
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to the ordinary pneumatic player Prof. Bryan’s expression regulator should 
prove very useful. It certainly enabled a skilled operator to make a great 
improvement in the rendering of the music. There were, of course, other 
arrangements by which the pressure in these players could be varied suddenly 
to emphasise particular notesor chords; but Prof. Bryan was, he thought, the 
first to introduce the principle of variable inertia in the pressure regulator. 
Although the conditions of the performance were not very favourable, there 
was certainly a very marked difference between the “ metallic ” and the 
< richer ” effects, and this he supposed meant a change of tone quality ; 
but how much of this was due to the regulator was not clear, owing to the use 
of the sustaining pedal. He could, however, detect little in favour of Prof. 
Bryan’s claim of differentiating between notes struck simultaneously, an 
-effect which was obtainable in some players. In any case there were none of 
the clear singing tones and delicate touch effects which could be produced by. 
a good pianist, but were still beyond the range ofthe mechanical player. As 
regarded the scientific aspect of the matter, the Paper did very little to 
justify its title. Very little information was given as to the analysis of the 
‘dynamics of the hammer stroke, and the results were only vaguely indicated. 
The problem of the variation of tone quality with touch was not appreciably 
advanced by this Paper. 

Mr. T. HARDING CHURTON (communicated remarks) stated that Prof. 
Bryan referred to what he described as the missingelementof “touch ” in the 
performance of the mechanical piano-player, and discussed what was meant 
by “touch.” An examination of the mechanism of a piano made it evident 
that, no matter how a key was depressed, the result depended entirely 
upon the velocity imparted to the hammer that struck the wire or wires, and 
that the only further effect of holding the key down was to hold the damper 
off the wires, and thus allow the vibration to die down more slowly than if 
the damper were allowed to resume contact with the wires earlier. It was, 
therefore, evident that no variety of tone could be produced in a piano that 
depended upon the strikingof the key which could not be produced bysuitable 
mechanical means for striking the key with the required degree of force. 
But what was ordinarily conveyed by the term “touch ” was not the tone pro- 
duced, nor merely the degree of force used, but the effect produced by (1) 
the relative loudness of the notes played, whether struck simultaneously or 
ïn sequence ; (2) the relative duration of the notes and intervals of rest 
{“ staccato ” or “ legato”); and (3) by slight variations from the strict 
time of playing individual notes or group of notes. In short, the effects of 
<‘ touch ” depended upon the particular manner in which notes were played 
with respect to force and time, and the value of these were generally being 
continually varied in a more or less complex manner by a skilful player 
playing by hand. The more regular or uniform performance of the mecha- 
nical player constitutes, in fact, the characteristic difference between 
mechanical and hand playing. The music roll was capable of being cut so as’ 
to reproduce the playing of a pianist as regards time, but until the mechanical 
player was also provided with automatic control of the force with whicheach 
individual note was struck, the effect of “ touch ” must remain its missing 
element. 

The AUTHOR, in reply, wrote : The fundamental question which was 
‘raised by my Paper may perhaps be best stated as follows. When the key 
-of a pianoforte is depressed, either by the finger or by pneumatic action, is 
the resulting effect a function of one variable only (namely, the striking 
velocity), or is it a function of other variables as well ? The assumption 
‘is, of course, made that certain other conditions remain the same in all cases. 
For example, the sustaining pedal must either be held down in every case, 
or, if this is not done, the note must always be held down for the same length 
of time after it has been struck. In adopting the latter method the experi- 
ments can be more easily made with the pneumatic player, since it is noteasy 
to strike a key sharply with a finger and at the same time hold it down suffi- 
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ciently to keep the damper from descending. Now I entirely agree with Mr». 
G. H. Berry that the construction of a pianoforte renders it very difficult. 
to accept anything but the one-variable theory; at the same time I am 
bound to state that I find it impossible to disbelieve in the two (or more) 
variable hypothesis, in view of results which I have been able to obtain on a 
piano, with a piano-player in aroom, with all of which I have become familiar- 
after 10 years’experience. The discussion at the Physical Society afforded 
some opportunity for an inquiry into this paradoxical question ; at the same 
time I have made numerous inquiries in other directions, and I find that 
there is a widespread belief in what I have called the two-variable theory.. 
Further, I am told that in Germany, in teaching the pianoforte, this theory 
is tacitly assumed, two different kinds of touch being distinguished as apart 
from the mere differences of loudness or softness. On the other hand, it is 
a natural corollary of the ‘‘ one-variable ”?” theory that when the sustaining . 
pedal is held down it makes no difference whether notes are played “ stac- 
cato ” or “ legato,” yet a great many pianists are very careful to maintain 
this (under such circumstances unnecessary) distinction. Some important 
light has been thrown on this matter by Mr. W. H. Gray, B.Sc., of Bangor, . 
a research student in chemistry who is also a first-class pianist, and with whom 
I recently had a conversation on the subject. Unfortunately, he was unable - 
to give me any references to the published Papers on the subject which he 
had read. His conclusions were, however, somewhat as follows: (1) It is. 
possible to vary the quality of a pianoforte note, independent of its loudness - 
or softness, to an extent which has a very appreciable influence on the 
musical effect. (2) A pressure strong at first and rapidly decreasing as the. 
key descends produces a brilliant tone rich in harmonics. (3) A pressure 
gradually increasing as the key descends produces a softer tone in which. 
the harmonics are subdued. (4) It has been proved experimentally that these. 
differences are associated with differences in the length of time that the. 
hammer remains in contact with the string. As in Kaufmann’s Paper, the 
striking part of the hammer was covered with metallic foil, and the time of ` 
contact determined by carrying an electric current through the wire and 
hammer. (5) These differences are due to vibrations set up in the rod of the 
pianoforte hammer. Conclusions 1, 2, 3, are identical with the results which. 
I had obtained independently by mear:s of the piano-player, and which were 
unknown to Mr. Gray at the time he stated them. With regard to (4), it is 
desirable to obtain further information about these experiments. The 
explanation (5) seems rather improbable at first sight, but there are several. 
points in its favour. The force applied to raise the hammer is, owing to the 
short leverage, large compared with its weight, and the bending moment 
set up near the end is considerable. The vibrations, doubtless, die out 
rapidly, but the interval between release and striking is very small indeed.. 
Similar vibrations can be easily visualised on a large scale in a billiard cue.. 
Mr. Berry refers to one vibrating system that has not been taken into 
account—namely, the sounding board. I think under the circumstances. 
that the vibrations set up in the hammer may be equally important. An 
object lesson can be obtained by experimenting with a wine glass, in which. 
the first harmonic is usually stronger than the fundamental, but by suitably 
striking the glass either may be made to predominate at will. Mr. Lough. 
seems to have overlooked the fact that the Paper was only the first part of 
a more general investigation of the dynamics of the pianoforte hammer, and, 
in view of the evidence now elicited it is most fortunate that the second 
part, to include the actual equations of motion, was not published, as it 
would certainly not have taken account of some of the conditions which are. 
now shown to be necessary. I now propose to defer the matter still further, 
pending inquiries as to the experiments referred to by Mr. Gray. With. 
regard to the question of obtaining delicate pianissimos with a piano-player, 
as referred to by Dr. Eccles, the illustrations were evidently very unsatis-- 
factory in this respect, owing to a mistake in estimating the acoustic pro-- 
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perties of the room. In order to obtain the highest possible effects it is of 
course necessary (1) that the piano and player should be in perfect adjust- 
ment; (2) that the springs of the bellows should be of the right strength, 
which is usually far from being the case, and here the auxiliary lever comes 
in useful; (3) that the performer should be thoroughly accustomed to his 
instruments ; (4) that the piano should be kept open, otherwise the higher 
harmonics are absorbed ; (5) that the performer should concentrate his 
thoughts on the music, performing the necessary manipulations instinc- 
tively and not consciously; (6) that he should be in good form at the time, 
this being perhaps the most important item of all. In comparing pneu- 
matic with finger playing in this matter I consider that the possibilities are 
certainly not unfavourable to the pneumatic player. It appears by no 
means easy for an ordinary pianist to obtain the most delicate effects, and 
very few of the professional and other performers at the concerts of our local 
musical club obtain such good results as are certainly obtainable with a piano- 
player. As regards the few exceptional pianists who obtain such mar- 
vellous pianissimos, it would be necessary, in order to institute a satisfactory 
comparison with their results, that a performer should have given as much 
time and attention to practising the piano-player that they have given to 
practising the piano. An amateur using his piano-player only in leisure 
half hours cannot expect to get anywhere near Paderewski. It would be 
undesirable, however, to digress much further on the subject of piano- 
players apart from the dynamical and acoustical properties suggested by 
them. But, judging from Mr. Campbell’s remarks, Í think it is rather a pity 
that he does not use a piano-player, as he would find that great charm 
and interest is afforded by these attempts to analyse pianoforte touch, 
and to utilise the results in the interpretation of classical music. 

[It has since been proved that the absence of delicate effects in the illustra- 
tions shown was entirely due to the stretching of the copper wire used in 
connecting the lever with the bellows of the player. When a similar wire 
was subsequently tried in my piano-player at Bangor the playing sounded 
exactly like that shown at the Imperial College, there being a similar slight 
harshness of tone and insufficient differentiation between different parts of 
chords. On substituting a less extensible covered steel picture-wire the 
softer effects again became obtainable.—A pril 24, 1913. G. H. B.] 
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XV. A Graphic Method of Optical Imagery. By Wii1am R- 
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CONTENTS. 
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I. Spherical Surface. 
2. Construction for the refracted ray. 
3. The aplanatic pair of points. 
4, 5. Relations for normal incidence. 
6. Construction for principal foci, aplanatic points, ete. 


II. Thick Lens. 
7. The second fixed ray. 
8. The cardinal points and planes. 
9. Their properties. 
10, 11. The nodal points. Their properties. 
12. Construction for the cardinal and nodal points. The first fixed ray. 
13, 14. Relations between optical quantities. Gauss and Abbe’s defini- 


tions of focal length. 
15. Lateral, axial and angular magnifications. 
16. Composition of cardinal points. 


III. Spherical Surface (continued). 

17. Two constructions for the refracted ray. | 

18. Meridian rays. The junction point. Optical relations. 

19. Sagittal rays. Optical relations. 

20. Construction for caustic. 

1. The object of this Paper is to show how the important 
properties of an optical system may be readily deduced from 
diagrams drawn on the following simple principle: The vertex 
' (called the object or radiant) of a small incident pencil of rays 
is considered to move along a line parallel to a principal axis of 
the system. This line is also regarded as the direction of the 
incident portion of a fixed ray. Then the directions of the 
ray after refraction or reflection at the several surfaces do not 
alter as the position of the object changes. These directions 
are therefore the fixed loci of the images or vertices of the 
refracted and reflected pencils. By the diagrams obtained, the 
path of any ray right through the system may be traced. and 
the successive positions of the images resulting from a pro- 
gressive movement of the object exhibited. Also the con- 
structions are such that, in the case of a thick lens, the impor- 
tance of the cardinal points and the planes associated with 
them is demonstrated. I ask especially for the criticism of 
teachers, to them and their less advanced pupils the method 
appeals, because it visualises what is usually accomplished 
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by somewhat mechanical algebraic treatment. Graphic 
methods have previously been given by which the incident and 
emergent portions of a ray through an optical system can be- 
identified. Such methods may be convenient to adopt after a. 
time, but the beginner is like a young traveller who wants to 
know not only where to start and where to finish, but also 
something of what happens on the way. 

Rule of Signs.—The one adopted is optically old-fashioned. 
The + sense of a line is the reverse to that of the incident 
light : if this travels from right to left, then the + sense of a 


line is from left to right. Also the + sense of vertical lines .. 


is from below upwards. 


J. SPHERICAL SURFACE. 


2. Refraction at a Spherical Surface (Fig. 1).—Let AB repre- 
sent the spherical refracting surface, centre C, radius r, sepa- 


N 


Fig. 1—REFRACTION AT A SPHERICAL SURFACE. 


rating the media M,, M,, for which the index of refraction is u. 
Assume =(velocity of light in M,)/(velocity of light in M,). 
Through any point O, and each of any two points B, B,, on the 
circle AB, draw BO, B,O. Draw the circular arcs Bb, Bb., 
having their centre at O, and of radii BO, B,O, respectively. 


. Suppose Bb, B,b, represent two positions of a portion of a: 


spherical wave. This undergoes refraction between B, B}. 
Let Bc, B,c, be the corresponding positions of the refracted 
wave, and c,BJ be the normal at c, to the refracted wave.: 
Then Bb,=p. Bc. 


On BC as diameter describe a circle cutting BO in Y and. 
BJ in Y’. Draw YY’, also CK perpendicular to YY’. Pro-- 


duce CK to cut BO in Z and BJ in Z. 
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When B, B, are very close, the arcs BB,, Bb, Be are sensibly 
‘straight and perpendicular to the respective radii BC,.BO, BJ. 
‘Then the triangles Bc,b, and CY’Y are similar. ... CY=yu.CY’. 
‘Then Y’ is a fixed point when the line BY is fixed relatively to 
AB. 

3. It is now convenient to deal with rays instead of waves. 
Let 9, 9° be the angles of incidence and refraction respectively. 

(i.) Since w=CY/CY’, .-. sin ọ/sin o’=sin CY’Y/sin CYY’ 

=u. Thus the second ve of refraction is deduced. 

(ii.) The angles CZ’B, CY’K are each equal to 9, and CZB, 
CYK to g’. 

Then, by similar triangles, BZ/BZ’=CY/CY’=u. 

Also BZ/CZ=BZ’/BC; — .-. CZ=yr. 

_ Also CZ’/BZ’=BC/BZ; ~. CZ’=r/u. 

Thus the locus of Z for any incident ray is the circle of radius 
pr and centre C. And that of Z’ is the concentric circle of 
radius r/u. 

Z, Z’ are the aplanatic pair of points for an incident pencil 
diverging from Z, whose chief ray is along CZ. 

Draw AC parallel to the incident ray, cutting BZ’ at G’ and 
_ the circular loci of Z, Z’ at T, T’. Also draw GC parallel to 
BG’, cutting OB in G. Then BG’/CG’=CY/CY’=nu. And 
GB=CG'=BG’/u. 

(iii.) As the angle of incidence CBZ diminishes, Z, Z’ move 
along their circular loci towards T, T’ respectively ; K also 
approaches C, its locus being the circle on CY as diameter. 


4. Refraction at a Spherical Surface : Normal Incidence. 


_ (iv.) At normal incidence, that is, when 9 is very small, Y’ 
sensibly lies on CY and K coincides with C. Also Z and Z’ are 
.close to T, T’, respectively ; and, sensibly, BZ=AT=(u+1)r; 

BZ =AT’=(u+1)r/p. 

Suppose F and F’ to be the respective positions of G, G’ 
when o is 0. Then AF’=BF =n . CF = pu(AF’—AC) 
=pr/(u—1). And BF=FC=—(AF'—AC)=—r/(u—1). 

F, F’ are respectively the first and second principal foci of a 
pencil incident normally at A. 
© (v.) When the incidence is normal it is convenient to 
increase largely the scale of length perpendicular to the 
principal axis in comparison with that along the axis. This 
is legitimate in an elementary discussion restricted to formule 
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of the first order, provided that trigonometric relations are 
used cautiously. The difference of scale gives a distorted 
figure in which angles that are actually equal appear unequal. 
But the relative lengths of lines perpendicular to the axis will 
be maintained, and also that of lengths parallel to the principal 
axis. 

(vi.) In Fig. 2, let AB represent the spherical surface and 
C its centre. 

Draw any incident ray, BO, parallel to the principal axis, AC. 
Draw CY perpendicular to BO and cut off CY’= a ju. Draw 
the refracted ray BY’, cutting AC in F’. 
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Fic. 2.—REFRACTION AT A SPHERICAL SURFACE. NORMAL INCIDENCE. 


When the object is in some position O, draw CO, cutting the 
refracted ray at I. Then I is the image of O. 

When O is at infinity, I coincides with F’. Thus, F’ is the 
second principal focus. 

When O is at a point Q, such that QC is parallel to the 
refracted ray BF’, then the image is at infinity. Draw FQ 
parallel to AB, cutting AC in F. Then F is the first principal 
focus. 


Then CHF’=FA; FC=AKF’; AF’=AC+FA. 
Also AF’/FA=FC/FA=CY/CY’=u. 
Also FA/AC=Ay/Y’Y=1/(u—1). 


Also AF’/AC=AB/yB= u/(u— 
VOL. XXV. L 
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Through I draw al parallel to AC, cutting AB in a. Then 
QaF are collinear. .. QO/BO=AB/aB=AF’/al. 


+. (FA+BO)/BO=AF’/al. 


5. It is convenient to express some of these results alge- 
braically. Write r for the radius, u, v, f, f’ for the respective 
distances of the object, image, first and second principal foci 
from the refracting surface, and regard them as + when 
measured in the opposite sense to that of the light, and — when 
in the same sense. Then 


(i) f+eef=O. . (i.) +F =r. 
(ul.) /=—r/(u—1). (iv.) f=r. u/(u—1). 
f f -, y l pw—l 
(v.) sa (vi.) ou D 


6. Construction for the Principal Foci, F, F’, when r and u are 
given.—Draw, as above, AC=r; AB; BO at any distance ; CY. 
Make CY’=CY/u. Draw BY’E’; then yY’ parallel to AC, 
cutting AB in y; then Yy, cutting AC in F. l 


Further construction for the Aplanatic Points, Z, Z’—Make 
CC =r. Draw C’y’ perpendicular to CC’, meeting yY’ in y. 
Draw Cy’, cutting BO in ¢ and BE’ in (’. Draw ¢Z and ČZ’ 
perpendicular to AF’ and meeting it in Z, Z’. 


Il. Turck LEns. 


T. Thick Lens.—In Fig. 3, suppose two spherical surfaces to 
‘separate media M,, M,, M,. Draw the principal axis through 
the respective centres C,, Ca, and cutting the surfaces at A,, Ay. 
Mark off F,, F,’, the first and second principal foci of the 
surface through A,, and similarly F,, F; for the other surface. 

Take any position, O, of the luminous point. | 

Draw OB, parallel to the principal axis. This represents the 
incident ray from O that is parallel to the principal axis. 
B F’ is the corresponding refracted ray ; this is incident upon 
the second refracting surface at B,. 

Draw (,O. The point L where it cuts B,F,’ is the image 
of O formed by the first surface. Draw F,L cutting the sur- 
faces in P,, P, respectively. Draw P,I parallel to the prin- 
cipal axis, also C,LI meeting P,I at I. Then I is the final 
image formed by the system. 

Draw B,I crossing A,A, at F’. This line is the direction 
_ of BB, after refraction at the second surface. Then the lines 
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8,0, B,B,, B,I are the directions of what may be called the 
second fixed ray of the system, since their positions are unaltered, 
and also that of B’ (the intersection of B,F’ and B,O) for every 
point occupied by the object along B,O. 

Draw P,O crossing A,A, at F; produce to meet P,I at P. 
Through F’, B’, P and F draw parallels to A,B}, and mark off 
the obvious crossing points P’, A’, A, B and Q. | 

8. In dealing with the loci of the images formed by the 
surfaces as the position of the object is systematically altered, 
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Fia. 3.—TuHick LENS. 


it is convenient to consider a radiant O, that is the vertex of a 
normally incident pencil, to pass along OB, from the extreme 
right to the extreme left. To show that— 

(i.) F and F’ are fixed points. All rays that emerge parallel 
to A,A, diverge from F,. Now, by construction, one ray P,F 
through F, after refraction at the first surface passes through 
F, ; therefore, since the incidence is normal, all rays through F 
in medium M, are refracted so that in M, they diverge from F,. 
F and F, are therefore in regard to the first surface related as 
object and image. Similarly, F,’ and F’ in regard to the 
second surface. Then F and F’ are fixed because F, and F,’ are 
' fixed. Thus, for each position of the object the ray correspond- 
ing to P,O passes through F. | 

(ii.) The locus of P is parallel to A,B,. 

AF AP AP, AF, | _A,.F, 
AD AP AP, am Han a 
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and is constant. Then, as F is fixed for all incident rays, the 
locus of P is the line (and plane) through A parallel to A,B.. 


(ii.) The locus of B’ is parallel to A,B,. Suppose a second 
incident ray ob,, parallel to OB, (not drawn in the figure : 
the points corresponding to those on the diagram are indicated 
by small letters of the same name). Also the subsequent 
directions, F,’b,b, and 6,b'F’. Then 

db’ db A,KF’ db, A,B, AA, AEO 

D,B’ A D,B' Ab  DaBa AF,’ A.A, 
.. db'=D,B', and hence the lccus of B’ is the straight line 
(and plane) through A’ parallel to A,B,. 

The locus of P is the first principal or unit plane, that of B’ 
the second; A, A’ are the first and second principal points, 
F, F' the first and second principal foci. 

(iv.) As O approaches Q from the extreme right, the slope 
of OFP increases, and P and I (whose locus is B,I) get further 
from A,A,. 

When the radiant is at Q, QF is parallel to B,A, : then P and 
the image are at infinity and the emergent rays, and therefore 
CQ’ (Q’ is the intersection of C,Q and B,F,’) are parallel to 
B'F'. 

As the radiant leaves Q, the image passes along and in the 
direction B’F’, towards F’. Also P moves downwards along 
BA towards A. 

When the image is at B’ sois P’; at the same time the radiant 
and P are at B. 


9. The Principal Planes are planes of unit magnification.— 
(i.) B’ is the image of B and BB’ is parallel to AA’. Also, if 
another ray (not shown in the figure) parallel to the principal 
axis passes through the first and second principal planes at 
b, b' respectively, then b’ will be the image of b. Hence an 
object, Bb, will have an equal image, B’b’. 

(ii.) To prove that any incident ray, Of}, and its emergent 
portion, fl, intersect the first and second principal planes 
respectively at points, ĝ, A’, that are equidistant froma the prin- 
cipal axis. 

Since the principal planes are planes of unit magnification, 
an object at f on the first principal plane will have an image at, 
say, 6” on the second principal plane, and A’p"--Af. Now 
Of,6 could be a ray incident at 8,, hence the emergent portion 
passes through 8”. But it passes through p’. Hence p’ and 
p” are coincident. os 


l. 
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Alternative proof— 


BE _BO_ BP | Multiply the columns together. 
bP, B,O B,P, 


BP ta, BP | o 2 BP 
BP La, B aP 
BP, Pil BP, | AESA 


BP’ PI BP |. pra’ =BA. 

10. The Nodal Points.—(Fig. 3.)—Suppose the object to be 
at Q in the first focal plane. Draw an incident ray, QC, 
parallel to the fixed emergent ray, B,F’, cutting A,A, in C, 
also A,B, in 7, and AB in y. Draw QC, cutting B,F,’ in Q’. 
Draw Q'7, cutting A,B, in Na Draw 7,C’ parallel to B,F’, 
cutting A,A, in C’, also A'B’ in 7’. 

QN 4142, and Ny’ are the three portions of a ray through 
the system. C, C’ are the first and second nodal points. Also C 
and C’ are related as object and image points. 


11. Properties of the Nodal Points.—(i.) The distance between 
the nodal points is equal to the distance between the principal- 
points. 

Since A’7’=Ay, the similar triangles ACn, A’C’y’ are equal. 
Then A’C’=AC and .-. CC’=AA’. 


(i.) When the incident portion of a ray passes through the 
first nodal point, its emergent portion passes through the 
second, and is parallel to the incident portion. 

Take any position, O, of the radiant. Draw OC cutting 
AB in 0. Draw 66’ parallel to A,A,. The emergent ray 
goes through 6’. It also goes through C’, because C’ is the 
image of C. It also passes through I. Thus I, 6’ and C’ 
are collinear. Then, since A’C’=AC and A’6’=AQ, the triangles 
A’C'#’ and ACO are equal. .-. C'I is parallel to CO. 


12. Construction for the Six Cardinal Points and Planes 
(Fig. 4).—Draw the principal axis of the system and mark off 
A,, A, C,, Ca Fy’, F,. Draw any parallel to the principal 
axis OB,, cutting the surface through A, in B,, and the surface 
through A, in D}. Draw lines through B,, F,’ and D,, F, 
intersecting at S. Draw lines through S, C} and S, C, inter- 
secting OB, at B, B’ respectively. Then B’ is the final image 
of B, and the object, AB, has an equal image, A’B’. Thus, B, B’ 
are points on the first and second principal planes respectively. 
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Let D, be the point ot intersection of A,B, and D,F,. Join 
BD, and produce to cut A,A, in F. Also draw B,B’, cutting 
A,A,in F’. Then F, F’ are the first and second principal focal 
points. | 

Draw FQ parallel to A,B,, meeting B,D, in Q. Draw QC 
parallel to B,F’. Make CC’ equal to AA’. Then C, C are the 
first and second nodal points. 

Complete the three directions through B,B, B,B,, BB’, o 
the second fixed ray. For any position, O, of the object on the 
incident direction through B,B, the first image, L, is on the 
intermediate direction through B, B,, and is found at the 
intersection, L, of B,B, with OC,. The final image, I, is on the 


Fic. 4.—CARDINAL Points oF A THICK LENS. 


emergent direction through B,B’, and is at the point where 
LC, cuts B,B’. The final images are real when I is on the 
actual emergent ray, and virtual when on its backward 
continuation. | 

Complete the three directions D,B’, D,D,, BD, of what may 
be called the first fixed ray through the system. The positions 
of images for any position of the object is found as in the pre- 
vious case. 

If the direction of the light is reversed, so that it is first in the 
medium, M,, and incident on A,B,, then the positions of the 
cardinal points are unaltered. The names, however,,must be 
interchanged, a first point in the former case becoming a 
second in this, and conversely. To demonstrate these matters 
in regard to the principal and focal points, consider a point 
object to move along B’B from the extreme left. To show that 
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the nodal points are unaltered draw K’q parallel to A.D, 
meeting D,B’ in q. Draw qC. Then F’C’=F’A—C’A’ 
=CF—CA=AF. .-. gC’ and BF are parallel. 

13. (i.) Relations between the Focal Lengths, A’¥’ and AF 
(Fig. 4).— 


AF AB AF, FAS AB AF’. BB, GF’ 


BB, D,B, A.A,’ BD, D,B, A.A,’ BD, CF,’ 


AF CF’ AF, loo 
RA CE, AR Ma Ma 
wv. A’E’+ 4,5. A4AF=0. 

(ii.) Distances of the Nodal Points, AC and A’C’.— 
AC=FC—FA=A'F’+AF=/+/. 
A’C’=A’P’—C'F’=A'F’+ AF=f+/’. 

(iii.) When the media M,, M, are the same, u,3=1l1, then 
f =— f, and the nodal points C, C coincide with the principal 
points A, A’. 

(iv.) Standard Definitions of the Focal Lengths.— 

tan FBQ=F’q/AF, tan F’B’g=F’A’/FQ. 


.. f=F’q/tan FBQ, or the first principal focal length is the 
ratio of the length of the image formed in the second focal 
plane to the apparent or angular magnitude of the correspond- 
ing infinitely distant object. 

Also /’=FQ/tan F’B’q, or the second principal focal length 
is the ratio of the length of the object. when in the first focal 
plane to the apparent or angular magnitude of the- corre- 
sponding infinitely distant image. 

These are the Gauss and Abbe definitions of the focal lengths. 
of an optical system. 


14. Focal Distances, &c.—Suppose an object, OU, and the 
=eorresponding image, VI, obtained by drawing OFP; then 
PP’I parallel to AA’, and meeting B’F’ in I. Then VE’/F’A’ 


=PA/AB=AF/FU. 
Write AU=u, A'V =v, AF=/, AF =f. 
v—f_ F cols 
ae “oboe, 


Also f/f}=— us ~. fy3/0—-1/u=—1/f= m/f. 
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15. Magnification —(i.) Lateral Magnification (m) or (length . 
of image) /(length of object). 


m= —IV/F’q=— VF’ /F’A’=(f’—»)/f’=f/(f—u). 


(ii.) Axial or Depth Magnification (d) or (axial displacement 
of the image) /(very small axial displacement of the object pro- 
ducing it).—Let I’V’ be the position of the image when the 
object is at U’O’. Then VV’/OO’=VF’/QO’. 

When O’ is very close to O, VV’/OO’ is the depth magni- 
fication. Also QO’=QO sensibly. : 

+ d=—(f’—0)[(f—u)=— If (fw)? pays - mè. 

Gii.) Angular Magnification or Convergence-ratio (w) or 

(angle between two emergent rays through an image point) 


(angle between the two corresponding incident rays). 
~ Then 


_angle BIP’ P’B’/PB BO u f—w f 


"= angle POB IP’/BO IP v f p-r 
angle CTR’ angleC’IF’ CRY —AF_ f- 
~ angle COB angle IC’R’ IF’ VE f’'-v 


files 


KIL Ay ÁA 


Fic. 5.—CoMPOSITION OF CARDINAL POINTS. 


16. Extension to Three Coaxial Refracting Surfaces (Fig. 5).— 
Suppose a third surfate through Aj, centre C;, first principal 
focus F;. For the surfaces through A,, A, find B, B’, F, F’, 
C, C’. | 


OPTICAL IMAGERY. 171 


Let QB pierce the surface A, at H,, and H, F, intersect 
B'F’ at S. Draw S8’C, to cut QB in B”. Then B” is on the 
second principal plane of the system. Let B” B, intersect the 
principal axis at F”. Then F” is the second principal focus of 
the system. ; 

Draw CB” parallel to 8’C’, intersecting QB in B”; then B” 
is a point on the first principal plane of the system. 

Let H;F; pierce A’B’ at H’. Make HA=H’A’. Then F”, 
where B’H cuts the principal axis, is the first principal focus of 
-the system. 

From Q”, where QB pierces the focal plane through F”, 
draw QC” parallel to F” B, and cutting the principal axis at 
€”. Make C”C”=A”A”. Then C”, C” are the first and second 
.nodal points of the system. 

Thus the six cardinal points of a system are compounded 
‘with those of a refracting surface, and the whole reduced to six 
‘cardinal points. These may again be compounded with 
another refracting system and so on. 


II. SPHERICAL SURFACE (continued). 


17. (1.) Young’s construction for the Refracted Ray (Fig. 6).— 
From C, the centre of the spherical surface (radius r), describe 
‘circles of radii ru and r/u. Let the incident ray, BO, cut the 
former circle at Z ; join CZ cutting the latter circle at Z’. Then 
the direction of the refracted ray is through BZ’. Z, Z’ are the 
aplanatic pair of points for the ray ZB, Z’B. (See § 3.) 

(i1.) Alternative construction.—On BC as diameter draw a 
circle cutting BO in Y. Draw the chord CY’=CY/u. Then 
‘the refracted ray passes through B, Y’. 


18. Meridian Rays.—(ili.) YY’ crosses CZ at right angles at 
‘the point K (called, by Cornu, the junction point). 

(iv.) Let Z, Z’, Z,, Z,’ be the aplanatic pairs of points for two 
‘parallel rays incident at B, B,, respectively. Let the corre- 
:sponding refracted rays intersect at E’. 

Through Z,’ draw a parallel to BZ’, cutting the chord B,B 
‘at ba Draw Z be, cutting ZB ine. Now, 


eB _ 6,B_ ZK" _ eB _ BZ, _ 
BZ, Bb, BZ, “7h BZ,’ A 


(v.) Draw CY,Y perpendicular to the parallels B,Z,, BZ; 
also YK, Y,K, perpendicular to CZ, CZ, respectively. Through 
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K draw KF’, KF parallels to BZ, BZ’ respectively ; similarly 
K,F,’. Then FB=K¥’=.. Z’F’. 

(vi .) When B, is very olode to B, Y,, whose bewi is CY, is 
very close to Y and K,toK. Then serisibly F’, and E’ coincide 
with F’. Also e coincides with F, for in all cases eB= u . Z,’H’. 

Also the chord BB, very closely coincides with the arc BB,, 
and the geometrical relationships deduced from the finite 
chord become optical relationships for rays of light refracted at 
the infinitesimal arc. The above relations are therefore 
approximately true for a small arc. 

(vii.) Suppose OO, is a position of a very small object 
moving between BZ, BZ}. Join FO, cutting the chord and 


\ \ \ Radius ’7/ | 


(M) -EN € (M) Radius T. / 
F Radius ju.” 


Fre. 6.—REFRACTION AT A SPHERICAL SURFACE. MERIDIAN Rays. 


arc, B,B, at B,. Draw B,I, parallel to BE’, cutting BF” at I. 
Then I, is the image of O.. 
Join [,0,, also KI,. Then 


B,0, BB, Bl, | B,O, KF’ 


FB BB =T F (Bele LE” 

Then, since KF’ is parallel to B,0,, the points O,, I,, K are 
collinear. 

When the object is very small, O, coincides with O, and I, 
with I. Hence the position of the image on the refracted ray 
BZ’, corresponding to any position O of the object on the inci- 
dent ray, BZ, is at the point I where the line through OK 
cuts the refracted ray BZ’. 

Then, considering the object to move from the extreme right. 
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to the extreme left, F, F’ are identified as the first and second 
principal focal points for narrow meridional pencils having BZ 
for their chief ray. 

(vii.) Since (Fig. 7) 

FB_KF_IF_BF—BI BF, BF 
BO BO BI BI ’ “BO BI 
KR’ KY’ FK KY KF BY KY’ 

BY YY By’ YY ` FK BY KY’ 


l.. 


(ix.) 


vá 


(Ma) a (M) Radius/7u Rad/r Radiusju.r 
Fic. 7.—REFRACTION AT A SPHERICAL SURFACE. 


Since the triangles KYC, Y’BC are similar, KY /CY=BY’/BC. 
Also the triangles KY’C, CYB are similar. ... KY’/CY” 
=BY/BC. | 

KY Cy BY =. KY_I BY 

"* KY CY’ BY” °° KY w’ BY” 

FB KF BY KY’ ~~ BEF __ 1 BY? 
BF’ FK BY’’KY' `` BF yw’ BY? 
(x.) KF’ NZ NZ’ NZ’ FB BY? 

7 BE BZ u.TZ © Tz’ © BE’ BY? 

(xi.) For BF, BF’, BO, BI, write f, f’, u, v, respectively. And’ 
for BY put y or r.cos 9, and for BY’ substitute y’ or r . cos 9’. 


Also 


t l Z1 tf yw, 
KETI DY’ HY y p 


SUSE. a Gm 
“BF yẹ `° f r.cos?ọ 
l 1 ly _u.y—y | 1_p.cos g—cos 9, 


BRO BE yy? wey?) Per cost’ 


a 
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(xii.) From Fig. 7 (writing p, p’ for IP, IP’ respectively), 
1/p’=1/u+1/KY¥’. 


ee E, y Aga 
yop u f pou uw y 

_ M. COS? Q’ cos*@ _ u. COS g’—COS P, 
E V1 u r 


19. Spherical Surface. ‘Sagittal Rays. 
(xiii.) Draw (Fig. 8) CG’ parallel to BZ, cutting BZ’ in G’. 
‘Take a point B, on the spherical refracting surface so that a 


line through it drawn parallel to BZ makes an angle » with the 
normal at Bẹ, Join B,C, BG’. Then the angle CB,G’ is 


Fia. 8.—REFRACTION AT A SPHERICAL SURFACE, SAGITTAL Rays. 


equal to 9’, and hence B,G’ is the refracted direction of the 
sagittal incident ray parallel to BZ. Similarly, the refracted 
‘direction of any ray of the sagittal pencil that is incident 
parallel to BZ, passes through G’. 

For the ray B,Z, let the aplanatic pair of points be Z,, Z,’. 
Through Z; draw B,b,Z,’, parallel to BG’, cutting the spherical 
surface at B, and the chord B,B at b,. Draw 6,Z,, cutting BZ 
at N and the surface at B} Draw GC parallel to BG’, cutting 
BZ at G. Then 


NB/B,Z,==b,B/Bb,=Z,G’/B,Z, =CG’/B,Z. 
.. NB=CG’=GB, or N coincides with G. 


OPTICAL IMAGERY. 175 


(xiv.) When B, is very close to B, the points B,, B,, b, 
sensibly coincide. Also the chord B,B very nearly coincides 
with the arc B,B, and the geometrical relationships deduced 
from the finite chord become optical relationships for rays of 
light refracted at the infinitesimal arc. The above relations are 
therefore approximately true for a small arc. 

(xv.) Suppose OO’ is a position of a very small object moving’ 
between BZ and B,Z,. Suppose these lines to be two incident 
sagittal rays and BG’, B,G’ the respective refracted directions. 
Join GO’, cutting the chord (and arc) B,B at By. Draw BoJ” 
parallel to BG’, cutting B,G’ at J’. Then J’ is the image of O’. 

Join CJ’, also J’O’. Then 


B,O’/GB=B,B,o/BypB=B,J’/J’G’. 


Also CG’ is parallel to B,Z, and equal to GB. Therefore, 
CJ’O’ are collinear. 

Then for any position of the object along BZ the image is at 
the point J, where OC crosses the direction of the refracted 
ray BG’. : 

Consider the object to move from the extreme right to the 
extreme left. Then G, G’ are identified as the first and second. 
principal foci for narrow sagittal pencils having BZ for their 


Sn GB CG’ JG’ BG—BIJ 
(xvi.) In Fig. 7, 55=po= BIT BI 
BJ and g, g’ for BG, BG’ respectively. Therefore, g/u+-g’/v,=1. 
(xvii.) Let BZ cut the circle of radius r at B and $. 
Then BZ=r (u . cos o’-+-cos 9) and BZ=r (u . cos o’—cos 9).. 
Also—g=GB=CG’=p. ZG’ =u. g'— u. BZ’ =u .g'— BZ. 
.. g+u . g =BZ=r (cos ọ+u . cos 9’). 
The triangles BCG’, ZßC are similar. Therefore, 
CG’/BC=C6/BZ. .. —g=r?/BZ=r/(u . cos p’—cos 9). 
And BG’/BC=CZ/6Z._ ~. 9g’ =u. r/(u . cos g —cos 9). 
Write g for QJ. Then 1/g=—1/g-+1/u. 
<. p/v,—1/u=—1/g=(u . cos p’—cos 9)/r. 


20. To find points on the Caustic formed by Refraction at a 
Spherical Surface. (No figure.}—From C draw concentric 
circles of radii r (representing the surface), ur, ur/2, r/u, 


Write v, for 
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r/2u. (For convenience, keep one pair of compasses adjusted 
to radius pr/2, another pair to 7/2.) 

From the radiant O draw any incident ray giving B, Z; 
draw CZ, giving Z’, also W, W’ where CZ cuts the circles of 
radii ur/2 and r/2. u respectively. With W as centre, radius 
ur/2, draw a circle cutting the incident ray BZ in Y; simi- 
larly, with W’ as centre, radius r/2u, find Y’ on the refracted 
ray BZ’. (Since WY=CW=WZ. .. CYZ is the angle in a 
semicircle. Similarly, CY’ is perpendicular to BZ’.) Draw 
YY’, obtain K. Join KO, obtain I.. Join CO, obtain J. 

' Draw other incident rays and repeat the construction. 


ABSTRACT. 


The Paper contains a development of optical imagery based on 
elementary geometry, including limiting positions, but excluding 
cross-ratios, centres of perspective, &c. The method adopted is 
useful for teaching the -properties of optical systems to those who 
are not essentially students of pure mathematics, and can be very 
satisfactorily used by those capable of draughtsmanship with 
mathematical instruments. 

The principle of the method is as follows: The vertex (object) of 
a small incident pencil of rays is considered to move along a line 
parallel to the principal axis of the optical system. This line is 
also regarded as the incident portion of a fixedray. Then the direc- 
tions of the ray after reflection or refraction at the several surfaces do 
not alter as the position of the object changes. They are therefore the 
fixed loci of the images or vertices of the reflected and refracted 
pencils. Then the successive positions of the image resulting from a 
progressive movement of the object are obtained. Also the con- 
structions are such that in the case of a thick lens the importance of 
the cardinal points and planes is demonstrated. 

First, considering refraction at a spherical surface and assuming 
that u is the relative velocity of light in the two media, a construc- 
tion for the refracted portion of any incident ray is obtained from the 
‘wave principle ; then the sine law of refraction and the position of the 
aplanatic pair of points are deduced. 

When the inciderce is normal it is convenient in drawing to in- 
crease largely the scale of length perpendicular to the principal axis 
in comparison with that along the principal axis. A distorted figure 
is obtained, but the relative lengths of lines perpendicular to the axis 
or of lines parallel to the axis will be maintained. 

The principal foci for normal incidence on a single spherical 
refracting surface are obtained, and then the usual algebraical 
expressions are deduced from the figure. A convenient construc- 
tion for finding the principal foci and aplanatic pair of points when 
p and r are given is then shown. 

For a thick lens it is most convenient to assume that the two 
surfaces separate three different media. After obtaining the re- 
fracted portions of a ray—called the second fixed ray—incident 
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parallel to the principal axis of the system, the positions of the 
cardinal and nodal points and planes are indicated and their. more 
important properties deduced. A convenient construction is 
shown for finding the cardinal and nodal points, when 73, 72, u, u’ are 
given. At the same time the course of the first fixed ray is deter- 
mined. The first fixed ray is defined as the ray which emerges from 
the system in the same line as the incident portion of the second 
fixed ray obtained above. There is also a visualisation of the Gauss 
and Abbe definitions of focal length. The usual algebraic relations 
are deduced. After a discussion of magnification—lateral, axial 
and angular—it is shown that when the six cardinal points of one 
optical system are combined with those of another a resulting set 
of six cardinal points is obtained, and thus a composition of the 
cardinal points of various optical systems may be effected. 

Returning to refraction at a single spherical surface the cases of 
meridian and sagittal rays are separately considered. For the 
former the. position of Cornu’s junction point is obtained in a simple 
manner. Finally, the usual algebraic relationships are deduced and 
a graphic construction for points on a caustic is given. 
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XVI. Alternating-Current Magnets. By Prof. E. Wilson. 


READ FEBRUARY 28, 1913. 


(ABSTRACT. ) 


It follows from the well-known law of pull of an electromagnet 
that if the magnetic field alternates between positive and 
negative values the pull is unidirectional and intermittent. 
Unless means are provided to reduce the consequent chattering 
and vibration, the magnet is rendered useless.. In the present 
experiments a phase-splitting device has been adopted, and 
consists in surrounding a portion of the pole-piece of the magnet 
with a short-circuited coil. The portion of the pole-piece so 
surrounded is sometimes said to be “ shaded,” and the coil 
referred to as a “ shading ” coil. The effect of this coil is to 
alter, not only the relative amplitudes, but the phase of the 
magnetic fields passing through the shaded and unshaded 
portions of the pole-face. The magnet used in the experi- 
ments varies the length of its gap when in action, and the 
influence of the gap length upon this phase displacement has. 
been studied. When the resistance of the shading coil is such 
that the magnetic induction B over the whole face is sub- 
stantially uniform and the gap closed, the phase displacement 
was 72 electrical degrees (360 deg.=1 period). A gap length 
of 0-15 cm. reduces the phase-displacement to 18deg., and 
consequently the minimum or “hold on” pull drops. This 
minimum or “hold on ” pull is, of course, smaller than the 
average, and has to be taken into consideration in the design 
of the magnet. The arrangement of the shading coil above 
described is very effective in preventing vibration and chatter- 
ing when the magnet is closed, and renders the alternating- 
current magnet a practical success. 

With constant alternating voltage impressed upon the mag- 
netising coils of the magnet the net pull exerted diminishes. 
rapidly at first as the gap length increases, and tends to 
become more nearly constant. The R.M.S. amperes, on the 
other hand, steadily increase as the pull diminishes, owing to 
the increase in the gap length. 

The observed net pull in the case of the magnet experi- 
mented upon is less than the calculated average pull, varying 
from 8&3 to 59 per cent. as the gap length varies from 
0 to I cm. 
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DISCUSSION. 


Mr. T. Harpine Cuurton asked at what frequencies the result had 
been obtained, as the chattering would, of course, be greatest at low 
frequencies. He was surprised to see that such a large displacement as 
72 deg. could be obtained due to shading. 

Prof. E. WILSON, in reply, stated that the frequency used was 50. - 
The large displacement of phase only occurred shen the air-gap was 

small, but it was only when the armature was actually in contact with the 
pole that it was required to abolish the chattering. 
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XVII. The Latent Heat of Evaporation of Aqueous Salt Solutions. 
By Rosert G. Lunnon, B.Sc., University College, London. 


REcEIVED Marcu 5, 1913. Reap Marca 14, 1913. 


THE question of the amount of heat required to evaporate I 
gramme of steam from an aqueous salt solution appears to have 
been dealt with experimentally by only one previous worker.* 
The results then obtained by Prof. Trouton were not entirely 
satisfactory, and at his suggestion the subject has been further 
investigated ; the results, together with certain theoretical 
relations, are given in this Paper. 

The cases in which the solution is a saturated one, and when 
it is unsaturated, require separate treatment. We shall denote 
by L the amount of heat, measured in calories, which is re- 
quired to evaporate 1 gramme of steam from a salt solution 
of maximum concentration boiling under atmospheric pres- 
sure. The salt set free by the evaporation of its solvent 
remains undissolved at the same temperature. We shall use Q 
to denote the amount of heat required to dissolve a sufficient 
quantity of salt in 1 gramme of water, at the temperature of 
the boiling saturated solution, so that the resulting solution 
will be a saturated one. 

With unsaturated solutions, evaporation by boiling is inevit- 
ably accompanied by an increase in the concentration of the 
solution, and if the boiling continues by a rise in its tempera- 
ture. We shall therefore write L,dm for the total amount of 
heat required to evaporate dm grammes of steam, minus the 
heat accounted for by the rise in temperature of the solution ; 
the latter is supposed to contain z grammes of salt to 1 gramme 
of water, and to be boiling under atmospheric pressure at (°C. 
This definition assumes that the heat required is proportional 
to the amount of steam evaporated, as long as that amount is 
small. 


Experimental. 


The principle adopted for the measurement of L involved 
the supply of heat electrically, at a known rate, to a boiling 
solution, and the measurement of the rate of formation of 
steam by condensing and weighing at definite intervals. Heat: 


* F. T. Trouton, “ Trans.” Royal Irish Academy, Vol. XXXI., p. 345. 


he 
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loss by radiation was checked by surrounding the whole calori- 
meter with a solution boiling at the same temperature. 

Fig. 1 is a diagram of the apparatus used. The calorimeter 
A was supported on glass legs inside a double-walled vessel* B, 
closed by a large rubber cork ; and B was totally immersed in 
a solution contained in the large vessel C. The electric current. 
was supplied by the leads W to an ordinary carbon filament 
lamp, L, enclosed in a copper jacket. This proved to be an 
efficient heating agent, about 400 calories per minute being 
developed from an 80-volt circuit. When the nitrates of 


SW 


1 
i 


it! 


ni 


Ip 
| 


eilt 


Fia, 1. 


sodium and potassium, which are very soluble at high tem- 
peratures, were being used, a ring stirrer, S, was added to pre- 
vent the salt caking round the lamp, and a feeding tube, F, was 
also fitted so that when the solution became thick more read- 
ings might be obtained, without dismantling the apparatus, by 
adding water and so re-dissolving the free salt. The steam: 
was led out by the exit tube E, remaining immersed in the bath 
until condensed in the detachable vessel P, which was im- 


* A vacuum-walled flask would have been ideal for the purpose of the 
vessel B, but repeated trials showed that such a vessel was not sufficiently- 
strong to bear the continued heating and cooling for long. 

M2. 
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mersed in cold water. Thermometers T, and T, indicated the 
temperatures of the bath and calorimeter respectively, and a 
condenser, D, attached to the cover of the bath, enabled the 
temperature of the contents of the latter to be kept constant: 
The electric current was measured by an ammeter, and a volt- 
meter was placed across the leads of the lamp. This arrange- 
ment made it necessary to multiply the current, as recorded by 

6058 
6058+231 
passing through the lamp, since the resistances of voltmeter 
and lamp were 6,058 ohms and 231 ohms respectively. Both 
instruments were carefully calibrated twice during the work 
and the efficiency of other parts of the apparatus was verified. 

In making an experiment, about 200 cubic cms. of a hot con- 
centrated solution of the pure salt were placed in the calori- 
meter, and the bath C was then usually filled with a solution of 
the same salt, boiling at the same temperature. In some cases, 
however, an unsaturated solution of some other kind was used, 
its strength being adjusted to give the required boiling point. 
Steam, of course, came off from the inner solution at this same 
temperature, and this fact ensured that no water was carried 
over with it into the condenser. The great difficulty of wet 
vapour, which, as A. W. Smith * has recently proved, has dis- 
turbed much previous work on latent heats, was thus automa- 
tically avoided. 

The only serious uncertainty arose from the difficulty of 
keeping the temperatures of calorimeter and bath exactly the 
:same. They sometimes differed by as much as 0-5°C., and the 
:amount of heat passing through the walls of the calorimeter 
was then considerable. The difficulty was much more serious 
“when unsaturated solutions were being used, for then the con- 
:stant.evaporation involved a continual rise in the temperature 
.of the solution, often at the rate of 1 deg. in 20 minutes, and 
the temperature of the bath could not always be raised at the 
same rate. It was met by determining exactly, by two diffe- 
rent methods, the heat lost or gained, when the two tempera- 
tures differed by observed amounts. In the one method, pure 
water was placed in the calorimeter, and a dilute solution out- 
‘side, and the consequent slightly higher temperature of the bath 
caused to evaporate a certain amount of steam, which was 
measured in the usual way. In the second method, castor oil, 


the ammeter, by the fraction to obtain the current 


* A. W. Smith, Phys. Rev., 33 (1911), p. 173. 
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undergoing no appreciable change when heated for a short 
time, was placed inside, and was kept at a temperature slightly 
higher than that of the bath by a small supply of current. The 
heat leak was thus measured by the heat so generated. 

Experiments at various times by these methods gave fairly 
consistent results, which showed that for differences of +2°C.. 
the heat leak was proportional to the temperature difference,. 
its magnitude being 9 to 10 calories per degree per minute.. 
The irregularity due to this cause, if uncorrected, might amount: 
to 4 per cent., and when allowance according to scale had 
been made it was much less. Greater accuracy than this, 
however, cannot be claimed for the results as a whole. The 
boiling of a concentrated solution is not a simple phenomenon, 
especially when it contains three or four parts by weight of salt 
to one of water; and the variation of uncertain conditions 
made it no easy matter to obtain consistency in the results. 
Experiments with pure water were made with the apparatus, 
and the results were very good, giving values of L between 
539 and 541. 

A set of readings which were obtained with a saturated 
solution of KCl will illustrate the method. The first column 
gives the time, the last two the weights of the condenser and. 
of the steam evolved per minute. 


Jan. 5th, 1912. Current: 0:245 amperes. Voltage : 79°9 volts: 


t | T, T; W | w 

h. m. s. | | 

12 19 193 108-5°C. 109-4°C. | 115-409 ¢. oe, 
0 26 194 108-6 109-2 119-376 0-555 g. 
038 3h ‘5 109-1 sd ie 
046 34 3 123-857 - 0-558: 
0 48 12 z A AN ee 
1012 108-65 j | < 130-510 0-554 
3 43 39} 108-6 108-8 108-763 “be 
0 43 394 i ‘5 114-357 0-559 
04535 | i $ ae oe 
05535 | . 5 119-935 0-558 


EC 6058 
Heat supply= = 14°31 x 79°9 x 0°:245 x 6289 
Heat leak from bath=4 calories. 


274 i 
. Mean L= 0587 = 49 calories per gramme. 


= 270 calories per minute. 


The final means of large numbers of experiments on solutions: 
of six common salts are given in the following Table, together 
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with the boiling points (T) of the solutions, their strengths (x) 
in grammes per gramme of water, the latent heat of pure water 
at the temperature T (L ), the heat of solution as given by 
the difference L,—L, and the molecular weights (M) of the salts. 
The Table is arranged in descending order of maximum boiling 
points. 


Salt. T | L | Ly ‘Q=Ly-L| x | M 
NaNO3 121-0°C. | 459 525 66 2-18 85 
KNO3 116-8 421 528, 107 3-38 | 101 
NaCl 110-0 508 533 25 0-40 58 
KCl 109-0 `; 493 533 40 0-59 74 
K,CrO; 106-8 505 535 30 0-82 | 194 
K,Cr,Os | 104-8 489 537 48 103 | 294 


Grammes per gramme H,0. | 
Fra. 2. 


solution Q is plotted against the saturation concentration z. 
The most obvious connection is that between the points corre- 
sponding to salts of the same acid. The chlorides and the nitrates 
show definitely similar relationships, and it seems probable 
that for salts of the same acid Q is proportional to z, as is indi- 
cated by the two lines drawn on the diagram. The present 
results are not sufficient in number to test this suggestion, and, 
moreover, they can only be considered to be correct to +2 
calories. 
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Some relation might be expected to exist between the heat 
ofsolution and the strength of the solution in gramme-molecules. 
‘Fig. 3 gives the variation of Q with z/M, and it is less regular 
than the previous figure. This is not surprising, since the 
degree of dissociation of the salts would be as important as the 
number of molecules in solution, and this would be different for 
the different solutions. Unfortunately, no data exist for the 
dissociation coefficient, if there be such, of strong solutions. 

Experiments with unsaturated solutions were made with two 
salts only, KNO, and NaNO. In deducing the value of L, 
from the experimental observations we use the relation 


JCE+h=mL,+ Wat, 


where h is the heat obtained by leakage from the outside bath, 
m is the weight of steam formed per minute, W the water 


Q 


O 
100 KNO, 
Pi 
75 i , 
©O 
NaNO; 
s | E0107 
O KOL 
CrO 
K, 5 NaCl 
25 O 


(3) 1 3 3 x/Mx 102 
Fia. 3. 


equivalent of the calorimeter and its contents, and dT the rise in 
temperature consequent upon the increase in concentration. 
This is in accordance with the definition of L, which we have 
adopted, since m is always very small compared with the total 
mass of solution present. W is a number of considerable un- 
certainty, as there are no data available for the specific heat of 
. strong solutions at high temperatures; but its value in each 
case was deduced in an obvious manner from special observa- 
tions of the rate of rise of temperature before boiling began. 
Moreover, it has the small quantity dT as its factor in the equa- 
tion, and an approximate value is, therefore, sufficient. 

The measurements were made in the same way as for satu- 
rated solutions. The calculated values of L, are given in the 
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following Table for solutions of different strengths and boiling 
points. The numbers given for x and T are of course the mean 
values of these quantities over the range covered by the boiling 
solution during the.experiment, which, as regards temperature, 
was usually of the order of half a degree. 


The values of L for the saturated solution have been added 
‘In the last line. They emphasise the striking result that, as 
long as the solution remains unsaturated, the quantity of heat 
required to evaporate a gramme of steam from it is very ap- 
proximately constant ; but as soon as saturation is reached the 
amount required drops by about one-fifth of its former value. 
In the case of KNO, the constancy of LL; is remarkable, while 
for NaNO, the variations are irregular and are within the limits 
of experimental accuracy. The explanation of the final drop 
in value is to be found in the fact that in the last stage salt 
separates out from the solution as evaporation proceeds, while 
it does not do so before that stage is reached ; but it is difficult 
to give a reason for the constancy of L, while z increases, in the 
case of KNOg, from 0 to 3-2. 


Theoretical. 


The quantity L which we have measured can be connected 
. with other thermal constants by considering the two follow- 
ing thermodynamic cycles.* In each we commence with 
a quantity of saturated solution containmg 1 gramme of 
water at its boiling point ¢°C. under atmospheric pressure p ; 
and in the first cycle the processes are isothermal throughout. 


* The diagrams accompanying the cycles do not completely represent 
them, since the changes are such as to involve different parts of the working 
substance, being at different temperatures from one another during some of 
the steps; and when this occurs one point cannot completely represent the 

. system. 
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First Cycle. 


1. AB. Evaporate 1 gramme of steam from the solution. 
The heat required is L; and if w be the decrease in volume of 
the solution and solid salt and v the consequent volume of 
steam, the work done by the substance is p(v— w). 

2. BC. Separate the steam and compress it isothermally 
until the saturation pressure Py is reached. The work done is . 


fi pdv, and the heat required is approximately J pdv. This, 


of course, is assuming that steam behaves as a perfect gas, but 
the error is actually less than 4 per cent. 

3. CD. Condense the steam. The heat required is — L, (the 
latent heat of evaporation of water at t°C.), and the work done 
is p,(U,;—v,), where u, is the volume of 1 gramme of steam at 
pressure p, and temperature ¢. | | : 


DiacRam l. 


4. DA. Dissolve the salt set free in the first stage, in the 
water obtained in the third stage. The heat required is Q, 
while the work done depends upon the change of volume on 
solution, and we shall obtain an approximate result by 
neglecting it. 

Equating now the noe required and the work done, we have 


L+Q—L,= =j- PW) HP pw]. 


We have already assumed that pv=p,v,, and the quantity 
pu; — pw is equivalent to about 0-02 calorie, p, being approxi- 
mately two atmospheres. We may,. therefore, neglect the 
right-hand side of the equation, and obtain the approximate 


veut 
L=L,—Q. [heen ee) 
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Second Cycle. 


1. AB. Evaporate 1 gramme of steam from the solution. 
This requires a quantity of heat L, and the work done is p(v—w) 
as before. 

2. BC. Cool the steam at constant pressure to 100°C., 4.e., 
until it is saturated, and let its volume then be v. The heat 


l 
` required is — f odt, where o is the specific heat of steam at 
100 


‘constant pressure, and the work done is p(vo—v). 

3. CD. Condense the steam at 100°C. If u, denote the 
volume of 1 gramme of water at 100°C. the work done is (4) — vo) 
and the heat required is — Lio, the latent heat of water at 
100°C. 

4. DE. Heat the water to the original temperatyre t, in- 
‘creasing the pressure so that equilibrium always exists. Let 


DraaeaM 2. 


‘the final pressure be p, and the volume w,, and write s for the 
‘specific heat of water. Then the work done is f pdu, and the 
heat required is fs s dt. 


5. EA. Finally, re-dissolve the salt in the water, so that the 
whole is in the same condition as at first. The heat required 
is Q, and, as in the first case, we shall obtain an approximate 
result by neglecting the work done. 

Adding the various items and simplifying we obtain 


L+Q— Liot | (s—o)dt—=5 | plo—w)+ f pau] 


'The value of the terms on the right-hand side is a small fraction 
-of a oalorie in all practical cases, and for our present purpose 
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may be omitted. If, further, we take a mean specific heat over 

the range from 100°C. to £C., defined by s,,(f—100)= i f dt, 

-and similarly for ø, we obtain the result 
L=Ly9—Q+(Fm—Sm)(E—100). . . . (2) 


Another relation is obtained if we make the second cycle a 
reversible one, so that the Second Law can be applied. Rever- 
‘sibility will be ensured if the solution, in the fifth stage, be 
made to take place through a semi-permeable membrane ; and 
' we shall need to define a new heat of solution, Q’, which is 
required under these conditions. The expression of the fact 
that the total change in entropy is zero is now easily found to be 


T 
L= Lo Q+ ('n—s'n)T loge, . . . (3) 
To To 


where T, T, are the temperatures ¢°C., 100°C. on the absolute 
‘scale, and o'm, like s’,, is a new mean specific heat, defined by 


an ind 
‘TF — == =a s 
m log T, [ pat 
The connection between Q and Q’ is easily found in terms of 
the osmotic work. The difference, Q’—Q, is equivalent to the 
work done by the substance, first, during the compression of 
the salt to the pressure P, the osmotic pressure of the saturated 
‘solution, and, second, during the movement of the osmotic 
membrane. If the decrease in the volume of the salt, when the 
pressure P is applied, be denoted by d, the first part of the 
work is —Pd. If w is the increase in the combined volume of 
‘salt and solution when 1 gramme of water is added, the osmotic 
‘work done is practically + Pw, for the liquid behind the mem- 
ibrane is always saturated, and therefore exerts the pressure P 
throughout the process of solution. We have then the 
‘approximate relation 
Q'—Q=2. (wd)... wae W 
A result of some interest follows at once from equations (1) to 
(4), viz. :— 


Pw—d)=3{ Liv T- 1)+ (0 n—8'm)T log T 


~(7n—8n)(T—Ty)}. | 


Ot 
x. 
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In the case of an incompressible salt, the left-hand side of (5p 
represents the osmotic work for the solution. On the right- 
hand side, the only term which relates to the solution is T, the- 
maximum boiling point ; the specific heats depend only upon 
T also. If, therefore, the solutions of two salts have the same- 
maximum boiling point at the same pressure, the osmotic works: 
for the two solutions are approximately equal, and the 
osmotic pressures are of the same order, independently of the: 
nature of the salts and of the concentration of their saturated 
solutions, Pairs of salts for which this is true are by no means. 
uncommon, examples being the nitrate and tartrate of potas- 
sium, both boiling at 105-0°C., and potassium carbonate and: 
zinc sulphate, both boiling at 108-0°C. We can, moveover,. 
find the value of the osmotic pressure for a solution whose 
maximum boiling point T is known by substituting their appro-- 
priate values for the terms in (5). Thus, for the case of sodium 
nitrate, boiling at 121°C., the values of s and o can be calcu- 
lated from Tables, and the result obtained for the osmotic work 
is 1-68 10°. The value of. w is not much different from unity, 
and the osmotic pressure is, therefore, of the order of 1-68 
X 10° ergs, i.e., about 1,680 atmospheres. 

It is not at present possible to test our experimental results. 
with the theoretical relations (1) to (5) which we have developed. 
Equations (1) and (2) involve the quantity L+Q, and its. 
elimination leads to the approximate result for pure water 


L,=Ly+(om—Sm)(t— 100). 


This is known to be true for moderate values of't, such as we: 
have assumed in making approximations, Absence of other: 
thermal data hinders the application of these equations to the. 
experimental results. One measurement of Q is, however, 
available for comparison, this having been obtained by Mr. 
A: W. Anscombe, B.Sc., who has commenced an investigatior 
of the subject at this college. In his experiments, water at a. 
high temperature and pressure is allowed to pass into a vessel 
containing salt at the normal boiling point (¢°C.) of the satu- 
rated solution, and the initial temperature of the water is 
adjusted so that the final temperature of the solution formed. 
is exactly °C. The value of Q so obtained for NaNO, is 64-5: 
calories per gramme of water; and this is in good agreement 
with the value 66 obtained from the measurement of L with 
the result of equation (1). 

For unsaturated solutions, theoretical results can be ob- 
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tained connecting the quantity L, with the partial heat of 
solution and with the heat of dilution ; but for these quantities 
no experimental data are as yet available and theoretical results, 
‘such as those of Kirchhoff and Clapeyron, cannot be appealed 
to for solutions of such large concentrations as are here mainly 
-dealt with. 

Finally, I would here record my thanks to Prof. Trouton for 
‘suggesting this subject to me, and for encouragement during 
the work, and also to Mr. A. W. Porter, and to Mr. Anscombe 
for much helpful criticism. 


ABSTRACT. 


The Paper records the results of a research into the latent heat of 
evaporation of steam from salt solutions. 

The experimental method was to supply a measurable quantity of 
heat electrically, through a small lamp to the solution boiling inside 
a calorimeter. The latter was placed within a double-walled vessel 
surrounded by a solution boiling at the same temperature ; and the 
steam from the inner vessel passed out through a tube into a detach- 
able condenser, which was weighed at intervals. 

Measurements were made with the solutions of six different salts. 
“Theoretical considerations show that the difference between the 
measured heat L, and lr the known heat of evaporation of water at the 
same temperature, is the heat of solution Q ; and the present results 
indicate that for salts of the same acid Q is proportional to the con- 
centration. 

For unsaturated solutions of KC] and NaCl the interesting result is 
found that the heat of evaporation is approximately constant for all 

‘concentrations until saturation is reached. 


DISCUSSION. 


Mr. F. E. Smita remarked that in a similar apparatus he had used for 
the distillation of water he found that priming did take place. It would 
have been more satisfactory if the author had used a solution of NaCl and 
tested the distillate for its presence. 

The AUTHOR stated that he had tested the distillate in one case, but not 
with NaCl. 


-~ 


192 MESSRS. ALBERT CAMPBELL AND H. C. BOOTH ON 


XVIII. On Errors in Magnetic Testing due to Elastic Strain. By 
ALBERT CAMPBELL, B.A., and H. C. Bootu, 4A.R.C.Sc. 
(From the National Physical Laboratory.) 


RECEIVED FEBRUARY 14, 1913. READ APRIL 11, 1913. 


SOME years ago, in the course of magnetic tests on sheet material, 
Mr. T. L. Eckersley and one of the authors noticed that con- 
siderable errors were sometimes introduced by even slight 
bending of the sheets or strips. Mr. Eckersley worked out the 
stresses, and these, in combination with the known effects of 
compression and tension,* were found to be sufficient to account 
in a general way for the observed results. Only a few syste- 
matic experiments were made at the time, but recently a more 
comprehensive series have been carried out. The following 
description of some of these will serve the object of the present 
Paper, which does not aim at absolute results, but rather indi- 
cates the order of the errors that may occur in various cases. 
Hence the reader must not be too critical of the methods em- 
ployed, as their accuracy was sufficient for the purpose in view. 
Two methods, A and B, were used. 

In method A a single length of strip, which was flat in the 
unstrained condition, was bent into ring form, care being taken 
to avoid permanent set as much as possible. The slightly 
overlapping ends were securely clamped, and the ring was 
evenly wound with secondary and primary coils. These 
windings were of thin wire arranged close to the strip so as to 
keep the ring as flexible as possible. While in this condition 
of temporary strain, the ring was tested for permeability and 
hysteresis by the ballistic method. The greater part of the 
temporary strain was then annulled by changing the circular 
form into a square by sharp bends at four places. The windings. 
were not removed for this alteration. The ballistic tests were 
then repeated. As will be seen by the results given below, the 
changes observed were considerable. The effect of the bends 
at the corners (which would worsen the magnetic qualities) 
has been ignored, and the square form has been considered as. 
giving the condition of “ no strain.” 

In method B two strips of the material, with suitable uniform 
windings, were clamped flatwise at the ends by two solid yokes, 


* See Ewing “ Magnetic Induction in Iron and Other Metals,” Chapter IX. 
(Third Edition, 1900). 
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forming with them a long rectangular magnetic circuit. This 
circuit could be tested with the strips flat or bent to any desired 
amount. Permanent set at various curvatures could be ap- 
plied, and the strips could be restored to their original flat form 
after any of the bending processes. 

Tests were made both on ordinary (unalloyed) soft transformer 
sheet and on silicon iron (containing about 3 per cent. of 
silicon). The latter is much the harder material, and showed 
correspondingly greater alterations due to temporary strain. 


Fia. 1.—PERMEABILITY OF SILICON Iron. Rina METHOD. 
N=No strain. T=Temporary. 


The accompanying curves and tables show some of the results. 
obtained. The curves are marked in each case as follows :— 
N, No strain. 
T, Temporary strain. = 
P, Equal permanent strain. 

Tables 1, 1a, 2 and 2a (with Figs. 1 and 2) refer to the ring 
method, and the others to the yoke method. In the latter 
method, after the effects of temporary strain had been tested, 
the strips were allowed to unbend back to the straight con- 
dition. When re-tested they gave practically the same results, 
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both for permeability and hysteresis, as in the original un- 
strained condition. This interesting fact is not indicated in 
in Fig. 3. It will be seen from that figure that the temporary 


Fic. 2.—HYSTERESIS IN SILICON Iron; Rina METHOD. 
N=No strain. T=Temporary strain. 


Fia. 3.—PERMEABILITY OF SILICON Iron. YoKE METHOD. 
{N=No strain. T=Temporary strain. P=Equal permanent strain. 
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strain has considerably greater effect on the permeability and. - 
the hysteresis than the equal permanent strain has. 


TABLE 1. 


Ordinary transformer iron (0-31 mm. thick). T, ring 23cm. diameter ; 
N, bent into square. 


TABLE la. 
Same ring as in Table 1. 


Hysteresis loss. 
Ergs per c.c. per cycle. 


B Increase 
max. oak perce ere t 
: T, temporary PORER 
N, no strain. Strait | 
5,000 1,117 1,214 8-7 
10,000 3,628 3,968 9-4 
TABLE 2. 
Silicon-iron (0-31 mm. thick). T, ring 50cm. diameter; N, bent into 
l square. 
l , N, no strain. T, temporary strain. 
4 — / Sa: ae 
R Ko B a 
d 6,510 6,510 4,640 4,640 1-40 
: 2 9,330 4,665 6,980 3,490 1-34 
© 5 12,090 2,418 9,980 1,996 1-21 
10 13,440 1,344 ` 12,230 1,223 1-09 
15 14,110 941 13,510 900 1-14, 
25 14,870 595 14,700 588 1-01 
TABLE 2a. 
Same ring as in Table 2. 
Hysteresis loss. | 
“Broo. Ergs per c.c. per cycle. RNN, 
. r cent. 
N, no strain. T, temporary = 
strain. 
5,000 468 558 19-2 
10,000 1,552 1,850 19-2 
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TABLE 3. 
Silicon-iron (0-42 mm. thick) by yoke method. 
N, strips straight. 
T, bent temporarily to arc of circle 18 cm. radius. 
P, bent with permanent set to arc of same circle. 


- | N, no strain. | T, temporary strain.| P, permanent set. | 
R ` H R | p B m | 


10 13,100 1,310 10,640 1,064 11,900 1,190 
20 14,170 708 13,200 660 13,870 693 
30 14,820 494 14,550 485 14,740 491 
TABLE 3a. 
Same sample as in Table 3. 
Hysteresis loss. 
Ergs per c.c. per cycle. 
B max aoe 


T, temporary P, permanent 


rain. 
N, no strain strain. set. 


10,000 | 1,458 1,834 1,754 


It should be mentioned that the results here given are only 
examples of cases in which the effects were somewhat pro- 
nounced ; in some other samples which were tried the same 
amount of bending gave much less change. This is quite to 
be expected, for the total effect is a differential one, the per- 
meability being sometimes increased by the tension and de- 
creased by the compression resulting from the bending, It is, 
however, to the existence of the worse cases that attention has 
to be drawn. 

In the Richter method of testing hysteresis loss the sheets 
are bent into the form of a ring of 50 cm. diameter. Although 
this gives a curvature which appears to be very moderate, the 
results given in Table 2a show that the slight bending may 
cause errors (in the hysteresis loss) of more than 10 per cent. 
From the above investigation the general conclusion follows 
that in all magnetic tests it is important that the greatest care 
should be taken to avoid not only permanent deformation but 
also temporary elastic strain. 


ABSTRACT. 


In magnetic tests on sheet material considerable errors may occur 
if the sheets or strips are tested while in bent form. These errors, 
which are in general agreement with the known effects of compres- 


beers 
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sion and tension, were investigated experimentally with one ortwo 
forms of magnetic circuit similar to those sometimes occurring in 
practice. Inone method a single length of the strip was bent into 
ring form with ends clamped together. This was wound with 
flexible primary and secondary coils, and tested for permeability and 
hysteresis, while in the condition of temporary strain. The tem- 
porary strain was then annulled by changing the circular form into a 
square by sharp bends at four places. The magnetic tests were 
repeated, and usually a considerable alteration was observed. For 
example, a silicon-iron ring 0-3 mm. thick and 50cm. in diameter 
(the size used in Richter’s method of testing hysteresis and eddy 
current losses) showed a decrease of 40 per cent. in the permeability 
for H==1 due to the bending. The hysteresis loss was increased by 
19 percent. In another method the ends of two strips were clamped 
in yokes, and tests were made with different amounts of bending. It 
was found that temporary strain has considerably greater effect on 
the permeability than equal permanent strain has. 


DISCUSSION. 


Prof. C. H. Lers pointed out that the authors had ‘not clearly dis- 
tinguished between the effects of stress and strain, and that the results 
would be more intelligible if this distinction were made. The con- 
dition called by them “ temporary strain ”’ was strain plus stress, while 
that called ‘‘ equal permanent strain ”’ was the strain without the stress. 
From the point of view of the molecular dynamical theory he thought 
the effects of stress ought to be separated from those of strain. 

Dr. S. W. J. SMITH expressed interest in the results and, referring to the 
difference between the effects produced by temporary stress and by per- 
manent strain, thought there was no reason to expect any simple relation 
between them. Under different fields, in the same material, or under 
similar fields, in other materials, the effects might even be opposite to 
one another in sign. | 

Prof. T. MATHER asked if the sheets were ever annealed after being bent, 
before testing them by Richter’s method, as this would seem to remove 
the objections against the method. Pa 

Mr. A. CAMPBELL, in reply, admitted the advisability of separating the 
effects of stress from those of strain. The advantage claimed for 
Richter’s method was that it in no way mutilated the sheets. If they 
were annealed after they were bent into a cylinder this advantage would 
be destroyed. 
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XIX. Note on Cathodic Sputtering. By G. W. C. Kaye, B.A., 
D.Sc. The National Physical Laboratory. 
RECEIVED FEBRUARY 13, 1913. READ Apri 11, 1913. 


As is well known, if a current is sent through a discharge tube 
at low pressures, the glass adjacent to the cathode often be- 
comes coated with a deposit of metal to an extent which depends 
on, among other things, the material of the cathode and the 
nature of the gas in the tube. The anode, on the contrary, 
shows little or no such effect. 

This cathodic “sputtering ” was noticed in the very early days. 
of vacuum tubes: Pliicker (1858) and Geissler remarked on it. 
Dr. Wright, of Yale, in 1877 used the method to platinise glass.. 
The subject has been investigated by a number of workers, 
including Sir Wm. Crookes in 1891 (“ Proc.” Roy. Soc. A., 50, 
p. 88), Holborn and Austin, in 1903, at the Reichsanstalt 
(““ Phil. Mag.,” 8, p. 145), Houllevigue (“ Ann.” Chim. Phys., 
1909-10). and Kohlschiitter and his coadjutors, whose work is- 
described in a recent series of Papers in the “ Zeitschrift für- 
Elektrochemie ” (1906-1912). 

The sputtered metal is shot off as small aggregates of mole- 
cules, apparently of the same order of magnitude as the par- 
ticles in colloidalsolutions. They appear to be projected approxi- 
mately normally from the cathode, and to carry a negative- 
charge, though, on account of their relatively large mass, the 
streams of metal are not deflected by a magnet to anything 
like the same extent as cathode rays. It does not appear that 
the disintegration of the cathode plays any appreciable part 
in the transmission of the current. 

Cathodic sputtering has proved very useful as a means of 
preparing films and mirrors, especially in the case of metals. 
intractable by the usual methods. It is found that the deposits 
only settle on surfaces which are positive with respect to the 
cathode. In practice this is secured by joining the surface to- 
be plated to the anode. | 

The exact mechanism of the production of the sputtered 
particles is doubtful and has been the subject of a recent con- 
troversy. It is definitely established, however, that the 
amount of sputtering depends on :— 


1. The Nature of the Cathode. 
It is a rule, to which there is a number of exceptions, that. 
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the amount of sputtering is roughly proportional to the 
chemical equivalent of the metal. To particularise, the effect 
in air with aluminium and iron is small. With palladium, 
platinum, gold, silver, copper, cadmium and tin sputtering is 
usually marked. 


2. The Temperature of the Cathode. 


If the temperature of the cathode be raised appreciably 
either by extraneous means or by the discharge itself, metals — 
of high volatility, such as cadmium and zinc, have their sput- 
tering properties greatly enhanced. 


3. The Nature of the Gas. 


Hydrogen, nitrogen and carbon dioxide are unfavourable to 
the cathodic disintegration of most metals. Oxygen and more 
- especially the monatomic gases, helium, neon, argon, krypton, 
xenon and mercury vapour bring about marked sputtering of 
nearly all metals; argon is particularly efficacious in this 
respect. The nature of the gas furthermore controls the ap- 
pearance and properties of the deposit. 


4. The Current Density in the Discharge Tube. 


The disintegration appears to be roughly proportional to the- 
square of the current density, so that in sputtering experiments 
it is beneficial to use small (wire) electrodes and as large an 
induction coil as may be expedient. 


5. The Fall of Potential at the Cathode. 


The volatilisation of the cathode is augmented by increasing 
the potential on the tube and so increasing the potential drop 
at the cathode, and this is most readily controlled by regu- 
lating the pressure of the gas. Sputtering is much more pro- 
nounced at low pressures than at high, though it is possible to 
force the pressure too low. 

An increase in the potential drop at the cathode also in- 
creases the range of projection of the particles. 

It appears-to be essential that the cathode-fall shall exceed 
a certain minimum voltage before the metal becomes ionised 
and disintegrated to any appreciable extent ; and this fact is 
sufficient to reveal, under favourable conditions, a marked 
difference between the sputtering which occurs at the various 
parts of a cathode of irregular shape. The potential gradient 
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attains a maximum at points and edges; and accordingly it 
is at such places that the tendency for the metal to sputter 
predominates. 

A discharge tube which the writer has used at the National 
Physical Laboratory illustrates this feature very strikingly. 
The electrodes were cylinders made by bending thin sheet 
aluminium so that two opposite edges came nearly together. 
These cylinders fitted very loosely within the tube, which was 
filled with helium—a gas somewhat favourable to the sputter- 
ing of aluminium. The pressure was not very low—about that 
which displays the helium spectrum to advantage—so that the 
tube ran easily, the dark space was small, and the potential 
applied was never great. As Fig. 1 indicates, there is no trace 
of sputtering at the anode, but an examination of the tube near 
the cathode shows that, while the glass facing the sides of the 
cylinder is untouched by the deposit, there is a brilliant black 
mirror on the glass immediately beyond each end of the cylinder. 
-= Evidently the particles of metal were shot off exclusively from 
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the region of the edges of the cylinder where the potential 
gradient reached a maximum. Elsewhere, the field attained was 
not strong enough to cause the emission of metal. This is 
borne out by the fact that there is a narrow band of deposi. on 
the glass parallel to and directly facing the slit where the two 
edges of the bent plate come together. These two edges did 
not quite meet, and the intervening space is reflected in the 
band of the deposit which shows a streak of clear glass along 
the middle of its length. There is an extensive and ill-defined 
deposit on the inside of the aluminium tube opposite the slit. 
This is explained by the fact that the potential of the inside of 
the sheet is positive with respect to the edges. 

Fig. 2 is a photograph of the sputtered deposit on the glass 
with the cathode removed. Fig. 3 shows the outer surface of 
the cylindrical cathode which has been flattened out for the 
purposes of the photograph ; the extent of the stained active 


region round the edges is clearly discernible. Both Figs. 2 and 
3 are full size. 


Fic. 2. Fie. 3. 
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While the present case serves as an interesting illustration 
of the distribution of electric density on a cylindrical conductor, 
it may point a moral in X-ray tube construction. The ordi- 
nary potential-excess of the edges of a cathode of an X-ray bulb 
is accentuated by the disposition of the cathode which, for 
greater steadiness and hardness of the discharge, is always set 
back a little into a side tube. The glass walls of this tube 
become negatively charged by leakage from the cathode and 
accordingly the cathode rays are repelled to the centre of the 
cathode where they leave as a sharply defined pencil along the 
axis. This is the case whether the cathode is concave or plane. 
Now, since the centre of the cathode is the main source of the 
cathode rays which carry the current through the tube,. it 
follows that the potential at the centre of the cathode is less 
than that at the edges and thus the ordinary edge excess of 
potential is emphasised This is the explanation, I think, why 
sputtered deposit from the edges can be found in the central 
area, of the cathode of an old X-ray bulb. 

A deposit from the edges of the cathode forms also on the 
glass in the vicinity. This is objectionable and might possibly 
be prevented by constructing the cathode wholly free from 
sharp edges; the resulting greater uniformity of intensity 
might ensure that, with a soft tube at any rate, the active 
sputtering potential would not be reached. 

Probably the point is of greater importance with the anti- 
cathode. No coil discharge is wholly free from the inverse 
current, and it is during this phase, when the anticathode 
officiates as cathode, that most of the mischievous blackening 
of an X-ray bulb occurs, the more especially with a metal like 
platinum. This might be largely got over by making the anti- 
cathode approximate in shape to a sphere. 


ABSTRACT. 


The Paper gives.an account of the volatilisation of an aluminium 
cathode in a discharge tube containing helium. The sputtered de- 
posit on the glass indicates that, under the conditions which pre- 
vailed, the disintegration was restricted to the edges of the cathode 
and did not occur elsewhere. Accordingly the complete outline of 
the cathode (made by rolling a sheet of aluminium into a nearly 
complete cylinder) was traced out by the deposit on the walls of the 
tube. 


DISCUSSION. 


Prof. J. W. NicHoxtson asked if the size of the particles bore any rela- 
tion to the atomic weight of the metal. 


202 ‘ON CATHODIC SPUTTERING. 


Prof. T. MATHER asked if Dr. Kaye had made any tests of the conduc- 
tivity of the films, and whether they obeyed Ohm’s Law. 

Mr. D. OWEN inquired how adherent the films were to the glass. 

The AUTHOR, in reply, stated that the size of the particles depended 
chiefly upon the nature of the gas in the tube. The method had been 
considerably used for preparing extremely high resistances though the 
film had to be annealed first. He believed the thinnest films did not 
obey Ohm’s Law accurately. The adherence of the film varied with the 
metal. Gold adhered to glass well, but platinum was easily rubbed off 
till it had been heated to redness. 
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XX. On Vibration Galvanometers with Unifilar Torsional 
Control. By ALBERT CAMPBELL, B.A. 


RECEIVED APRIL 11, 1913. Reap APRIL 11, 1913. 


In vibration galvanometers, whether of moving-circuit or 
moving-magnet type, the control torque employed has usually 
been either elastic or magnetic, or a combination of both. I 
am not aware that either gravity or electrostatic control has 
been utilised in any types. The following Table gives the 
outstanding features of the more familiar forms of vibration 
galvanometers :— 


Designation. Type. | Current circuit. Control. Final tuning by 
1. Rubens, 1896 | Moving iron... | Polar coils,..... Wire torsion! Displacement of 
and magnetic] magnet poles 

2. Wien, 1901 ... | Moving magnet] Electromagnet | Ditto Ditto 

3. Campbell, 1907 | Moving circuit | Moving coil... | Elastic (bifilar) | Alteration of wire 
tension 

4. Duddell, 1909. | Moving circuit | Moving loop... | Ditto Ditto 

5. Drysdale, 1910 | Moving iron... | Fixed coil...... Magnetic Alteration of field 
by magnetic 

shunt 


In order to obtain the full sensitivity in a vibration galvano- 
meter it is essential to be able to vary the natural period of the 
vibrating system very gradually so as to get very fine tuning. 
It will be seen from the above Table that in different types the 
final tuning is done in a variety of ways. In the unifilar. gal- 
vanometers of Rubens and Wien, although the control is largely 
due to the torsion of a wire, the final adjustment is made by 
slight alteration of the magnetic field. Some time ago I dis- 
covered that, if a single strip (of hard phosphor bronze) is used 
instead of a wire, the torsional control can be varied to a large 
extent by merely altering the tension of the strip. In fact 
the strip behaves like a bifilar suspension, and the tuning can 
be done with great exactness by first adjusting the effective 
length with a sliding bridge, and then making the fine adjust- 
ment by altering the tension. 

I find that this property of certain strips, which has proved 
so useful, has also been noticed by Prof. L. R. Wilberforce, and 
investigated recently by Mr. H. Pealing (“ Phil. Mag.” p. 418, 
Vol. 25, March, 1913). Mr. Pealing gives examples of 
strips in which the torsional rigidity was increased by 40 to 
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50 per cent. by heavy loading; he finds that the anomalous 
effect is removed by annealing, and he attributes it to over- 
strains during the process of manufacture. 

I have used the new system of unifilar tuning both in moving- 
coil and moving-iron vibration galvanometers, and find it very 
convenient. In the moving-coil type the coil is made quite 
detachable, having contact hooks at top and bottom, which are 
caught by minute hooks on the ends of the upper and lower 
strips. The sensitivity of such a galvanometer depends a good 
deal on the size of mirror which is considered sufficient. With 
a mirror of 15 sq. mm. area a sensitivity at 100 œ~ per second of 
50 mm. at the meter distance per microampere is obtained, the 
effective resistance being about 700 ohms. Very good sensitivity 
can be obtained (at low frequencies) with strips of only 1 cm. to 
2 cm. length, and the instrument thus can be of very moderate 
height. 

_ The unifilar tuning is also successful for galvanometers of the 

moving-iron type. The moving iron may be in various forms— 
for example, in small permanent magnets (like Wien’s) or in a 
polarised thin strip, as in one of Blondel’s oscillographs. Mr. 
Pealing observed that continued tension for some weeks. 
gradually diminishes the anomalous effect. I have had one 
galvanometer under full working tension for five or six weeks, 
and it is still behaving very well; but further observation on 
this point is desirable. 


ABSTRACT. 


. The Author exhibited a moving-coil vibration galvanometer in 
which a novel principle is used to obtain the fine adjustment of the 
control torque requisite for accurate tuning. He has found that in a. 
phosphor-bronze strip under tension the torsional rigidity is con- 
siderably increased as the tension is raised. This anomalous 
behaviour of such strips has also been noticed by other observers 
(H. Pealing, “ Phil. Mag., March, 1913). If unifilar (strip) sus- 
pensions are used in a vibration galvanometer (whether of moving- 
coil or moving-iron type) the tuning can be done in just the same way 
as with bifilar suspension. In the moving coil instrument minute 
hooks on the ends of the strips engage in contact hooks at the top and 
bottom of the coil, which is easily detachable. 

With a mirror of 15 sq. mm. area, at 100% per second, a sensi- 
tivity of 50 mm.at a metre per micro-ampere can be obtained, the- 
effective resistance being about 700 ohms. 


DISCUSSION. 


Prof. T. MATHER asked Mr. Campbell if he did not think the variation. 
of period was possible because of the bifilar behaviour of a flat strip. 


- 


VIBRATION GALVANOMETERS. . . 205 


\ 


Prof. C. H. Lees remarked that it seemed natural to expect a strip to 
behave like a bifilar. He thought Pealing’s dismissal of this explanation 
would only be valid in the case of long strips 

The AUTHOR, in reply, stated that to some extent the result must 
certainly be due to bifilar behaviour. The effect due-to this cause de- 
creased as the length of the strip increased. In his own case where the 
length was only about 1 cm. it was probably large, but he did not think 
that this could be the whole explanation of the results in Pealing’s 
experiment where a length of 40 cm. was used. 
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XXI. Interference of Röntgen Radiation (Preliminary Account). 
By Prof. C. G. Banka, F.R.S., and G. H. Martyn, B.Sc. 


RECEIVED APRIL 3, 1913. READ FEBRUARY 28, 1913. 


FRIEDRICH, Knipping and Lane recently showed that when a 
narrow pencil of Röntgen radiation traverses a crystal many 
diffracted pencils proceed in various directions around the 
directly transmitted pencil from the portion of crystal tra- 
versed. Assuming the molecular structure of a crystal of zinc 
blende to be such as to form a space grating, they concluded 
that the images observed on the photographic plate would be 
produced if the radiation contained several conspicuous homo- 
geneous constituents—that is radiation of several distinct 
wave-lengths. 

Mr. W. L. Bragg pointed out that the directions of the pencils 
of radiation proceeding from the crystal could all be accounted 
for by considering simple reflection to take place at the various 
planes within the crystal containing the largest number of 
molecules, and that the radiation was analogous to white light 
giving a continuous spectrum in Röntgen radiation between 
certain limits of wave-length. The theory is in essentials the 
same as that of Laue, but it limits the applicability of Laue’s 
theory in one direction and extends it in another. 

We were engaged in investigating the phenomenon of the 
transmission of radiation through crystals, when an announce- 
ment of this important modification by W. L. Bragg was made. 
Two short notices were shortly afterwards published by us in 
“ Nature.” In the following Paper we now give a preliminary 
account of some of the experiments we have made up to the 
time of writing. 

A crystal of rock-salt, which is of the simple cubic form, was 
placed with one set of cleavage planes horizontal, and one of the 
two sets of vertical cleavage planes in the geographical meri- 
dian say, consequently, with the other set in east-west vertical 
planes. We will for convenience call the two sets of vertical 
planes the NS and the EW cleavage planes. 

An X-ray tube was placed below the crystal and was arranged 
to move in circular grooves in a NS plane around a point in the 
small crystal as centre. The angle of incidence of the Röntgen 
radiation on the crystal could thus be varied, while the dis- 
tance of the antikathode from the crystal remained constant. 
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Reflexion of X-Rays.—First the rays were allowed to pass 
through a very narrow circular aperture in a lead cap fixed to 
the bulb of the X-ray tube, and from this through a very narrow 
slit in a horizontal lead screen immediately below the crystal, 
the length of the slit being in a NS plane. Radiation passing 
through the slit was incident on the EW planes in the crystal 
at various angles as shown in the Fig. 1. It was found by 


Fia. 1, 


placing photographic plates at various distances above the: 
crystal that the principal emergent pencil (excepting that. 
directly transmitted) was one proceeding in the direction shown 
in the figure, indicating reflection from the EW cleavage: 
planes. Thus the radiation from a point source diverging in a. 
NS plane and falling on the EW cleavage planes produced a 
converging pencil which passed through a point focus (the 
vertical thickness of the crystal being negligible in comparison. 


‘208 PROF. C. G. BARKLA AND MR. G. H. MARTYN ON 


with the other distances concerned). When the slit below the 
crystal was widened so that it became a wide rectangular aper- 
ture, photographic plates placed above the crystal showed a 
continual divergence of the reflected pencil in an EW plane; but 
a convergence in a NS plane, until the distance of the photo-. 
graphic plate above the crystal was approximately equal to 
that of the point source below. Beyond this it diverged in a 
NS plane. Thus at a distance above the thin crystal equal to 
that of the source below, the secondary radiation was brought 
to a line focus, the line being horizontal in an EW direction. 
When the incident pencil was rotated in the NS plane (the 
plane of the figure), the secondary pencil rotated in the same 
plane, but in the opposite sense through an equal angle ap- 
proximately. When the incident pencil was turned from the 
N side to the S side of the EW cleavage planes, the secondary 
pencil also moved to the S side. In these experiménts the 
angle of incidence varied only from about 80 deg. to 90 deg. 

Thus an examination of the shape, direction and variation in 
direction of the secondary pencil show that this was a radiation 
regularly reflected from the cleavage planes within the 
crystal. 

We must state here, however, that in later experiments when 
a much greater length of crystal was exposed, and the X-ray 
tube was removed to a much greater distance, the secondary 
‘beam did not converge to a line focus in the position we had 
expected on the simple reflection theory. Whether this was 
.due to irregularity in the crystal structure or to the inadequacy 
of a simple reflection theory we cannot at present say. A tilt 
of cleavage planes through an angle of about 15 minutes would 
produce the deviation observed. We have, however, found the 
laws of regular reflection to hold with a fair degree of accuracy 
in our experiments with small crystal fragments when the angle 
of incidence was between 80 deg. and 90 deg. 


Fringe System.—It has been seen that using a small source of 
radiation, and allowing a pencil to pass through a narrow slit 
with its length in a NS direction in the lead plate below the 
crystal, different portions of this pencil were incident at different 
angles on the EW cleavage planes. A photographic plate in 
position P, was affected in the position K by the radiations 
reflected at various angles, a definite point on the photographic 
` plate corresponding to a definite angle of incidence: and re- 
flection. It was found that the narrow band produced on the 
plate with its length in a NS direction was broken up into a series 
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of approximately equal-spaced portions by maxima of photo- 
graphic effect. At one end of the system there was complete 
separation of the maxima by portions of the plate which were 
not affected to any appreciable extent. 

Such a system could be explained by interference between 
pencils of radiation reflected from a large number of equal- 
spaced EW cleavage planes in the crystal, the source being small, 
and the radiation producing photographic action being fairly 
homogeneous, that is consisting of waves of length within fairly 
narrow limits. This was originally suggested by us as a possible 
explanation which seemed adequate to the phenomena we had 
observed. Later experiments have not given support to this 
simple explanation, though the phenomena still appear to be 
due to interference. 

On removing the lead diaphragm immediately outside the 
X-ray tube, and thus exposing the crystal to the whole of the 
antikathode, the source was, of course, more extended. The 
result was in some cases the'almost complete disappearance 
of the above fringe system due to overlapping. When, how- 
ever, the antikathode was situated at a considerable distance 
from the crystal the fringes were still quite clearly marked, as 
the source was again small compared with the distance from 
the crystal. 

Up to the time of writing five crystal fragments have been 
used (two, however, being from the same large crystal) and 
these fringes have been observed with each. In some cases the 
fringe system became blurred owing to obvious irregularities in 
the crystal, and in parts it was indistinguishable. 

The most extended system observed was one in which at one 
end of the image the fringes were very distinctly separated, 
while at the other they appeared to coalesce in pairs. Assum- 
ing each fringe at the latter end still to contain two constituent 
fringes, the full series consisted of 26 fringes. 


-~ . Band System.—Using a long rectangular aperture it was 

seen that the rectangular image obtained by reflection as before 
was broken up into a system of bands separated by spaces 
showing little or no photographic action. These spaces 
coincided in’ position with minima of the fringe system, while 
each band of this second larger system usually contained eight 
complete fringes of the first system. (These appeared as four 
in the coalesced form.) That is, a long rectangular image was 
divided into a number of bands of approximately equal length, 
each band being very definitely separated from the next, and 
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each containing a number of fringes which were usually much 
less clearly marked. | 

In addition to the fringe system and band system above ` 
described, there was a variation in intensity of the image from 
band to band. A sufficiently large bumber of bands has not 
been observed to enable us to see if this variation in intensity 
is regularly periodic, that is if there is a larger system of bands, 
containing the system described above, Not more than six 
bands have been observed in one image. 


Brushes.—Other pencils of radiation not obeying the laws 
of regular reflection have been found to be emitted by some 
crystals. Those are shown on the photographic plate by 
brushes spreading out from the image due to the directly trans- 
mitted radiation. These are thus due to pencils of radiation 
apparently spreading out in planes passing through the direc- 
tion of propagation of the primary radiation. 

Though sufficient experiments have not been performed to 
enable us to arrive at a final conclusion as to the exact origin 
of the phenomena observed, it seems desirable that the experi- 
mental results should be recorded at the present time, for the 
full investigation will probably be somewhat prolonged, and 
the results already arrived at are of interest. 

Examination of the photographic effect of the beam reflected. 
from the NS planes—obtained by giving these a small angle 
with the vertical—revealed no variation in intensity from end 
toend of the band. There was no indication either of the bands 
or the fringes running EW, which were so clearly marked in the 
photographic effects of the pencils reflected from the EW cleav- 
age planes. Thus of the two reflected beams, reflected presum- 
ably from the same molecules, one exhibited periodic variation 
in intensity from end to end, while the other showed no such 
variation. The latter, however, showed fringes parallel to its 
own NS reflecting planes. We cannot at present account for 
this except by interference of one form or another. If it turns 
out to be due simply to a periodic change of angle of the reflect- 
ing planes the interference is of the kind resulting in regular 
reflection, but shown by this difference in the structure of the 
images in a more striking way than usual. 

The beam of radiation directly transmitted through the 
crystal, though different portions of it passed through at dif- 
ferent angles, produced a photographic image which even when 
of the same average density as that of the image due to reflec- 
tion, exhibited absolutely no variation in intensity from end to 
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end. Thus the variation in intensity was in no way due to a 
variation in absorption of the incident or the reflected radiation. 

The source of radiation was moved in a NS plane, so that 
the angle of incidence on the EW planes changed by about 
5 deg. The whole reflected system moved through approxi- 
mately the same angle. The bands and fringes shown on the 
photographic plate moved bodily along, the maxima and 
minima appearing to originate in precisely the same portions 
of the crystal as previously. 

The crystal was moved horizontally in a NS plane over the 
rectangular aperture, while the source of radiation was fixed. 
The bands and fringes moved with the crystal, again indi- 
cating that maxima and minima of intensity originated in the 
same positions as previously. 

The crystal was rotated about a vertical axis through 180 deg. 
The features of the band and fringe systems appeared to have. 
turned through 180 deg., the positions being identified by 
irregularities in the bands and fringes. 

Thus the features appeared fixed with respect to the crystal, 
that is the features originated at definite parts of the crystal, 
at any rate under the stated changes of experimental condition. 

Corresponding features were shown, too, in the images 
obtained by reflection in other vertical planes, as, for instance, 
the vertical planes running north-west to south-east, and again 
the maxima and minima appeared to originate in the same 
parts of the crystal as the corresponding maxima and minima 
in the other images.. In these cases, however, the distance 
traversed by a ray from one reflecting plane to the next was the 
same as in the case of the EW planes. The contrast with the 
image due to reflection in the NS planes was most marked. 

As stated above, several crystals were used, and when the 
other conditions of the experiments were kept constant little 
variation in fringe-width was observed. A variation in band- 
width of greater magnitude however was observed, a certain 
crystal 5 mm. thick, producing bands 25 per cent. smaller than 
the case of another crystal 2 mm. thick. In these experiments “ 
the fringes were not visible, and the bands not so well marked 
as in later experiments. The possible causes are too numerous 
to speculate upon at this stage. 

The thick crystal was turned through 90 deg. about a vertical 
axis, so that the previous NS planes become the principal 
. reflecting planes. The band-width was found as closely as 
measurable the same as in the first position. 

VOL. XXV. O 
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The penetrating power of the primary radiation was varied 
considerably, but when care was taken to keep the other con- 
ditions of the experiment as nearly as possible the same, no 
variation in band-width was observed. 

The quality of the radiation in the reflected pencil was tested, 
first by placing absorbing sheets of aluminium in its path and 
observing the density of the photographicimage. The reflected 
radiation was found to be ofa penetrating type. It was neither 
corpuscular (electronic) radiation nor characteristic (fluorescent) 
X-radiation, but might be of the quality of the only other type 
of secondary radiation known—scattered X-radiation. By 
the ionisation method* it was found that the radiation con- 
stitutmg the reflected pencil (together with a scattered 
radiation, the intensity of which was scarcely sufficient to 
produce appreciable photographic effect) was comparatively 
homogeneous. The same was true of the directly transmitted 
pencil of X-radiation, which it closely resembled in penetrating 
power. It was probably no more homogeneous than any 
ordinary beam of Röntgen radiation becomes by transmission 
through a thick sheet of substance by selective absorption of 
the longer waves.t The intensity of a reflected pencil was 
measured by comparing the times required by this and by the 
directly transmitted pencil to produce equal photographic 
effects. It was found that the intensity of the reflected pencil 
was only -55v of that of the directly transmitted pencil. This 
is only a very small fraction which may be roughly estimated 
as of the order 54, of the total energy of the radiation scattered 
by the rock-salt. [We should expect regular reflection to take 
place from comparatively fixed electrons, whereas scattering 
might be produced by both fixed and moving electrons. ] 

Finally, we have not yet arrived at any definite conclusion 
regarding the exact origin of the periodic variation in intensity 
of the reflected beam. It appears to be due to a corresponding 


* W. H. Bragg first showed that the reflected radiation produced ionisation 
in air, while Moseley and Darwin found in a certain case the penetrating 
power of the radiation was very like that of the primary radiation. 

t We should like here to take the opportunity of correcting some mis- 
apprehensions that arose in the discussion on this Paper. One of us said 
that the fluorescent X-radiation from an element was quite probably as 
homogeneous as the radiation giving some spectral lines—say as homo- 
geneous as the light from a sodium flame ; that the homogeneity of the 
X-radiation here dealt with was, however, only such homogeneity as would 
result from a selective absorption of the longer waves from a radiation 
originally giving a continuous spectrum between certain limits. How 
homogeneous this was we were not then prepared to say. 
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large structure in the crystal itself. If there were a periodic 
break in crystalline structure corresponding features might be 
expected to be shown by reflection in the NS planes as well as 
by reflection in the EW planes. We have seen no indication 
of this. Again a periodic progressive change of angle of the 
cleavage planes would result in a separation of the reflected 
pencils such as we have not observed. A periodic change of 
angle alternating in direction would produce two systems of 
fringes the superposition of which in some positions would 
_ produce the fringe systems observed. It will be necessary 
to carefully trace the directions of these fringes from the 
crystal source outwards in order to determine their exact 
method of propagation. Such twinning, however, cannot as 
far as we see at present account for the separation.into bands. 

The fact that the features disappear when the radiation 
proceeds in certain directions is evidence of interference. 

_ The investigations are being continued. Neither the varia- 
tion in intensity of the bands nor the origin of the brushes of 
radiation has yet been studied by us. 

Notr.—I wish to thank the Solvay International Institute 
for a grant in aid of these researches, and Dr. Sibly for a 
number of crystal specimens and for his kindness when I have 
consulted him on crystallography.—C. G. B. 


ABSTRACT. 


The authors have made a preliminary investigation of the Rontgen 
radiation proceeding from a crystal of rock salt (which is of the 
simple cubical form) when a pencil of Röntgen radiation is incident 
in a direction nearly grazing one of the three sets of mutually per- 
pendicular cleavage planes. 

Reflection of X-rays by the Cleavage Planes. Using a very narrow 
pencil of radiation, it was seen that the principal secondary pencil 
was one obeying the laws of reflection from the cleavage planes. 

A pencil diverging in all directions from a point source produced a 
corresponding reflected pencil of radiation converging to a line focus 
after reflection from a set of parallel cleavage planes. The quality 
of the radiation forming the secondary pencils was shown both by 
the photographic and by the ionisation method to be, not. the fluores- 
cent X-radiation, but of the kind previously described as scattered 
X-radiation. It was approximately of the same penetrating power 
as the primary radiation, and was approximately homogeneous, 
having traversed 5 mm. of rock salt in the case investigated. 

Interference Fringe Systems.—A diverging pencil of radiation was 
directed on to a crystal so that various portions were incident on the 
cleavage planes at different angles. A photographic plate showed the 
relative intensity of the corresponding reflected radiations. It was 
seen that the intensity. of the reflected pencil varied periodically 
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with varying angle of incidence, the maximum being separated by 
intervals corresponding to approximately equal increments in the 
value of cos 0, where 6 was the angle of incidence on the reflecting 
planes. i 

Such a series of maxima may be explained by interference of the 
pencils reflected from equal spaced parallel planes, the maxima being 
spectra of various orders. | 

The wave-length, calculated on the assumption that these are 

planes passing through corresponding portions of molecules in the 
planes of cleavage, and that a molecule is simply NaCl, is found to be 
0-6x10-°cm. If the molecule be more complex, the calculated 
wave-length would be greater. This value thus agrees remarkably 
well with the value (between 1 and 2 x 10-9 cm.) calculated from the 
velocity of ejection of electrons by this X-radiation, taking this to 
Dehave as ultra-violet light of short wave-length. 
_ Using a more extended source the above “‘ spectral lines °” became 
indistinct and disappeared, bu: there appeared a periodic variation 
in intensity, the band-width being about four times the distance 
between the above lines. Such a system of interference bands 
would be produced by a second plane of reflection within the mole- 
cules in a position dividing the distance between the other planes in 
the ratio 1 : 3 approximately. All the evidence considered indi- 
cates that these effects are due to interference. Various crystals 
were used, and one was turned through a right angle so that another 
system of planes acted as reflecting planes. 

The only experiment made up to the time of writing on the effect 
of varying the penetrating power showed a 25 per cent. smaller 
band-width with a radiation of increased penetrating power. Further 
experiments are, however, being made. 

Finally, there can be little doubt that the fringe systems are inter- 
ference fringe systems. That the smaller system is a series of 
spectra of different orders and the other an interference band 
system seems probable; this theory certainly explains the results 
observed up to the time of writing. l 


DISCUSSION. 


The PRESIDENT remarked that Prof. Barkla, in explaining the second 
system of fringes, assumed that each molecule contained an excentrically 
placed electron similarly situated, and that all these eiectrons were 
stationary, which was contrary to the usual ideas on the subject. Prof. 
Barkla also rather sharply distinguished between regular reflection and 
scattering. But regular reflection could be considered to be due to a 
system of scattered wavelets. 

Prof. C. H. Lees thought it was surprising to see that the results were 
capable of such a simple explanation, and hoped that such experiments 
would lead to more knowledge of the structure of the molecules. 

Prof. J. W. NICHOLSON pointed out that if the molecule had been 
assumed to be more complex than NaCl the wave-length obtained would 
have been greater. 

Dr. G. W. C. Kaye remarked that these experiments constituted a fresh 
blow to the corpuscular theory of the X-rays. The present experiments 
showed a great similarity between X-rays and ordinary light. Had 
Prof. Barkla used other crystalline substances ? He hoped that the re- 
sults obtained with rock salt could be generalised from. 

Mr. C. E. S. Paituivs inquired about the time of exposure necessary 
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Had Prof. Barkla made experiments with mica or star-mica? Some 
experiments with these substances made at the Cancer R search Hospital 
showed irregularities they could not easily explain. 

Mr. D. OWEN remarked that the experimental results were interpreted 
_ by the author as implying the existence of homogeneous etheric waves. 
It seemed, however, unthinkable that radiation of definite wave-length 
could be emitted from the anti-cathode of the X-ray bulb, considering 
that the exciting cause of the production of these rays was the bombard- 
ment of the metal by cathode-ray particles. The values deduced for the 
wave-length were of the same order as the dimensions of the molecule. 
This result suggested that the definiteness of structure of the rays was 
imparted by the arrangement of the molecules in the crystal employed, 
that this definiteness existed only after the crystal had produced its 
effect, and that what was being measured was not the wave-lengths of 
the incident radiation but the distance apart of the molecules. Might not 
the phenomena be then of the same kind as those occurring in the “ pali- 
sadé effect” in acoustics? It would be of interest to know whether 
the wave-lengths found depended on the nature of the X-ray bulb, 
whether “‘ hard ” or “ soft.” l l 

Prof. BARKLA, in reply, stated that by chemists it was considered highly 
probable the molecule was more complex than NaCl. On the theory given, 
the wave-length would be proportional to the cube root of the number of 
atmos in the molecule ; thus, if a molecule were Na,Cl,, this would make the 
calculated wave-length twice as great. When the full anti-cathode was used 
the exposure given was four or five hours. With a restricted pencil the 
exposures given sometimes amounted to 18 hours. The crystal plates 
employed were 2mm. to 5mm. thick. After passing through this plate 
the rays were very homogeneous. One of the things that the corpuscular 
theory of X-rays had been put forward to explain was the fact that X-rays 
of a given quality, when absorbed by any material, caused the emission of 
electrons, the maximum velocity of which depended solely on the quality 
of the X-rays, and not on their intensity. But the same was true of light, 
the wave nature of which there was little disposition to question. 

NotEe.—The results of further experiments are given in the Paper. 
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XXII. Some Oscillograms of Condenser Discharges, and a Simple 
Theory of Coupled Oscillatory Circuits. By J. A. FLEMING, 
M.A., DSc., F.R.S. 


ReaD Marca 14, 1913. RECEIVED APRIL 15, 1913. 


THE theory of the single and of two coupled oscillatory 
circuits containing capacity and inductance in series is well 
understood, and has been made the subject of innumerable 
Papers from the date of Lord Kelvin’s first classical memoir 
and onwards. Of late years it has been treated with especial 
elaboration with reference to phenomena in wireless tele- 
graphic apparatus. For teaching purposes we require simple 
methods of arriving at the chief formula and objective means 
of illustrating the results, so as to give the student confidence 
in the mathematical deductions. I have found the following 
method of discussing the phenomena well suited for engineering 
students, as it makes use of ideas brought before them in other 
studies and involves no mathematics beyond the simple algebra 
of complex quantities. 

We may discuss as. follows first the problem of a condenser - 
discharging through an inductive circuit. To make the problem 
general, we shall assume the condenser to be a leaky one. 

Suppose free damped oscillations have been established in 
a circuit consisting of a wire having resistance R and in- 
ductance L, completing the circuit of a condenser of capacity C 
having leakance S. Let n be the frequency of these oscilla- 
tions, and let 2xn=p. If, then, we assume, as we may do, 
that the currents and voltages vary harmonically, and are 
proportional to the real part or horizontal step of e , where 
j=V—1 and P=p+ ja, in which a is the damping factor, 
then the voltage drop down the resistance at the instant when 
the current is I is (R+)PL)I. Also the voltage drop down the 


condenser 1s and, since the oscillations are free, there 


S+ 7PC’ 
is no impressed H.M.F. Hence the total voltage drop down 
the whole circuit is zero, or 
l 
(R+7PL)+ e o 
Therefore (R+IPLXS+/PC)=—1=7. . . . . (2) 
VOL. XXV. P 
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Divide all through by CL, and put 2a for R/L and 2b for S/C. 
Then 


n , 
(jP-+-2a)(7P-++2b) = a rn) 
Add to both sides (a —b)? and wa and we have 
ae: = 
{ Pato) =pl 7 —(a—oe}. a A 


Taking the square root and multiplying by —j all through 
we have 


P=p+ja= =jabt / —(a—b)?,. . . (5) 


and then equating real parts we have 


p=2nn= tf i_(} a ee ara 6) 


which gives us the frequency of the oscillations in ı the circuit: 
The damping factor a=(a-+-b) and the ratio of two successive 
oscillations is ¢e~t4T2-. hence the decrement 6 of the 
oscillations per half period is 


(a+-b)T/2, or si(a E (7 


1f the condenser is assumed to be non-leaky, we have the usual 
formule for the frequency and decrement of a non-radiative 
or closed circuit thus arrived at in the simplest manner. The 
equation (6) shows that the frequency depends on the damping 
and that the rate at which the oscillations decay increases as 
the resistance R of the circuit or the leakance S of the con- 
denser increases. These formule can be confirmed both 
qualitatively and quantitatively by experiments made with 
a Duddell oscillograph. For this purpose we attach to the 
shaft of an ordinary single-phase alternator a commutator 
consisting of brass segments let into an insulating disk of 
stabilit, one sector for each pole of the alternator. Three 
metal gauze brushes press against the sectors and the sectors 
are staggered, so that whilst the middle brush always rubs on a 
sector. the outside brushes are alternately in metallic contact 
with the middle brush as the sectors run round. The motor 
of the oscillograph is driven synchronously direct off the 
alternator. A condenser of suitable capacity has one terminal 
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connected to the middle brush, and the two outside brushes 
are connected respectively to a battery of cells and to the 
condenser discharge circuit. The remaining terminals of the 
condenser, battery and discharge circuit are connected to- 
gether. The condenser is then charged and discharged 
synchronously with the movement of the tilting mirror of 
the oscillograph. The oscillograph wires can be connected 
through resistances with the terminals of the condenser or 
with two points on the discharge circuit. 

We have then on the oscillograph screen a visible repre- 
sentation of the oscillation of current or condenser P.D., which 
can be photographed. The oscillograms in the appended Plate 
were taken with a condenser of the capacity of about 5 mfd. 
and with variable resistance in the discharge circuit. They 
show the slight variation of frequency with resistance, and the 
rapidly increasing decrement at the resistance R increases. 
In this case the condenser was non-leaky. The critical case, 

2 
when a corresponding to cessation of oscillations, 
is confirmed by the oscillograms Nos. 11, 12, and 13. The 
value of R, which just annuls oscillation, agrees closely with 
the value predicted by theory. 

Supposing the resistance of the discharge circuit is kept 
constant and small, so that R*/4L? is small, and if the leakance 
of the condenser is gradually increased by a non-inductive 
resistance placed as a shunt across the terminals, then there 
should also be a decrement which increases with the value of 
S, and finally extinguishes the oscillations when 

| l = R $ i 
CL \2L 2C/° 
This is well shown by the oscillograms Nos. 14 to 21, which 
illustrate the effect of gradually increasing the leakance of the 
condenser, and show that the leakance, which just annuls 
all oscillations, agrees with that predicted by theory. 

Turning, then, to the case of coupled oscillatory circuits, we 
can establish in the same simple manner the essential theory 
of the interaction. 

Let there be two oscillatory circuits having condensers of 
capacity C, and C,, and leakances S, and S,, in series with 
circuits of resistance R, and R, and inductance L, and L, 
respectively. Let free oscillations be excited in one circuit 
and react upon the other, the mutual inductance being M. 

P2 
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Then if these oscillations are damped they can be represented. 
by the real parts of e?t"— J", where p=—2n times the 
frequency and a is the damping coefficient = R/2L+-§/2C. 
Hence, when the circuits are in oscillation and left to them- 
selves, the currents I, and I, are determined by the two 
equations 
1 

gata pees) | a 

j ; “S120: 
MPI, + | (Rot 7Pel A+ Po 2 0 } 
Writing Tim, for the function R,+ 7P,L,+(8,47P,C,) 1 and 
Tim, for the same function for the secondary circuit, these 
being respectively the total impedances for damped oscilla- 


tions, we have 
Lim,1,+7MP,1,=0, 


MP L+ Tim, Ia =0. . . . . . (9% 
Eliminating I, and I, the determinant 

Tim, 7MP, _ 

MP” Tims |= > o (0) 


or Tim, Tim,+M?P,P,=0 gives us an equation determining 
the frequency of the oscillations set up in the circuits. 

Suppose we limit ourselves to the case of non-leaky con- 
densers and consider the resistance of the secondary circuit 
to be small. Then §8,—S,=0 and also if R,=0, we have 
P,=p=2an. 

Let us denote the mutual inductance by M=ky/L,L,, 
where k is the coefficient of coupling; then the determinant 
(10) reduces to 


(1—P,?C,L,+7P,C,R,)(1—P,C,L,+7P.C,R,) 
=M?P,?P,2C,C,, (11) 
or, since P,=p and P,=p-+ ja, and M?=/7L,L,, we have 
(1—p*C,L,)| 1—(p*—ay2)CL, —72a,pC,L, + jpC,R,—a,C,R, | 
=h?(p?— a,?)p?C,L C Lot 7h?2a,p°C LCL. 
Equating real parts of the above equation and remembering 
that a,=R,/2L,, we find at once on substitution that 
1—p?(C,L-+C,L,)+ p(1—#)C, L,0,L, 
=a,(C,L,—hp?C,L,C,L,— pL: CL). . (12) 
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If we assume the circuits are tuned, or that C,L,=C,L, 
=CL, then equation (12) reduces to 


(p2CL(1—2)—1) (p*CL(1+-%)—1) 
—a,CL(1—(1+#)p?CL)=0. . (13) 


Suppose, then, that a, is very small, or that the damping in 
the primary is negligible, the equation (13) is seen to be 
satisfied by 

E. oe and by pe 9 

/CL(1—h) /CL(1+k) 

and there are, therefore, oscillations of two frequencies given by 
the above well-known formule. If, however, a, is very large, 
or the primary current rapidly quenched by increasing the 
resistance R, to infinity, then the coupling becomes zero when 
the primary circuit is open, and we have only one oscillation, 
which is the free oscillation of the secondary circuit. For 
Jntermediate values of a there will be three frequencies present. 
These well-known results are illustrated in the oscillograms 
Nos. 23 to 40 in the appended Plates which show the effect of 
gradually increasing the coupling of two inductively coupled 
circuits, and thus creating in the oscillation trains beats indicat- 
ing the presence of two frequencies. The primary circuit in 
this case remains closed. If the primary circuit is opened very 
soon, so as to quench the primary current, then the oscillo- 
grams Nos. 32 to 36 show the existence of only a single-period 
oscillation, which,is the free oscillation of the secondary circuit, 
provided the coupling is not very close. The oscillograms 
show that even if the two circuits are not tuned when the 
primary current is suddenly arrested, we have in the secondary 
an oscillation of frequency given by p=2an=1/./C,Lg, as 
it should be. 

In the case when the coupling is not very loose and the 
primary current not instantly damped, we may have oscilla- 
tions of three periods co-existing in the secondary circuit ove, 
its own free oscillation corresponding to the last factor in 
equation (13), and the other two the periods due to the reaction 
of the two circuits prior to the instant when the primary 
resistance becomes infinite. This is well shown in a number 
of resonance curves described by the Author and Mr. Dyke 
in a Paper on “ Some Resonance Curves taken with Impact 
and Spark Ball Discharges,” “ Proc.” Phys. Soc., Lond., 
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Vol. XXIII., 1911, p. 136, in which resonance curves with 
three humps are shown. The function Tim above defined is, 
of course, only an extended form of Heaviside’s resistance 
operator, the application of which in all problems involving 
oscillation transformers was recently explained by Dr. Eccles 
in a Paper on the “ Application of Heaviside’s Resistance 
Operators to the Theory of the Air-core Transformer and 
Coupled Circuits in General.” (See W. H. Eccles, D.Sc., 
“ Proc.” Phys. Soc., Lond., Vol. XXIV., 1912, p. 261.) 

The function Tim may be called the complete resistance 
operator of a circuit having inductance and capacity, and the 
whole theory of the transformer is then embraced in the 
equations (8), (9) and (10). The application to predict the 
graph of the primary and secondary current is given in Dr. 
Eccles’ Paper above. The oscillograms given in connection 
with the present Paper have been carefully taken by Mr. 
Dyke, and as the capacities, inductances and resistances are 
given in every case, they will serve to check the theory and 
to enable any student to predetermine the frequencies which 
will arise without the necessity for anything but the simplest ` 
algebraic equations. It is possible from the oscillograms, by 
measuring the ratio of successive oscillations, to make a fairly 
good approximation to the calculated decrement from the 
known resistance, capacity and inductance of the circuit. 

The above Paper was illustrated by about 40 oscillograms 
of condenser discharges of single and coupled circuits prepared . 
as lantern slides.* 

They were as follows (see Plate) :— 


Series I. (Slides 1 to 5).—The first set of five slides show the 
oscillatory discharge of condensers having capacities respec- 
tively of 4-0, 2-0, 1-0, 0-5,, 0-25 mfd. when discharged with 
oscillations through an inductive resistance having an in- 
ductance of 0-031 henry and a resistance less than 19 ohms. 
The frequencies corresponding to these various capacities are 
450, 640, 900, 1,280 and 1,800, and measurements made on 
these oscillograms show that the frequency varies inversely 
as the square root of the capacity, as it should do by theory. 

Series II. (Slides 6 to 10).—The second set of five slides show 
the effect of mcreasing the resistance of the charge circuit, the 


* The Cambridge Scientific Instrument Co., of Cambridge, England, have 
undertaken to reproduce and supply these slides to colleges and teachers 
who may be desirous of possessing them, but have not the means of pre- 
paring toe oscillographs thy m: elves. 
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capacity remaining constant at 5-0 mfd. and the inductance at 
0-031 henry. The resistance is successively increased to the 
values 4-4, 22-3, 51-6, 72-0 and 112-0 ohms, and the effect of this 
is shown by the progressively increasing damping of the 
oscillations, the frequency remaining constant. 

It should be noted that in the first two slides of this series 
the particular arrangement used for obtaining the oscillogram 
does not permit the whole of the oscillations in the train to be 
photographed ; only three or four complete oscillations are 
shown, but this does not exhaust the energy stored up. Itis, 
however, sufficient to show the damping or ratio of one oscilla- 
tion to the next. . 

The decrement ô in each case can be calculated from the 
formula 6=R/4nL, and can be measured from the ratio of 
successive amplitudes, since d=log, I/I. , 

Corresponding to the various resistance (R) and frequencies 
(N) the calculated decrements and decrements measured from 
the oscillograms are as follows :— 


R. N. 6 (calc.). ô (obs. ) 
CS ee 405 ae COT ame 0-11 
220 deuri 400 e 0-45 s 0-38 
§16 a... 363 Serie LOS cpi 1-06 
TZO: eset 330. eres e .ataees 1-6 
H120 re 284 ca aeee 315: gins 


Series II.a (Slides 11 to 13).—Three slides, penne a con- 
tinuation of Series II. on an enlarged scale. The well-known 


formula for the i 
=V Oot CL a 


shows that in the case By a ee discharged the discharge 
2 


CL 412 
rg three slides in this series show the observed effects when 


ceases to be oscillatory when 2 


R2 
‘is a little greater than, equal to, in a little less than ~ AL 


In a condenser circuit the damping depends not only on the 
resistance of the circuit in series with the condenser, but on 
any leak in the condenser. 

Series II.b (Slides 14 to 18).—Consists of five slides showing © 
_ the effect of gradually diminishing a resistance (r) in parallel 
with the condenser. In this case the capacity was 5-0 mid., 
the inductance of the circuit 0-031 henry and the series resis- 
tance about 4 ohms. The shunt resistance was made suc- 
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cessively infinity, 278, 120, 86 and 55 ohms, and the oscillo- 
grams show the gradually i increasing damping. Corresponding 
to this, the frequency (N) and the observed and calculated 


decrements are as given below :— 


r. N. 6 (calc.). ô (obs.). 
OO ejem 405 dues 008  — cases 0-07 
278 Gan 400 aasaee 053 aias 0-57 
120° actus 3827 Jir LI? ooe 1-24 
86 se aeee SOG. vores Fii sn 1-63 
BD > cin 284 sesse 3°26 wanna — 


Serves I I.c (Slides 19 to 22).—This consists of four slides which 
are a continuation of Series II.b on an enlarged scale, intended 
to show that for the shunt conductivity S the discharge just 


ceases to be oscillatory when — : ee Three of the oscillo- 
grams show the state of affairs when — 7 = is a little greater than, 


equal to, or a little less than oa and the fourth when 


402? 
TT: = = a when the discharge again becomes oscillatory, 


though the damping is large. 

Serves ITI. (Slides 23 to 26).—Four oscillograms illustrate the 
reaction between a primary and secondary circuit, both having 
capacity and inductance, but coupled with various degrees 
of coupling (mutual inductance). 

The primary and secondary circuits are tuned so that the 
product CL is the same for both, and the frequency is 1,610. 
It is well known that when the coupling is close (as shown on 
slide 26), then the reaction of the circuits produces in each 
oscillations of two different frequencies, and these make them- 
selves evident by producing the phenomena of beats in the 
train of oscillations. 

Series IV. (Slides 27 to 28).—These two oscillograms are 
taken with the same coupled circuits, only in the first case the 
primary current is not quenched, and in the second it is rapidly 
damped out to show the resulting annihilation of the beats. 

Serves V. (Slides 29 to 34).—These six oscillograms of the 
oscillations in two coupled circuits illustrate the effect of 
varying the resistance, and therefore damping in the two 
circuits. ; 

The circuits were tuned and loosely coupled. The slides 
29, 30, 31 show the effect of gradually increasing the resistance 
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in the secondary circuit, whilst that in the primary remains 
constant and at low value: The primary resistance=5-4 ohms 
and the secondary resistance=11-5, 27 and 53 ohms. It will 
_be noticed that the secondary never ceases to oscillate before 
the primary. 

The slides 32, 33, 34 show the effect of gradually increasing 
the resistance in the primary, whilst that in the secondary 
remains constant. 

Series VI. (Slides 35 to 36).—In these cases the damping of 
the primary is increased until it becomes aperiodic, and it is then ` 
seen that the oscillations in the secondary are solely determined 
by the capacity and inductance of the secondary circuit, no 
matter whether the circuits are tuned or not. In slide 35 the 
primary and secondary circuits are tuned, and in slide 36 they 
are not tuned, but the frequency in the secondary is the same— 
viz., its own free natural frequency in the two cases. 

Series VITI.(Slides 37 to 40).—This comprises four oscillograms 
showing the effect of an aperiodic secondary circuit. Slide 37 
shows the primary oscillations when the secondary ‘is open, 
slide 38 the result of closely coupling a tuned secondary circuit 
of small damping. Slides 39 and 40 show the result of in- 
creasing the secondary resistance until it becomes a forced 
oscillation of the same frequency as the primary, no matter 
how greatly the secondary capacity is varied. The scale of 
the last two slides is different from that of Nos. 37 and 38. 

In conclusion, the Author desires to thank his former assis- 
tant, Mr. G. B. Dyke, B.Sc., who skilfully photographed all 
the above-mentioned oscillograms, and prepared therefrom 
the lantern slides, which have been reduced in scale for the 
accompanying Plate. 


ABSTRACT. 


The author gave a very short method, involving only the simplest 
algebra, for arriving at a formula for the time of free electrical 
oscillation of a leaky condenser in series with an inductive resistance, 
the oscillations being damped. The amplitude of the oscillations is 
proportional to the real part of e!!, where P=p+ja and p=2rn, 
n being the frequency and a the damping coefficient. Hence the 
volt drop down the resistance is R+7PL, and that down the con- 
denser is (S+7PC)-!. The sum of these two is zero, which leads at 
once to the equation 


=, A/R S JT z 
P=p+je=i( ar tgo) E Gt-se) 


giving the frequency and damping. The formulæ can be confirmed 
by oscillograms taken at low frequency with a Duddell oscillograph, 
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and a number of these were shown demonstrating the accordance of 
fact with deductions from the formula. In the same manner the- 
case of the coupled circuits was considered and the E.M.F. equations. 
written in the form Tim,I,+jMP.I1,=0, jMP,I,+T7im,I,=0.: 
When Tim stands for (R+7PL)+(S+ PC)". Eliminating the 
currents I, and I,, we have an equation which can be solved for p. 
Taking the reduced case of non-leaky condensers, tuned circuits,. 
and zero resistance in the secondary, Dr. Fleming deduced the 
equation— 

{p?CL(1—k)— 1}{p?CL(1 +k)—1}—a/2CL(1—(1 +#)p*CL)=0, 
which shows ee there are in general, oscillations of three frequencies. 
in the circuits. This was confirmed by photographs of oscillograms 
and diagrams of resonance curves. 


DISCUSSION. 


Prof. S. P. THompson admired Dr. Fleming’s ingenious method, 
which was, he considered, much more intelligible to students than writing 
down the differential equation and then integrating it. He also admired 
the beautiful oscillograms, and hoped it was possible to procure copies of 
them, as he considered every teacher ought to have a set. 

Dr. W. H. Eccies also expressed the opinion that Dr. Fleming’s 
method of solution would be valuable to teachers. He also pointed out 
that the leakage S of the condenser could be so adjusted as to neutralise 
the effect of the external resistance R on the period, and suggested that 
this fact might be made use of to measure high frequency resistances. 

Prof. G. W. O. Howe stated that he had used a similar method in 
teaching. It was very important to clearly bring before students 
what was happening in the various circuits. The oscillograms could be . 
used to determine the high-frequency resistance, as the log. dec. of the 
train of oscillations could be measurcd very accurately. 

The AUTHOR, in reply, stated that he possessed the original copies of 
the oscillograms, and would be pleased to supply copies to teachers. 
desiring them. 
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XXIII. An Exhibition of Braun Cathode-Ray Tubes and an 
Electrostatic Machine for Working them, used as a High- 
Frequency Oscillograph. By Dr. J. A. Fiemine, F.R.S. 


RECEIVED APRIL 15, 1913. ReaD Marcu l4, 1913. 


For the delineation of extra high-frequency electrical oscilla- 
tions no mechanical oscillograph is available, and the only 
possible means is by the aid of a Braun cathode ray tube and 
phosph orescent screen. 

The tubes used by the writer have been made by Messrs: 
Miiller-Uri, of Brunswick, Germany, and have an extra large 
bulb holding a Willemite screen about 10 cms. in diameter. 
The tubes are about a metre in length. They have a special 
cup-shaped cathode and also a vacuum reducing device for 
letting down the vatuum if the tube becomes too hard. Owing 
to the sensitiveness of the cathode ray to magnetic fields and 
to the consequent displacement of the spot of light by the 
earth’s field, it is well to surround the tube between the two 
perforated screens with a circular coil of wire through which 
a direct-current is passed. This creates a longitudinal mag- 
netic field, and by giving this coil slight displacements the 
position of the cathode spot can be adjusted. The tubes 
contain also electrostatic field plates for producing electric 
displacement. To delineate a condenser discharge we have 
to make the cathode ray move with uniform, or nearly uniform, 
velocity: across the screen horizontally and to move verticallv 
with a displacement proportional to the discharge current of 
the condenser. We must also make the spot repeat its path 
exactly and rapidly. This is secured as follows: A small 
motor-driven alternator has a commutator put upon the shaft, 
having insulated sectors, and three brushes pressing on it as 
described in the previous Paper for charging at a battery and 
discharging a condenser through an inductive resistance. The 
electrostatic deflection plates of the Braun cathode tube are 
connected directly to*the terminals of the alternator, or else 
to those of an interposed air-core transformer. The cathode 
ray is thus caused to sweep across the screen, and the ampli- 
tude of this motion is made much larger than the width of the 
screen, so that during the actual time of passage of the spot 
across the screen its motion is sensibly uniform. 

The inductive discharge circuit of the condenser is made to be | 
a coil which is so placed near the cathode tube that it defleets 
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the ray at right angles to the motion due to the electrostatic | 
deflection. The commutator secures that this magnetic 
deflection will always take place just at the same instant when 
the cathode spot is passing across the screen. If these arrange- 
ments are properly made the cathode spot traverses the same 
path again and again, and the oscillogram is therefore visible 
as a permanent bright line: 

To operate the cathode tube we need therefore some per- 
fectly steady source of high potential. An ideal source is a 
storage battery of 10,000 or 20,000 small cells. This, how- 
ever, is difficult to obtain and expensive. The next best 
appliance is a suitable electrostatic influence machine. The 
one used by the author, here exhibited, was made by Miiller- 
Uri, of Brunswick, Germany, and is a two-plate influence 
machine of the Wimshurst type. The plates are of ebonite, 
and one is fixed and the other revolving. The ebonite plates 
have the metal sectors embedded in them, or rather sand- 
wiched, between two plates, and communication with them 
established through small metal buttons or pins which appear 
on the surface. The revolving plate is driven by a small 
electric motor. This machine gives a very steady potential. 
It will give an 8 in. spark in air when in good order and will 
supply a current sufficient to decompose acidulated water. 
The makers claim that it will produce a current of 300 to 350 
microamperes. It easily deflects a suitable galvanometer and 
can therefore be used to demonstrate the current-giving power 
of an electrostatic influence machine. The ebonite plates are 
kept in good order if rubbed occasionally with a mixture of 
powdered French chalk and absolute alcohol. They should, 
of course, be kept covered and not exposed to light. 

This machine gives a very steady cathode spot on the 
phosphorescent screen, and, in conjunction with the arrange- 
ments above described, affords a means of visibly representing 
oscillations of much higher frequency than 1s possible with any 
mechanical oscillograph. At the present time there is a great 
necessity for some form of fairly portable oscillograph, which 
shall enable us to see the trains of oscillations in a radio- 
telegraphic transmitter and make an ocular inspection of the 
decrement possible. The only chance of doing this is by some 
form of cathode ray tube operated by an electrostatic machine 
or multicellular battery as above described, but at present 
the whole collection of apparatus required for this purpose 1s 
somewhat elaborate and not very portable. | 
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As far as the experiments have gone, however, they seem 
to promise a means of doing it with certain appliances ; and, 
further, work on the same subjects is being continued in our 
radiotelegraphic laboratory in University College. 


ABSTRACT. 


Some Braun cathode ray tubes used as high-frequency oscillographs, 
and also an electrostatic influence machine, giving a steady current of 
300 to 350 microamperes for working them, were exhibited and de- 
scribed. The Braun tubes have electrostatic deflection plates in them 
and an embracing field coil for providing a longitudinal field to keep the 
cathode spot in a central position on the screen. The tubes are 
worked by connecting the deflection plates to the terminals of an 
alternator, whereby the cathode spot is made to move to and fro 
over the screen with a nearly uniform velocity. The shaft of the 
alternator carries a commutator by means of which a condenser is 
repeatedly discharged through an inductive coil which acts as a 
deflecting magnet on the oscillograph tube and displaces the cathode 
ray at right angles to the direction of the electrostatic displacement. 
In this way the spot has two motions, a uniform horizontal motion 
and a vertical oscillatory motion, the two being kept in step with 
each other. Hence a visual representation is given on the phos- 
phorescent screen of the nature of the oscillation. “The electrica 
machine above mentioned, made by Messrs. Miiller-Uri, of Braunsch- 
weig, was shown in operation, and the current given by it was seen 
to be sufficient to cause decomposition of acidulated water in a 
lantern voltameter. 


DISCUSSION. 


Mr. A. CAMPBELL stated that one German instrument maker had 
recently described in a Paper a method of improving the surface of 
ebonite. The ebonite was painted with a composition termed Bakelite and 
then heated to nearly the softening point of the ebonite, when the com- 
position spread over the surface and produced asurfacc like amber, which 
was unaffected by either sunlight or moisture. 

Prof. J. T. Morris stated that he had employed Braun tubes 10 years 
ago to find the maximum value of an alternating current, but found 
many difficulties in their use. He would like to know what was the 
actual voltage on the tube, and also whether the oscillograms were in a 
continuous line or were made up of a row of dots showing the 
cathode rays to be produced intermittently, as he believed was often 
the case with a Wimshurst machine. His brother, Mr. D. K. Morris, had 
suggested, several years ago, using a different number of sectors on the 
two plates in order to overcome this. He would like to know whether 
anyone had tried it. He asked if a high-potential battery would not give 
a more satisfactory result than the Wimshurst. 

Dr. R. S. WıLLows asked if Dr. Fleming had used a hot lime cathode. 
as then the tubes could be run from 200-volt mains, and, as the cathode 
rays so produced had a much smaller velocity, much lower voltages could 
be used in the condenser discharges. 

The AUTHOR stated that batteries would be ideal, but their price was 
prohibitive. Ordinarily Wimshurst machines do give a spotted appear- 
ance to oscillograms taken with Braun tubes, but the present machine 
gave a perfectly uniform and continuous curve. He had never tried hot 
lime cathodes. | 
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XXIV. Note on a Method of Observing the Flame Spectra of 
Halogen Salts. By E. N. pa Č. ANDRADE, B.Sc., Ph.D., 
1851 Exhibition Scholar of the University of London. 


RecEIvED Marcu 31,1913. Rean Marca 14, 1913. 


§ 1. It has been shown by Smithells* that if chlorine be 
introduced into a flame containing the luminous vapours of 
‘certain metals—e.g., lithium or strontium—it destroys the 
coloration. To demonstrate this it is best to introduce the 
salt by means of a Gouy sprayer ; the effect can then be shown 
by passing the air supplied to the burner over chloroform. 
The effect cannot be shown by introducing a bead of the salt 
into the chlorinated flame, because the great volatility of the 
chloride formed causes the metal to vaporise so much faster 
that the chlorine is no longer present in sufficient excess to 
ensure the greater part of the vaporised metal being chemically 
combined. If the salt be sprayed, however, the amount of 
metallic vapour present is not affected by the introduction 
of the chlorine, which then completely extinguishes the colour. 

§2. When introducing a bead of salt into a chlorinated 
flame on a nickel wire, I noticed that the nickel wire coloured 
the flame independently of the presence of any salt. This led 
me to introduce wires of other metals into the chlorinated 
flame, in the hope, afterwards justified, of obtaining charac- 
teristic spectra. The effect is very striking with copper. An 
ordinary copper wire in the chlorinated flame gives an intense 
blue in the lower part of the flame and a strong red in the upper 
part ; the spectrum turns out to be the same as that obtained 
im another way for copper chloride by Smithells,— and inves- 
tigated in detail by him. The method described allows the 
different emissions in the different zones of the flame to be 
shown remarkably clearly. 

§ 3. I divide the flame into four parts : the edge E, the outer 
mantle M,, the inner mantle M,, and the cone C (Fig. 1). Copper 
gives in the edge a red coloration, in the outer mantle blue; 
the inner mantle is in general uncoloured. If the wire be held 
in the cone, however, a streak of blue vapour rises from it 


* Smithells, Dawson and Wilson, “ Phil. Trans.,” 193a, 1900, p. 121. 

- There is here a reference to a previous Paper by Smithells which contains 

„& brief remark on the point in question. ma 
t Phil. Mag.” (V.), 39, p. 122, 1895. 
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into the inner mantel. Holding the wire through the flame 
just touching the cone, all these colorations can be seen at 
once in their respective zones, the division being very clearly 
marked. | | 

The other chloride spectra which I have so far observed are 
those of nickel, cobalt and iron, the flame spectra of which 
do not seem to have been fully observed before in the cases 
where they have been observed at all. Introducing a nickel 
wire into the chlorinated flame I find in the edge a green 
coloration, in the outer mantle lavender, from the cone pink.* 


iihi 


Fra. 1. 


Not having cobalt wire, I introduced the glowed salt, which 
gives no colour in the ordinary flame, on a platinum wire. The 
flame ‘s then red in the edge and a bluish pink in the outer 
mantle. Iron gives a yellow coloration, not due to traces of 
sodium. 

§ 4. By heating the wires electrically while they are in the 
flame it can be shown that the emissions are probably not 
temperature effects. For instance, the wires may be heated 
electrically to melting in the edge of the flame without changing 
the character of the emission ; its intensity increases somewhat 
with rise of temperature, however. oe 


* P. J. Hartog (British Assn. “ Report,” 1901, p. 613) makes mention of a 
red coloration from the cone, and a temporary purple which flashes out and 
‘disappears. 


. 
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$ 5. The chloride spectra obtained in the manner described 
have ce1..in general characteristics. In all cases there is a 
continuous background ; further, the spectra are banded 
‘spectra. Copper chloride, as is well known, shows brilliant 
bands in the blue and green with a faint continuous back- 
ground ; the green bands are due to the oxide, according to 
Smithells (loc. cit.). The red coloration in the edge gives a 
continuous spectrum. With nickel the green in the edge is 
continuous ; we have for the spectra in other parts of the flame 
a continuous background, with bands ìn the red, blue-green and 
violet. The red bands are strong in the cone and cause the pink 
tint. With cobalt there is a red continuous spectrum in the 
vapour in the edge of the flame, a continuous spectrum with 
bands in the green and blue superposed on it for other parts 
cf the flame. With iron, apparently in any part of the flame, 
we have a continuous background with bands in the red, 
green and yellow, the strongest being the yellow band. It 
seems that for the different metals the continuous background 
has its maximum intensity in different places characteristic 
of the particular metal, as Lenard* has shown to be the case 
for the continuous backgrounds of the alkali metals. The fact 
that all these spectra are banded accords with the view that 
banded spectra may be attributable to molecules, line spectra 
to atoms. . 

Attempts have been made to get chloride spectra of tin, lead 
and mercury by bringing the vapours of these metals into the 
flame. Characteristic colorations are produced, but at present 
have not been resolved spectroscopically. 

$6. I have made some experiments with flames into which 
the vapours of bromine and iodine respectively have been 
introduced. A very small amount of bromine vapour is 
sufficient to extinguish completely the strong colour produced 
by sprayed solutions of lithium salts. Iodine vapour produces 
the same effect. Wires of some of the metals already men- 
tioned give characteristic spectra in these flames ; these await 
further examination. 

§7. A few observations have been made on the deviation 
in an electric field of the luminous streak of chloride vapour. 
Lenard} showed in 1902 that the luminous vapour from a bead 
of salt in a flame is deviated in an electric field, the amount 
of deviation depending on the metal (and, of course, on the 


* « Annalen der Physik” (1V.), 17, p. 208, 1905. l 
t“ Annalen der Physik ” (IV.), 9, p. 642. / 
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S, 

upward velocity of the flame gases, and the strength of the 
field). G. Ebert in 1911 showed that in the case of strontium 
this deviation decreased when the vapour was decolorised 
by chlorine in the flame, tending to become zero as the inten- 
sity of coloration decreased. Lenard remarked that copper 
chloride is deviated in the electric field ; he apparently used 
a bead of the salt, and does not mention the different colora- 
tions. From present observation it seems that the red colour 
is deviated partly to the positive and partly to the negative 
electrode. The blue goes mainly to the negative electrode. 
The deviation is, however, especially marked in the blue 
vapour from the cone, the vapour behaving as if strongly 
positively charged. Similar results are found for nickel. 
There is no doubt that the luminous chloride vapour is strongly 
charged, the carriers (which emit band spectra) being mainly 
positive, but negative also existing.” Very rough estimates 
of the velocity of migration of the carriers show that the 
carriers probably alternate the positive state with the neutral, 
as assumed by Lenard for the carriers of the line spectra.t As 
we do not yet know in which state the carriers actually emit 
the light, we cannot, however, confirm or contradict Stark’s 
assumption that the carriers of the band spectra are neutral.t 

§ 8. This preliminary note calls attention to the two classes 
of metallic chlorides :— 

1. Those which are non-luminous in the flame; this class 
apparently consisting of the alkaline and alkaline earth metals. 

2. Those which give characteristic banded spectra with 
continuous grounds. 

A new modification of method has been described for 
obtaining halogen compound spectra of some metals, which 
enables us to examine with ease the emission of the different 
flame zones, and has led in some cases to spectra apparently 
new. The electrical behaviour can also be easily examined 
by this method. It has been pointed out that, while the 
vapours of non-luminous chlorides are unchanged, the luminous 
chloride vapours are strongly charged. I hope to study in 
more detail the structure of the spectra of the different halogen 
salts, and the electrical behaviour of the vapours, with a view 
to getting information on the mechanism of the emission of 
banded spectra. 


* CÍ. E. N. da C. Andrade, “ Phil. Mag.,”’ July, 1912, p. 16. 
+ Loc. cit., 1902. 
t See“ Atomdynamik,” Vol. II., p. 138. 
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ABSTRACT. 


If a flame containing a large amount of chlorine be prepared by 
passing the air supplied to a colourless gas flame over chloroform, wires 
of certain metals—copper, nickel, iron, for instance—held in the flame 
give characteristic colorations in the different zones of the flame. These 
are due to the chlorides of the metal, which can exist undissociated, in 
some zones of the flame at least, in the presence of excess chlorine. The 
chloride spectrum of copper is well known (of Smithells) but the chloride 
spectra of nickel, cobalt, and iron chloride do not seem to havé been fully 
observed before. The method makes it easy to observe the different 
emissions which take place in the different zones, and also the electrical 
migration of the vapour discovered by Lenard in 1902. All the chloride 
spectra have certain common characteristics. Attention is called to the 
fact, discovered by Smithells, that for the vapours of some metals—e.g., 
lithium, strontium—the coloration produced in the flame is destroyed 
by chlorine. In such cases the vapours are not electrically charged, 
while in the case of the metallic chlorides which give characteristic 
spectra in the flame the vapours are strongly charged. 

* JBy bringing wires into flames containing bromine and iodine com- 
pound spectra were observed in some cases. 


DISCUSSION. 


Mr. A. CAMPBELL asked if Dr. Andrade could give an explanation of the 
blue coloured flame obtained when NaCl is thrown on to a fire. 

The AUTHOR replied that the flame was the spectrum of copper chloride, 
there being a sufficient impurity of copper in the coal. 
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XXV. On the Stretching and Breaking of Sodium and Potas- 
suum. By Bevan B. Baker, B.Sc., University College, 
London. 


RECEIVED APRIL 1, 1913. READ Marcu 14, 1913. 


THE nature of the structure of solid bodies, and in particular 
of metals, is a subject which, in spite of its importance, is 
rather obscure and difficult to determine. The present 
investigation will, it is hoped, throw a little light on some 
aspects of this elusive question. 


Preliminary Investigation.—Some metals, when in the on 
of wires, on being stretched break off suddenly at one point, 
whereas others, plastic metals, thin down and finally collapse 
to a point at the place where they break. 

Some months ago I had occasion to experiment on the 
behaviour of wires of metallic sodium when in a state of 
tension. The wires were formed by squeezing the metal 
through a round hole of about 2 mm. diameter into a bath of 
pure paraffin oil, to preserve the wire from oxidation. The 
wire, sO prepared, was found not to collapse to a point nor to 
break off suddenly on stretching, but to collapse from two 
opposite sides only, into a chisel end. 

To test whether this effect was due at all to the method 
by which the wires were constructed it was decided to form the 
wires by melting the sodium and allowing it to solidify in a 
glass tube. 


Method of Forming the Wire.—A glass tube, whose internal 
diameter was that of the wire required, was sealed on to a 
much wider tube at one end, and at the other was connected 
by rubber tubing with an ordinary glass tap (see Fig. 1). 
The tube so formed was filled almost entirely with pure 
paraffin oil, which had been carefully dried, and the tap was 
closed. Lumps of metallic sodium were scraped free from 
oxide under oil and were introduced into the wider part of 
the tube. The tube was then placed inside a cylindrical 
electric furnace arranged in a vertical position, so that almost 
all of the narrow tubing and about half of the wider tubing 
was inside the furnace. The furnace was heated to about 
180°C. and was kept at that temperature for a short time. 
The tap was then opened slightly to allow the oil to run slowly 


Q2 
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out of the tube; at the same time the now molten sodium 
ran down into the narrow tube. When sufficient oil had run 
out the tap was closed and the whole apparatus was allowed to 
cool. When cold the tube was removed from the furnace and 
the tap and rubber tubing were taken off. By introducing 
a rod, which just fitted the inside of the narrow glass tubing, 
- the mass of solid sodium was easily pushed out into a large | 
bath of paraffin oil. 

In this way it was found possible, in a simple manner, to 


Fia. 1. 


form wires of considerable length and having a remarkably 
smooth surface. 


Description of the Phenomenon.—When the wire prepared 
in this way was stretched, it was found not to break off almost 
directly in one place, as the wire made by squeezing had done, 
but to thin, for some time, quite uniformly all along its length. 
This thinning was not, however, a collapse from all sides, 
but exhibited the same phenomenon of collapsing only from 
two opposite sides that the other wire had shown. For 
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further extension the wire gave way in certain places and 
broke in the chisel form. 

Moreover, for wires prepared in this way a still further 
phenomenon became apparent which was scarcely observable 
for wires made by squeezing. As the wire was extended there 
began to be apparent on the surface markings in the form vf 
_ two sets of equidistant rings encircling the wire, crossing one 
another and lying in planes sloped at an angle of about 45 deg. 
to the axis of the wire. Members of the two sets touched 
along the line of greatest thinning, and bisected each other 
along the line where no thinning took place (see plate 1). As 
the wire was still further stretched up to the breaking point 
the rings remained unchanged in position or slope, the only 
‘difference being that they became more clearly marked. It is 
noteworthy that usually one set of rings was much more 
distinct than the other. Microscopic examination made it 
clear that the rings were actual ridges on the surface. 

Some experiments were also made in exactly the same way 
with metallic potassium, and it was found to contract and form 
rings precisely like sodium ; there was no apparent difference 
in their behaviour. 

Dr. Andrade had independently noticed that wires of solid 
mercury when stretched contract to a chisel point. On 
observing the rings formed on sodium wires he searched for 
similar rings on mercury, and found that they were formed, 
only that they were very much finer and closer together than 
in the case of sodium and potassium. 

Explanation of the Effect—The phenomenon thus appears 
to show an asymmetric structure for the metals sodium, 
potassium and mercury. They appear to exhibit the behaviour 
of plastic metals in one direction and of brittle metals in the 
direction at right angles. 

The effect suggests that the effective portions of the metal 
may be in the form of cubes set so that two opposite edges 
are horizontal and in the same vertical plane. When vertical 
extension of the wire takes place, and there arises a corres- 
ponding tendency for lateral contraction, it is clear that the 
faces inclined at 45 deg. may slip over the similar faces of 
adjacent crystals, and thus allow of a rearrangement in a 
narrower space ; on the other hand, the vertical faces can only 
slip over similar vertical faces, and clearly no contraction in 
the direction at right angles to such faces can take place. 

It is clear that the crystals would pack as closely together 
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as possible, and would form in layers which would lie so as to 
make with the axis of the wire an angle of 45deg. The rings 
observed on the wire would then be due to the edges of the 
crystals protruding at the surface of the wire 


Description of Plate. 


(a) Wire of sodium of 3 mm. diameter drawn out to breaking. 
View of specimen in the plane in which no contraction takes 
place. | 

(by Same specimen as (a). View of specimen in the plane 
in which maximum contraction takes place. 


ABSTRACT. 


The author described how wires made of metallic sodium and 
potassium collapse when stretched, not to a point, as is the case with 
most plastic substances, but from two opposite sides only, into a 
chisel end. 

The wires upon which experiments were conducted were made in 
two ways—firstly, by pressing the metal through a small hole into a 
bath of paraffin oil to hinder oxidation ; and, secondly, by running 
the metal, molten under oil, into a glass tube and allowing it to 
solidify. ‘Wires made by both the above methods showed the same 
behaviour on stretching. 

Wires made by the second process also showed, on extension, two 
sets of equidistant rings on their surface, each inclined at an angle of 
45 deg. to the axis, the rings of opposite sets touching along the line 
of greatest thinning and bisecting one another along the line at 
which no thinning takes place. 

Dr. Andrade has also noticed the same effects of breaking and 
forming rings with wires made of solid mercury. 

The author suggested an explanation of the phenomenon, based on 
the assumption that the portions of the metal brought into play aré 
in the form of cubes. Such cubes when placed so that a plane 
through two opposite edges was parallel to the axis of the wire would 
allow of lateral contraction by faces sliding over one another in one. 
direction only and not in the direction at right angles. 


DISCUSSION. 


Dr. L. N. G. Frton asked if the section of the stretohed wire was accu-: 
rately elliptical. It was interesting to note that the angle of the rings. 
did not change when the wire was drawn out. 

Prof. A. W. PORTER remarked that it looked as if the metal possessed & 
lattice-like structure. 

The AUTHOR stated that he had not measured the sections to see if they 
were accurately elliptical. 
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XXVI. Note on Optical Imagery.* By T. Surry, B.A., 
National Physical Laboratory. 


Mr. T. SmirH (communicated remarks) stated that he had been interested 
in looking through Mr. Bower’s Paper, but he did not entirely agree that 
the treatment suggested therein was the best one to adopt with beginners. By 
starting with the velocity ratio definition of u it was true that a physical con- 
ception of its meaning was obtained, but there was the disadvantage that a pupil 
could not determine it for himself with the aid of the simple apparatus that 
would be at his disposal. The better way appeared to be the older one of 
defining the refractive index as the ratio of sines after the pupil had found 
experimentally that this ratio was constant; he should be able to find for 
himself all the laws of refraction. Many assumptions were made in the 
velocity ratio definition which would not be realised by the student. For 
instance, he would not easily understand the necessity for an experimental 
basis for the law relating to the multiplication of refractive indices— 
Ha-c=éMa-BXMB-c- The statement of laws in such a way as to veil the 
assumption of facts which could easily be verified experimentally was to be 
deprecated. Moreover, when the velocity ratio conception was used the 
more obvious method to follow with a view to enabling the student to 
visualise what was taking place-was to draw successive wave fronts, since 
it was easy to show that the effect on a wave front of light of encountering 
a refracting or reflecting surface of the dimensions with which Geometrical 
Optics dealt was to alter its curvature by a constant amount when the inci» 
dence was normal or nearly normal. 

For tracing through a lens system rays to which the conventions of geo- 
metrical optics did not apply, itseemed to him best to use Young’s construction 
to determine the directions of the rays, and to calculate in turn for each 
surface the positions of the primary and secondary focal lines from the 
algebraic formule. These formule were most simply derived from the alge- 
braic conditions that the length of the optical path between the object and 
the so-called image for the chief ray should be equal to that for a slightly 
displaced ray: each of the formule in question could be proved in a couple of 
lines in this way, and would be more easily followed by a student than the 
geometrical proofs. 

In paragraph 18 (vii.) the author used the term “ image ” as applied to the 
point I. In such a position as was shown in Fig. 6 “ image ” could not have 
any definite meaning until a special one had been assigned to it: the ordi- 
nary definition of geometrical optics did not apply in this case. In the 

-absence of a special definition it appearcd desirable to avoid using the word 
in the presence of aberrations. i 

He was not inclined to agree with the author in allowing more than was 
necessary of a pupil’s attention to be given to what happened to a ray in its 
passage between the first and final media of a refracting system. The great 
advantage of the Gaussian method of treating lens systems was that all 
systems with a finite focal length might be investigated at one and the same 
time, and the whole subject could be fully treated in a few pages. The 
present-day text-books made the subject much more lengthy and difficult 
than was necessary by considering first the case of a simple (thin) lens, to 
which, though of little practical importance, the attention of pupils was chiefly 
directed. Then followed thick lenses and afterwards more complex cases. 
As a result of dividing the subject up into so many different sections, which 


* A contribution to the discussion on Mr. W. R. Bower’s Paper on 
pp. 160-177 of the present volume. 
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were treated independently, the student usually failed to grasp any part 
but the thin lens, and in examinations avoided simple questions on thick 
lenses. It appeared a wiser course te master at first the very small amount 
of algebra necessary to treat the general case at the beginning of the subject, 
and to scrap the special formula dealing with individual cases which were of 
no practical importance. This would help to get rid of much misconception 
on geometrical optics. For instance, it would help the student to realise 
that the focal length of a lens was not the distance to the principal focus 
from the external surface of the lens, and that, because the thickness of the 
glass of a simple lens was quite small compared with the focal length, the 
formule for a ‘‘ thin ” lens did not necessarily give a fairly accurate value 
for the focal length. Consider, for instance, a lens of refractive index 1:5 
placed in air of thickness 1 cm. and radii of curvature 100 cm. and 99 cm., 
the centres of curvature being coincident. The focal length is 29,700 cm., 
which is quite large compared with the thickness 1] cm. Yet the principal 
points are not near the surfaces but at the centre of curvature. The 
formula for thin lenses would make the focal length 19,800 cm. It 
should be noted that this was not at all an extreme case, but that the 
curves were very flat, the thickness being small compared with either radius 
of curvature, and in fact the flatter the curves the worse the approximation 
given, assuming that the properties of thin lenses held. It was instructive 
to slightly alter the curvature of one of the surfaces to make the lens one of 
' Jong positive focal length and determine the distances of the principal foci 
from the surfaces. 

For any other purposes than those already mentioned, viz., to give a visual 
impression of what was taking place at a refracting or reflecting surface, and 
for graphically tracing rays through asystem, the algebraic methods seemed to 
him much simpler than any geometrical methods were likely to be. It would be 
easy to put these into a form in which the positions of all the cardinal points 
with respect to the extreme surfaces and the focal lengths could be calculated 
for a combination of quite a large number of surfaces ina few minutes. He had 
ventured to put down below the forms which he had found most convenient. 
It was assumed that there were n surfaces identified by being numbered from 
l to n: the refractive indices are uy, uy... . Mn: let p="P—*e-1—the 
power of the pthsurface: Ka, ¿= the power of thesystem of surfaces bounde1 
by the ath and bth inclusive : £p is the axial thickness between the surfaces 
bounding the medium up. 


Kg, »=90 if a >b and Ka, a= Ka 


Then oK,, 
Ky, p= Ky, p-1 «6p Tp 
. (1) 
oK,, p_OK,, p- 1 lp- 
OKp Kpy  Mp-1 PT 
It would easily be seen that by using the formulæ 
Ky, n= Kop+1, n+ Kp ae - 
(2) 
K. ’ Kpy, n_ te 
Okp = OK ny Lp me 
the values of K, , given by (1) and (2) would be the same, and that 
Kin OKi,n Kyn 5 
OK, Okna SE 1, n OK, OKn = be œ . e e . . ( ) 


Let (xo, yo) be the co-ordinates of a point on an incident ray inclined at 4, to 
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the axis, zo b2ing measured along the axis from the vertex of the last surface, 
and yọ perpendicular to the axis. Similarly let (x, Yn) bə the co-ordinates of 
a point on the refracted ray inclined at 6, to the axis, x, b2ing measured from 
the vertex of the last surface and y, perpendicular to the axis. The law of 
refraction would at once give ° 


OK,, s 
Unh n = Ho 90 Fx, + (0-40) Ky, n e. e k. e è (4) 


o?K,. oK.. 
-and Enna — Yn= Hobo aie, t (£000 —Yo) ES . © e >» è œ (5) 
‘The relation (3) would at once give from (4) and (5) 
oK], n 
uoło= Un Pn Ok (nbn Yn) Ky, fie, Se 8 ee ie a AG) 
3K, aK 
and 090 — Yo = — unban Gc, + (Znðn—yn) a ee ee ee 


results which could be written down from symmetry with (4) and (5). 
Equations (4) and (6) contain the whole theoryof co-axial lens systems, 

however complicated, which have a finite focal length. For instance, con- 

sidering points on the axis, it will be seen thatall rays starting from the point 


X= — poe emerge parallel to the axis, so that this pointis the first princi- 
pal tocus. Similarly the position of the second principal focus is given 
kas OK, n 
mie k 
La= Kn 


Putting x, and zx, equal to these values, the equations (4) and (6) 
become 
Hoho = — YB, n 
-and Po =YnKy, ns 
showing that —" and +” measure the scale on which the image of an in- 


1, 2 1,7 
finitely distant object would be formed. These quanʻities are called focal 
lengths. Again the points on the axis for which 


-and 
| Ki,» 
have the property that any ray passing through one of them emerges in 
the same direction as that in which it is incident, and they are called nodal 
points. 

1 OK. x OK, n 


m OK, OK n (8) 


When “o= Ho 


1,4% 1,7 
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we obtain in both cases for points on the axis 


Holo = Men Fn, . e . . . . . . . (9} 


showing that these points are in the relation of object and image. 


Putting in these values of z) and cz when the points considered are off the 
axis we obtain 


YnKy, n= o MUn =myK,n >... . (10) 


showing that for the object and image planes defined by (8) the linear mag- 
nification is m. Putting m=1, we get the equations for the unit planes 


ok. n 
Ck, 
i To= Mo 
K,, n 
DK, n i 
—l 
d OKn Z 
an Ln Bn 
K,, n 


It is evident that all the usual relations can be quickly obtained by change 
of origin or by other simple devices. For instance, from (9) and (10) we 
have MofoYyo™= MnônYn, a result of great practical importance which is too 
often neglected. 

This method presents no difficulties when the fundamental algebra of (1) 
and (2) is mastered. It may be as well to illustrate how practical calcula- 
tions of focal lengths, &c., are best arranged. The following constructional 
data are very approximately those given in a patent specification for a 
photographic lens; we may assume that the unit of length is lin. The 


radius of curvature is positive when the surface is convex to the incident 
light :— 


| Surface. u | r t 
| | 
l +3 
| 1:53 0-2 

2 — 30 
| 0-8 
| 3 —4 
i 1-€0 0-1 
: 4 +4 

l 0-9 
| 5 ; œ 
| 1-61 0-2 
| 6 -34 
Thus we have kı=+0:177 t y= 0-131 


a $ i . K35> ts/u5—0°134 
Ke = +0-183 
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Then from equations (1) 


-~_— —- Geet De Ss oe a re e ce ee 


j 


t 
= P, een P, K, p o n K, p 
v p | D 
pel i 0-177 0-177 | —0-023 
p=2 | 0-977 0-017 0-194 | —0-156 
p=3 0-821 | —0-123 0-071 0-004 
p=4 | O-817 | —0-122 | —0-051 | +0-046 
p=5 0-863 | 0 —0-051 +0-007 
p=6 0:870 0159 | 0-108 | sa 


Similarly, by working through the system from the other end we have 
from equation (2) :— 


OKy ¢ Ky 6 ! th, 

a Okp "R OKy Ky, 5 Pra ar 
p=6 l 0:183 0-183 —0:-024 
p=5 0-976 0 0-183 —0-165 
p=4 0-811 — 0:122 0-061 —0 -004 
p=3 0-807 — 0-121 — 0-060 +0:048 
p=2 0:855 -+-0-016 —0-044 +0-006 
p=1 0:861 +0-152 0-108 o 


ad 


‘Thus, the focal length is eee =9-26 in., and the distances of the principal 


0-108 
f 0-861 : 0-870 i 
foci from the first and last surfaces are Di0 97 in. and 0-1087 8-05 in. 
respectively. Every figure is recorded above that is needed by a pupil using 
a slide rule. The whole calculation takes only a few minutes and the final 
agreement provides a good check on the accuracy of the figures. The case 
of telescopic systems could be dealt with equally simply. 

In conclusion, he would refer to the use of the term “ principal plane.” 
- He had been under the impression that the word principal was restricted to the 
cases when the first and last media were the same, so that the unit points and 
nodal points coincided. This, whether generally adopted or not at present, 
appeared to be a convenient usage, and it would be advantageous in the 
more general case to use the descriptive term “ unit” plane rather than the 
more conventional term “ principal.” 

Mr. W. R. Bower replies as follows :—The critics of the Paper on ‘‘ Optical 
Imagery ” have, as requested, paid attention to the value of the method to 
the student, but misconception has arisen concerning the meaning of “ be- 
ginners.” When speaking of these the author had in mind not so much 
those who are learning the alphabet of optical science, but somewhat more 
advanced pupils, as for instance, the students engaged in a higher course of 
physics who would take mathematics as a subsidiary subject. Such students 
would have proved the empirical rules of refraction at an earlier stage, and to 
these, perhaps, no harm is done by using, as a basis, the definition of u as a 
velocity-ratio. However, teachers who object to this, could start by re- 
versing §3(i). In the Paper as it stands there is no use for the sine law of 
refraction. Judging by the criticisms offered, it now seems important to 
say that the Paper and diagrams as published were not intended for students. 
The extent of the Paper would have been unduly increased if it had been 
arranged expressly for them. It is anticipated that a teacher will himself 
divide the diagrams and expand the text as he may think necessary. The 


‘ 
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student would then make careful drawings, by using mathematical instru- 
ments, of the cases considered. These would form an approximate sequel 
to laboratory experiment and a substitution for some of the problems of the 
exercise class. With many students undoubtedly an intelligible graphic 
method leads to a better understanding of a subject than that obtained by 
algebraic methods only. And in optics especially the value of well executed 
drawings, giving a true picture of the course of the rays, is possibly as great 
as that of the mechanical models that are educationally of so much advan- 
tage in the various branches of science. The method suggested in the Paper 
should practically have the value of a moving model. The graphic method 
of the Paper develops in a natural manner, and the usual algebraic formule 
may be derived with very little special artifice. It should therefore be in- 
telligible and educational. The opinions of eminent teachers on the advan- 
tage of models are stated in Dr. S. P. Thompson’s Presidential Address in 
Vol. XVII. of the ‘‘ Proceedings ” of this Society. 

The author agrees with Mr. Smith that our present text-books make the 
subject more difficult and of much greater length than is necessary. Some- 
‘thing will have been gained by this discussion if the thick lens obtains in the 
future a warmer welcome than it has received in the past. ` Cornu’s junction- 
point, too, has so far had very scanty recognition in this country. 
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XXVII. The Spectroscopic Resolution of an Arbitrary Function. 
By C. V. Burton, D.Sc. 


RECEIVED Marcu 7, 1913. READ APRIL 25, 1913. 


1. From time to time, since Dr. Schuster made known his 
conception of the periodogram, I have attempted to devise 
some quasi-spectroscopic method of analysing graphic records 
—not realising that the resolution could be affected by the 
spectroscope itself. Though I have not at present the means 
of working out the practical, details of the method, a short 
communication on the subject may perhaps be justified by the 
simplicity and completeness of the optical theory, and the 
advantage which should result to more than one branch of 
science from a successful application of the principle 
proposed. 

2. An ordinary grating has periodic rulings, and a spectrum 
obtained by means of it is characteristic of the radiation enter- 
ing the spectroscope slit. On the other hand, if the radiation 
is homogeneous, while the distribution of the rulings is arbi- 
trary, we obtain a spectrum characteristic of the grating. 
With reservations to be mentioned immediately, it should 
suffice if we can produce a transmission grating whose trans- 
parency (variable in one dimension only) is suitably related to 
the record in question. When this equivalent grating takes its 
place in a spectroscopic train, the slit being fed with homo- 
geneous light, we shall be able to see or to photograph the 
spectrum of the record. The necessary reservations are : 
(i.) The effect of the transmission grating on any given element 
of the (normally) transmitted disturbance must be simply 
a reduction of amplitude, with no change of phase except such 
as is uniform over the whole extent of the grating,* and (ii.) 
the absorbing layer should be flat enough and thin enough to be 
sensibly equivalent to a plane surtace whose power of absorp- 
tion varies from point to point. 

3. For convenience let the permeability (P) in the neigh- 
bourhood of any point be defined as the square root of the 
reciprocal of the “ density,” so that at normal incidence the 


* This will be at least very approximately the case if the partial opacity 
is due to a distribution of small perfectly opaque granules, with transparent 
interspaces through which the luminous disturbance can penetrate. 
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proportion of luminous energy transmitted is P?. A simple 
harmonic grating* is defined by 
P-A )+A, cos pz, 

where A, and A, are constants of which Ay is necessarily the 
greater, 27/p is the grating interval and P is the permeability 
at every point of that vertical line whose horizontal co-ordinate 
isz. With the slit illuminated by homogeneous light of wave- 
length 2 (=22/n, say), and with the incidence normal, such a 
grating gives a central image of intensity proportional to A)’, 
and on each side a single spectral image, at an emergent angle 
6 given, in accordance with the ordinary grating formula, by 


p=nsn b. ....... (2) 


4. Assuming still the conditions postulated in §2, consider 
the general case of a grating of width b extending from x=— 4b 
to z=1b. Let the permeability P be a function of z only, 
and equal to P+ (x), where Po is a positive constant, while 
the mean value of ọ(x) is zero. Within the limits x= + 4b, the 
value of Po-++-9(x) must evidently lie between 0 and 1 ; beyond 
those limits it vanishes. Let homogeneous light proceeding 
from a point source and rendered parallel by an object glass 
fall normally on the grating, and for simplicity suppose that 
this light is plane-polarised, the plane of polarisation being 
either parallel or perpendicular to the rulings. In either case 
the disturbance incident upon the grating may be specified by 
writing down the value of the electric vector as a function of the 
time. Let this be 

A cos nVt, 


‘so that V is the velocity of light. The transmitted disturbance 
is accordingly 


AP cos nVt=AP, cos nVt+ Ag(zx) cos nyt. 


5. The first term on the right gives rise to the central image 
and need not be further considered. To determine the effect 
of the remaining term, imagine a telescope of assigned focal 
length pointed at the centre of the grating in an azimuth 
inclined 6 to the grating normal. The amplitude of the 
luminous disturbance reaching the focus of the telescope has 
to be expressed as a function of 6. Factors which are not 
variable with 0 may be omitted ; nor are we here concerned 
with variations in a vertical sense, since these in practice would 


* Cf. Rayleigh, “ Wave Theory of L’ght,” § 15. 
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be obliterated by substituting an illuminated slit for the ideal 
point source. Corresponding to the emergent angle 0, the 
disturbance proceeding from any point x of the grating suffers 
a relative retardation zx sin 0, and, with an arbitrary change in 
the origin of time, the disturbance at the focus of the telescope 
is seen to be proportional to 


s + œ 
ZOJ cos n(Vt—z sin b)o(x) dz, . . . (2) 
in which the limits of integration might equally well have been 
given as +4). The factor y(0) in general differs from unity, 
because each element of the disturbance emerging in the 
plane of the grating is oblique to the direction of the beam 
considered. From symmetry y(0) is an even function of 9, 
and in the ideal case, where the effect of the grating is entirely 
one of absorption, its form is simple: for an incident beam 
polarised perpendicularly to the rulings, y(0) is constant and 
equal to unity ; for polarisation parallel to the rulings, w(6) 
=cos 0. If the incident light is unpolarised (which implies that 
the homogeneousness is not mathematically absolute) the 
factor corresponding to (0) will be +/{4(1-+-cos? 6)}, the 
emergent beam being perceptibly polarised except for very 
moderate values of 0. 
6. In virtue of (1) the expression (2) may be written 


y(9){F1(p) cos nVt+-f,(p) sin A 


hy(p) | t? cos 


where ra al ee puo(ujdu (3) 


The corresponding intensity of illumination is 


Bly} (P+ EHA oo (4) 


where B is an instrumental constant. If the brightness has 
been mapped throughout the spectrum, and if the value of B 
and the form of the function w(0)}* have been independently 
found, we shall be able to plot the values of {f,(p)}2+ {f.(p)}? 
as ordinates against abscisse proportional to p or to the 
grating interval 27/p. 

7. Where only moderate values of 0 are in question, so that 
62 and higher powers may be neglected, y(0) is sensibly a 
constant, and moreover the spectrum may be photographed on 
a flat plate. If the exposure law of the plate is known, the 
photograph may be regarded as equivalent to a periodogram,* 


* See footnote to § 11. 
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the case being so far analogous to that of an ordinary spectro- | 


gram. Inthe present instance, however, the scale of abscisse 


is not one of wave-lengths, but of reciprocal grating intervals (p). 


8. Now by Fourier’s theorem 
l ' 
=- = sin : >.. (5 
=)=- fho) cos padp+ | falp) sin padp, . . (8) 


f,(p), fa(p) having the values defined in (3), and a full deter- 
mination of the functions f}, fa would constitute a complete 
Fourier analysis of (x). 


Ewe pat  — TUjpi+hlp)P=K, 


p)/ nK =cos x, 
p)\/nK=sin x, 


(6) 


(5) becomes o(z)= | K cos (pt—x)dp, . . . . . (0) 
0 


and it is K? as a function of p which we are in a position to 
determine spectroscopically. We have yet to ascertain the 
phases of the various harmonic constituents, that is, to deter- 
mine X as a function of p. There are, broadly speaking, two 
cases in which the x’s have a definite significance. One is the 
case of a function 9(x), whose effective values are confined to 
a limited range of value of the argument ; x is then in general 
a continuous function of p. The other is the case where ọ(x) 
is wholly or partly made up of absolutely pure harmonic con- 
stituents, corresponding to discrete values of p. The corre- 
sponding x’s are then precisely definite, and the greater the 
range over which our Fourier analysis is extended the more 
accurately they can be determined. 

9. To find the x’s, but in each case with an ambiguity of 
half a. period, we may proceed as follows : Imagine the grating 
bisected along a line perpendicular to the rulings, and one-half 
of it rotated through 180 deg. in its own plane, carrying with 
it its origin of x There will then be a single. vertical line of 
agreement, where like values of x come together. If now one- 
half of the grating is moved lengthwise micrometrically, any 
given line of the spectrum will show periodic variations of 
brightness, the minima being extinctions under proper con- 
ditions of adjustment. The minima will occur when the line 
of agreement is at a node of the harmonic grating constituent 
responsible for the line examined. The positions of the nodes 
having thus been determined, the ambiguity can in most cases 


be removed by integration over a relatively short portion of 
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the original graphic record. I think this plan might be quite 
useful in the case of a banded spectrum, derived from a 
function of limited range for, when the phase had been 
determined without ambiguity (sav) for the dominant period 
of the band, the distribution of phase throughout the band 
could probably be followed without much difficulty. Perhaps 
the chief use of the spectroscopic method would be to indicate 
what periods are worth examining in more laborious ways. 

10. Where the incident light is as nearly as possible homo- 
geneous, and the periods of the grating are to be investigated, 
the spectroscopic conditions are in some respects unusual. 
The limited width of the grating still imposes a minimum 
interval which must exist between the centres of two lines if 
they are to be seen as separate ; but, given the grating as the 
subject of observation, no irrelevant broadening of lines is here 
implied. The grating is in fact analysed into simple harmonic 
gratings of infinite width, and, in the absence of aberrations, 
with a sufficiently narrow slit, the performance is only limited 
by the value of 1/AA4, where A2 is the “ effective range ” of 
wave-length comprised in the incident radiation. Now 
4/AA can easily be 400,000 or more, so that we can count on all 
the spectroscopic detail to which our record entitles us, though 
for photographing it upon a convenient scale a rather long 
camera may be needed. 

11. For moderate angles of emergence, as already stated, 
we have a sensibly uniform scale of reciprocal grating intervals, 
the middle of the scale corresponding with 27/p=oa. The 
original graph will in many cases represent a function Ho(t) 
of the time ¢, H being in general a dimensional constant. In 
that case the spectrum seen will be disposed according to a 
sensibly uniform scale of frequencies.* The whole spectrum: 

* The function ¢(z) within the range z= +6/2 has throughout been treated 
as the entire subject of analysis. ‘This would be the natural mode of pro- 


ceeding when, for example, H¢(t) was the ordinate of a seismogram, whose 
outstanding features were confined to a correspondingly restricted space of 
time. Mle flp) is then characteristic of the function ¢ as a whole, 
and is a factor of what L propose to call the integral periodogram, a term which 
has Prof. Schuster’s approval. On the other hand, as Schuster has pointed 
out, when the effective values of the function to be analysed extend with 
statistical uniformity over a wide range, of which only a relatively small 
sample, extending over a range b, is taken for analysis, the averaye value 
obtained for { f,(p) bot St (p) will be sensibly proportional to b, and on 
division by b will furnish quantities characteristic solely of the function in 
question. In all such cases b- URAC j}? + {h (p) )}2]i is a factor of the ordinate 
of the periodogram, the term g now used in its accepted sense, without 
qualification. Cf. Schuster, “ Proc, R. S.,” A. 77, pp. 136-140 (1906). 
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being in light of one wave-length, the comparison of intensities, 
whether visually or photographically, is simplified. In parti- 
cular the “ density ” in the neighbourhood of any point of the 
grating has a single definite value. 

12. Remembering that it is the square root of the reciprocal 
of the photographic density whose values are to be (within a 
constant term) proportional to the ordinates of the record, we 
have first to determine the law connecting density with 
exposure, and in the apparatus which I have provisionally 
planned the problem of producing the equivalent grating from 
a given record then resolves itself into the suitable shaping 
ofacam. A good test of the performance would be to produce 
truly periodic gratings “‘equivalent’”’ to pure sine curves of 
long and of short period, and to examine these in the spectro- 
scope for harmonics. Various considerations indicate that a 
fairly open scale for the grating is desirable. 


Note added May 20th, 1913. 


‘The resolution of a transmission grating into harmonic con- 
stituents may be illustrated by a familiar example. Consider 
a grating consisting of a regular succession of narrow strips of 
greater and of lesser transparency alternately. The graph 
representing the distribution of permeability (§3) is in this 
case simply a “ chess-board,” and is readily analysable into 
a series of sine curves, each of which corresponds to an har- 
monic grating constituent. This compound character of the 
grating is evidenced by the existence of second and higher 
order spectra in addition to the spectrum of the first order. 
When the radiation examined by means of such a grating is 
sensibly homogeneous, a spectrum of any given order consists 
of a single fine line, and the aggregate of these lines on one side 
or the other of the central image is the spectrum of the grating. 

Since the foregoing Paper was in type, I have had the 
advantage of discussing the matter with Prof. H. H. Turner, 
whom I have to thank for a number of valuable suggestions. 
As a result, the practical aspect of the method now appears 
more simple than I had thought possible, and I have begun 
making some preliminary tests. 

Lord Rayleigh’s Paper, referred to in his communicated 
remarks, seems to have been unaccountably overlooked by 
those interested in harmonic analysis. It was only a day or 
two before my own attention had been drawn to this Paper 
that I had realised the possibility of analysing a function by 
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means of a grating whose rulings are of variable length instead 
of variable intensity. The grating is thus reducible to a tem- 
plate, whose outline is the graph of the function to be analysed ; 
but certain instrumental restrictions are at the same time 
imposed. The (vertical) slit of the spectroscope must be 
shortened to a pinhole, and attention must be confined to a 
linear horizontal strip-of field, the central line of which is the 
horizontal axis of the diffraction pattern. These are precisely 
the conditions indicated and experimentally verified by Lord 
Rayleigh, who refers, in the Paper already cited, to the incon- 
venience which they entail. But as regards adaptability to 
practical needs, Lord Rayleigh’s method seems to me dis- 
tinctly more promising than that described above, for it 
demands no knowledge of the exposure law of a photographic 
plate, thus avoiding more than one serious difficulty, while 
the special drawbacks which have been referred to can be 
overcome by comparatively simple devices. 


ABSTRACT. 


An ordinary grating has periodic rulings, and a spectrum obtained 
by means of it is characteristic of the radiation entering the spectro- 
scope-slit. But if the radiation is homogeneous, while the distribu- 
tion of the rulings is arbitrary, we obtain a spectrum characteristic of 
the grating. Jt is thus found to be theoretically possible to resolve 
spectroscopically a given arbitrary function (x) into its harmonic 
constituents. The “ permeability °” of a photographic negative at 
any point being defined as the square root of the reciprocal of the 
“ density,” the first step is to make an “ equivalent grating.” This 
is a plate whose permeability (variable in one dimension only) has at 
any point x the value A+B¢(x), where A and B are constants. 
When this (transmission) grating takes ‘ts place in a spectroscope 
whose slit is fed with homogeneous light, the spectrum of the function 
p(x) can be seen or photographed. Suitably interpreted, it gives us 
the periodogram of (x). A device is described which it is hoped 
may prove useful for determining the phases of the various harmonic 
constituents. 

The theory of the proposed method of resolving functions is dis- 
cussed, and is as complete as that of ordinary spectroscopy, whilein 
one respect it is more simple; for, since the light entering the spec- 
troscope-slit is entirely of one wave-length, the comparison of 
intensities of spectral lines (whether visually or photographically) is 
facilitated. 

Some preliminary practical tests are now being made. 


DISCUSSION. 


Lord RayLEIGH communicated the following remarks: In connection with 
Dr. Burton’s interesting Paper I should like to draw attention to somewhat 
similar suggestions that I made in 1903 (“ Phil. Mag.,” V., p. 238). Itis 


R2 
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to be wished that one or other of these optical methods should be applied 
to some practical problem of the analysis of an irregular curve. 

The CHAIRMAN remarked that those who had gone through the labour 
of getting out a periodogram would appreciate any mechanical means of 
doing this. He understood that Dr. Burton considered Lord Rayleigh’s 
method was better than his own. 

The AUTHOR stated that he thought that Rayleigh’s method had great 
advantages. In reply to Dr. A. Russell, he also stated that the phase of the 
harmonic components could be determined, but with an ambiguity of 
half a period. This ambiguity could be removed by a rough integration 
over a portion of the curve. 

Mr. J. E. Sears asked if all the periods given by this method of analysis 
were multiples of a fundamental as in the cases of the ordinary Fourier’s 
analysis. 

The AUTHOR stated that the present method gave the periodogram of a 
function as it was given by Fourier’s double integral theorem. In reply 
to a further question from the same speaker, he stated that, in analysing 
a column of numerical values, the method would give all the detail that 
was actually involved in the figures themselves. 

Mr. A. EAGLE (communicated remarks) thought it ought to be clearly 
pointed out that if it was desired to analyse a function extending over a 
limited range into the ordinary Fourier’s Series, it would be necessary to 
repeat this function end to end a very large number of times in the 
grating. If it was only inserted once in the grating we should get the 
Fourier Integral analysis of a function, equal to the given function within 
the given limits, but zero everywhere outside these limits, which was 
quite a different thing. For any periodic function stretching from —o 
to +œ, it was easily seen that Fourier’s Integral broke down into a 
Fourier’s Series. Obviously, in this case, the periodogram must vanish 
for all wave-lengths that are not aliquot parts of the wave-length of the 
function analysed. 

The AUTHOR entirely agrees with Mr. Eagle’s remarks. So far he has 
not contemplated the application of his method to strictly periodic 
functions, because the coefficients of their various harmonic constituents 
can be so readily obtained by mechanical integration or otherwise. 
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XXVIII. Some Experiments to detect B-Rays from Radium A. 
By W. Maxower, M.A., D.Sc., and S. Russ, D.Sc. 


RECEIVED Marcu 26, 1913. Rrap May 16, 1913. 


WHEN an atom of radium A disintegrates, an «-particle is 
expelled which carries with it two positive atomic charges. 
At the same time, the radium B atom formed recoils with a 
single positive atomic charge. To account for these facts 
it is necessary to suppose that three negative electrons are 
expelled during the process. If these are emitted with a high 
velocity they should appear as f-rays capable of detection 
by the ionisation they produce or by their photographic 
action. On the other hand, they might consist of a slowly 
moving 6-radiation, which would escape detection by either 
of the above methods. The experiments described below, 
made in the hope of detecting f-rays from radium A, failed to 
reveal any such radiation. Experiments were first made to 
determine the rise of the f-radiation from a vessel filled with 
radium emanation carefully freed from the active deposit. If 
radium A emits f-rays, the radiation should increase much more . 
rapidly from nothing than if no such radiation exists. A 
comparison of the initial stages of the rise curve with that to be 
expected if only radium B and radium C emit f-rays should, 
therefore, decide whether any f-rays are also emitted from 
radium A. 

The experiment was carried out by exposing some radium 
emanation to a strong electric field for some hours to remove 
the active deposit formed, and then admitting the emanation 
through a plug of glass wool and through a tube immersed 
in liauid air into an evacuated space, one side of which was 
closed by a thin mica window. The thickness of the mica 
was equivalent to 4-3 cm. of air in its power of stopping a-rays. 
The mica window was placed opposite an aluminium window 
situated in the side of a f-ray electroscope; the two windows, 
together with the air between them, just sufficed to com- 
pletely absorb the a-rays from radium C. 

It has been shown by Fajans and Makower* that with a 
screen just thick enough to absorb the a-rays from radium C, 
the ratio of the ionisation produced by the f-rays from radium 
B to that produced by the f-rays from radium C is 1:33. 


* Faians and Makowcer, “ ‘Phil. Mag., February, 1912. 
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Assuming this value, the variation with time of the ionisation 
produced by radium emanation freed from the active deposit 
can be calculated with the help of the table given by Moseley 
and Makower.* The curve calculated in this way is plotted 
in the figure. The experimental values obtained in two 
series of experiments are also shown, and will be seen to lie 
closely on “the theoretical curve. The points in the two 
experiments have been made to fall on the theoretical curve 
at 8 minutes 2 seconds and 8 minutes 22 seconds respectively. 
This was done since it was found difficult to obtain with 
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sufficient accuracy the whole curve from the start of the 
experiment until the maximum activity was attained. The 
agreement between experiment and theory leaves no doubt 
that under the experimental conditions no -rays entered the 
electroscope. This is in agreement with some recent observa- 
tions by Danysz.t There still, however, remains the pos- 
sibility of the existence of -rays too soft to penetrate the ab- 
sorbing material between the emanation and the electroscope. 


* Moseley and Makower, “ Phil. Mag.,” February, 1912. 
f Danysz, “ Le Radium,” January, 1913. 
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To decide whether any very soft f-radiation exists, experi- 
ments were made by one of us (W. M.), using a photographic 
method. A bare wire was exposed for five minutes to radium 
emanation so as to collect on its surface a deposit of radium A. 
The wire was then quickly mounted in vacuo in a magnetic 
field in front of a narrow slit, and the magnetic spectrum of 
the radiation passing through the slit was mvestigateda. 
Although photographic records of f-radiation were obtained, 
these were traced to radiation from the small quantity of 
radium B formed from the radium A: during the experiment ; 
for the lines obtained coincided with those obtained with a 
wire exposed to the emanation for several hours and not 
mounted in the photographic apparatus until all the radium A 
had decayed. The lines detected were those observed by 
v. Bayer, Hahn and Meitner* and by Danysz,f having velocities 
0-36, 0-41 and 0-63, expressed as fractions of the velocity of 
light. The method was thus shown to be sufficiently sensitive 
to detect any f-rays from radium A. The experiments 
indicate that any f-radiation from radium A, if it exists at 
all, must have a velocity less than one-tenth of the velocity 
of light. 

ABSTRACT. 


When an atom of radium A disintegrates an a-particle is expelled 
which carries with it two positive atomic charges. At the same time 
the radium B atom formed, recoils with a single positive charge. To © 
account for these facts it is necessary to suppose that three negative 
electrons are expelled during the process. If these are emitted with 
a high velocity they should appear as g-rays capable of detection by 
the ionisation they produce or by their photographic action. On the 
other hand, they might consist of a slowly moving é radiation which 
would escape detection by cither of the above methods. The 
experiments, which were made by both methods in the hope of detect- 
ing -rays from radium A, failed to reveal any such radiation. 


DISCUSSION. 


Prof. C. H. Less asked if Dr. Russ thought that the explanation was 
that the radiations were so soft that they could not be detected. 

Dr. Russ thought that this was eee , as they would probably have 
been detected if present. 


* v, Baeyer, Hahn and Meitner, “ Phys. Zeitschr.,”’ 12, p. 1099, 1911. 
t Danysz, loc. cit. 
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XXIX.—Dust Figures. By J. Ropinson, M.Sc., Ph.D. 
RECEIVED May 1, 1913. Reap May 16, 1913. 


THE conditions for ripple formation between the nodes of a 
Kundt’s tube were investigated by Konig over 20 years ago,* 
and he put forward a satisfactory theory to account for them. 
He first of all explained why the ripples are generally obtained 
only with such heavy powders as sand and emery powder and 
not with lycopodium. He showed that particles of very fine 
powder are carried along with a stream of air and hence soon 
collect at the nodes. Heavy powders are not appreciably 
carried along by streams of air, and in the Kundt’s tube they 
can be treated practically as at rest in the streams. He then 
put forward the theory that the ripple formation is due to the 
known hydrodynamical forces between particles in a stream. 
Considering a pair of particles and supposing them spheres, 
there is a repulsion between them if the line joining their 
centres is parallel to the stream and an attraction if perpen- 
dicular to the stream. By analogy with the case of iron filings 
in a magnetic field he accounted for the formation of ripples. 

It has been suggested} that these forces are not in them- 
selves sufficient, and that some constraint must be intro- 
duced, such as, for instance one due to viscosity. In the 
present Paper it will be shown that no such constraint is 
necessary. | 

Konig’s formula for the component of the force between two 
spheres of radius R parallel to the direction of flow is 


cos 0 (3—5 cos? 0) 


A 
F=— -cR®o? i 
2 To 


si yrs 
where ø is the density of the air, 

ry 18 the distance apart of the centres, 

w is the velocity of the fluid, 


0 is the angle between the line joining the centres and the 


direction of the flow. 

As this force depends on w? it was possible to explain the fact 
that the distance apart of two ripples varies with the distance 
from a node; œ? is greatest at the antinode, hence the force 
between any two particles is greatest there, other things being 


*“ Wied. Ann.,” XLII., 1891, pp. 353, 549. 
t Cook, “ Phil. Mag.,”? 1902, May, p. 471. 
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the same. By a direct application of this formula* it was 
shown that if a}, is the distance apart of two ripples at the 
antinode and a,.,i; the distance apart of two ripples at a 
distance k from the antinode, then 


Š a u) 
aN - oi de oe & HQ) 
Qi .2 4 


where cw, and œ, are the velocities at these places. In the case 
of the Kundt’s tube this formula becomes 


Ap r+ ak 


=cos} 9 ik eoe dp a ee (3) 


a) 2 


where 2/ is the distance between two nodes. This formula (3) 
was found to agree with actual measurements made on the 
ripples. / | 

Another point which was shown to be in harmony with 
König’s theory was that the distance apart of the ripples is a 
function of the intensity of the sound. The intensity was 
varied by stroking the rod as violently and as lightly as pos- 
sible. It was found that the mean distance apart of two 
tipples is greater the greater the intensity of the sound. 

The same characteristics have been shown to hold for the 
dust figures produced by exciting an electric spark either at 
the end of an open tube or at a hole at the centre of a hori- 
zontal plate. In the case of lycopodium powder on a plate it 
was found that the ripples get nearer together as their distance 
from the spark increases. This suggested at once that the 
figures are produced by the sound of the spark. The velocity 
of the air diminishes as we recede from the spark, and by 
analogy with the Kundt’s tube figures this at once accounts 
for the ripples getting nearer together. The formula (2) was 
shown to agree well with actual measurements on some figures. 
The same formula was obtained independentlv by Marsh and 
Nottaget and also verified. It is not easy to find definitely 
. how the intensity of sound diminishes along the surface of a 

plate. Konig! arranged a. spark so that the intensity of the 
sound would fall off according to the inverse distance law. 
This was arranged by sending the disturbance between two 
parallel plates at a distance of 3mm. or 4mm. apart. Konig 


* Robinson, “‘ Phil. Mag.,” April, 1910, p. 476. i 
‘+ ‘ Phys. Zeit.,” 1911, p. 439. “ Proc.” Phy. Soc. of London, XXVII., 
Pt. IV., 1911. 
t “ Phys. Zeit.,” XIIL, 1911, p. 993. 
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found that formule (2) gave quite a satisfactory explanation: 
of the dependence of ripple pitch on distance from the spark. 

Ripples produced in an open tube by a spark at one end also. 
show characteristics which have been explained by König’s 
theory. The ripple pitch depends on the intensity of the sound 
of the spark in a way required by that theory, and is not inti- 
mately bound up with ‘the wave-length of the short waves 
emitted by the spark. 

König’s formula (1) for the force between two small spheres. 
was deduced on the assumption that their distance apart is 
large compared with the radius of either of them. In the case 
of dust figures the small spheres are so close together that 
doubts may be entertained as to whether the formula really 
applies to this case. In deducing equations (2) and (3) the 
assumption was made that König’s formula (1) holds for the 
particles very close together. The total force of one ripple on 
a particle at the centre of a neighbouring ripple was obtained 
by summing the forces of each separate particle on it. The 
close argeement of these formule with experiment shows that 
the assumption is not far from the truth. König* has re- 
cently devoted some attention to this point, and has come to 
the conclusion from some experiments he made that his 
formula (1) expresses very closely the force between two 


spheres, quite independently of whether they are far apart or 


near together. This fact enables us to place more confidence 
in the formule (2) and (3). 
There is another point of resemblance between the Kundt’s 


tube and the electric dust figures, and that is that when under- 


the influence of the sound they stand up in sharp walls. This at 
once distinguishes them from the sand ripples on the sea shore.. 
This wall formation can be readily seen with the Kundt’s tube 
when a heavy powder is used. It is also noticeable with lyco- 
podium if the rod is stroked lightly. With the electric dust 
figures one of two methods can be used to demonstrate the 
wall formation. They can either be examined by a microscope 
or projected on a screen. These walls are so sharp that it 1s 
desirable in making measurements on ripples to take instan-- 
taneous photographs of them whilst under the influence of the 
sound. 

König’s theory is quite capable of offering an explanation 
of this wall formation. We will first of all, however, devote- 


* Phys. Zeit.,” 1911, p. 991. 
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our attention to find whether the hydrodynamical forces are 
sufficient to account for the formation of ripples from a uniform 
distribution of powder. 

First consider the Kundt’s tube. Let us suppose that the 
bottom of. the Kundt’s tube is plane and that sand is strewn 
uniformly over it. As soon as sound waves pass along the 
tube each particle of powder will be acted on by forces from 
all the other particles in the distribution. We will suppose 
that the tube is adjusted for resonance and restrict ourselves 
to the space between two nodes. Let QQ’ and Q’,Q, repre- 
sent the sides of the tube, their distance apart being 2b 
(=2-OQ). Let OO’ represent the axis of the tube, the nodes 


being at O and O’ and the antinode at A. Between O and A 
the velocity of the air varies according to the equation 


UL 
(0 = (WgCOS J P 


where wọ s the velocity at the antinode A, 
2l is the distance apart of two nodes, 
x is the distance measured from A. 

Konig’s formula (1) applies only to the case of w constant 
and must be modified for application here. The necessary 
modification* is 

F= — FoR w w 


2 
, cos 0(3 2 cos a L A 
To 
where œw and w are the velocities at the positions occupied by 
the two particles. 
A particle at B is acted on by all the particles in the distri- 
bution immediately sound waves are started. The resultant 


*“ Phil. Mag.,” April, 1910, p. 476. 
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force on B would be zero if the distribution is uniform, the 
velocity the same throughout, and if B is far from the sides of 
the tube. For if we consider either the component of the force 
parallel to the axis or perpendicular to the axis, we can always 
find two particles symmetrically situated with regard to B 
whose attractions or repulsions on it balance each other. Con- 
sidering the components of the forces which are attractive we 
must choose two particles C and C’ situated on opposite sides 
of the line BD which is parallel to the axis of the tube. For 
the repulsions we must choose the two particles C and C” 
situated symmetrically with regard to a line BK perpendicular 
to the axis of the tube. We are thus unable to account for the 
ripple formation without removing the restriction that the 
velocity is uniform. 

If we also remove the restriction that the point B is far 
from the sides of the tube we find that the attractions on it are 
not symmetrical unless it lies on the axis of the tube. There 
is thus an initial tendency for a particle at B to move towards 
the axis of the tube. 

We will also find that there is a resultant force on this 
particle parallel to the axis of the tube if it is not at the anti- 
node. For if B is some distance from the antinode, two par- 
ticles symmetrically placed with regard to the line BK have 
not equal and opposite effects on B. -As the velocity at C on 
the antinode side of B is greater than at C” the repulsion of Č 
on B is greater than that of C’ on B by equation (4). The 
same remark applies to all pairs of particles symmetrically 
placed with regard to BK. Hence there is a resultant force 
on a particle at B tending to move it toa node. Immediately 
sound waves are set up in the tube the uniform distribution 
of powder between two nodes is upset the particles which 
were initially at an antinode remain there, and all other par- 
ticles are displaced in the direction towards a node. Thus we 
account for a ripple forming at the antinode. 

This tendency of particles to a node was demonstrated by 
preparing a board of width just less than the diameter of the 
Kundt’s tube. A ridge was made on it by making a fine saw 
cut across it and fastening in it a narrow strip of copper foil. 
The ridge projected 4 mm., 1 mm. and 2 mm. above the sur- 
face of the board on different occasions. Powder was strewn 
uniformly over the. board, which was inserted in the tube. 
When the rod was stroked the powder jumped violently over 
the ridge, but always in the direction from an antinode towards 
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a node. In this way sand grains could be made to jump 
nearly.a centimetre above the surface of the board. 

The ridges performed another function and showed that 
they take the place of ripples. A ridge acted just like a ripple 
in so far as there were ripples on both sides of it, and when 
under the action of the sound no powder was between the ridge 
and the neighbouring ripples. This function of a ripple of 
clearing the space between itself and a consecutive ripple of 
powder is characteristic, and can easily be observed whilst the 
rod is being stroked. i 

We have accounted for a ripple forming initially at the 
antinode. This ripple will repel particles near it, thus causing 
a clear space on each side of it. The distribution of powder is 
now somewhat as follows : At an antinode there is one ripple, 
AA’, on both sides of it a clear space, and then the particles 
are heaped together in some way at B, B’, B”, B”. The 
width of the clear spaces AB will depend on the intensity of 
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the sound, for the forces exerted on particles by the antinode 
ripple depend on the intensity. Now this width AB fixes the 
distance apart of the ripples. 

We can now readily account for the formation of the other 
ripples. A particle at P will be subjected to forces from the 
antinode ripple, and to those in the opposite direction from 
particles on the node side of it. These forces will be equal 
for a certain distance, AB, and then all particles at this dis- 
tance will form into a second ripple. This in its turn will 
make a clear space on both sides, and so on. In this way we 
explain the initial formation of ripples purely on the fact of 
the hydrodynamical forces between two spheres in a moving 
fluid. It is unnecessary to postulate any other constraint on 
the particles, such as, for instance, friction. 

Hence it is possible to obtain figures in the Kundt’s tube 
without the assumption of any other forces whatsoever. In 


262 DR. J. ROBINSON ON 


the case of the electric dust figures the velocity of the air along 
the tube or across the plate does not vary from zero to a 
maximum, ?.e., there are no nodes, and we must consider the 
whole distribution of powder. We can account for the 
formation of ripples in these cases by removing the restriction 
of a uniform distribution of powder, which is of course a very 
improbable distribution. A small discontinuity at any point 
causes the hydrodynamical forces to lose symmetry. By 
similar reasoning to the preceding for Kundt’s tube this causes 
first one ripple and then others to form. 

Once the ripples are formed we can consider how the 
particles in each ripple distribute themselves. Between any 
two particles in the tube there may be either an attraction 
or a repulsion. For two particles in the same ripple there 
is an attraction varying inversely as the fourth power of the 
distance between them. The particles of one ripple hence 
take up positions so that the mutual forces between them 
cannot make them move any more; in other words, the par- 
ticles adjust themselves so that the line joining the centres 
of any two particles is perpendicular to the stream lines. 
Hence we see how the ripples are straight walls when under 
the action of the sound waves. 

König’s theory is thus found capable of explaining all known 
facts about the Kundt’s tube and electric dust figures. The 
theory accounts as well for the necessary constraints for ripple 
formation as for the forces between the particles. Hence it is 
not necessary to look for constraints in the action of viscous 
forces, although, of course, the most rigid discussion of the 
figures must take these into account. 


East London College, April 15, 1913. 


ABsTRACT. 


The ripple formation in Kundt’s tube was first satisfactorily ex- 
plained by W. König in 1891. His theory was based on the hydro- 
dynamical forces between two particles in a stream. All the known 
facts about these figures fall into line with the theory. The distance 
apart of the ripples increases with the intensity of the sound, and also 
from the node to the antinode there is a variation of the ripple pitch 
as required by the theory. 

Certain measurements on dust figures produced by an electric 
spark have shown that these figures also can be explained in a similar 
way to the Kundt’s tube figures. 

It was suggested by Cook some years ago that viscosity must be 
introduced in order to account for the formation of ripples. The 
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author shows that it is possible to account for ripple formation with- 
out introducing viscous forces at all. These will undoubtedly play 
some part, but more as a disturbance than as a help to the forma- 
tion. In the case of the Kundt’s tube figures there is a variation of 
velocity of the air from àa node to an antinode, which produces a 
variation in the forces, and this causes the powder to lose its uniformity 
of distribution and to form ripples. The necessary constraints for 
the ripples are forthcoming without the introduction of viscosity. 


DISCUSSION. 


Prof. C. H. Lers thought that Dr. Robinson’s Paper filled up a gap in 
the subject. He had been astonished to see the magnitude of the forces 
that seemed to act on the grains in some of the experiments Dr. Robinson 
had shown him. 

Prof. J. W. NicHotson thought Dr. Robinson’s explanation was ex- 
tremely convincing. He would like to know what kind of accuracy had 
‘been obtained in verifying the formula for the variation of pitch of the 
fringes from node to antinode, as it was deduced on the assumption that 
the force between any two particles was uninfluenced by the remaining 
ones. This correction would probably not be large in practice. The 
assumption that viscosity was the important factor in the phenomena 
was obviouslv untenable. 

Dr. A. RUSSELL remarked that it seemed from the present Paper that 
the production of dust striations with an electric spark could not be 
regarded as proof that the discharge was oscillatory, as it often was. 

Mr. F. E. Suitu asked if Dr. Robinson had ever tried to get the ripples 
with a light powder such as lycopodium powder. Although the force 
diminished very rapidly with the radius of the particles, since, in practice, 
the distance apart would also diminish, the actual force per unit mass 
acting on the particles might be about the same. 

The AUTHOR, in reply to Prof. Nicholson, stated that the accuracy 
with which the formula was verified so surprised König that he set some 
of his students to measure the force between two spheres. This formula 
held for distances apart that were comparable to the radius of the 
spheres. He did not think that the production of striations with an 
electric spark proved anything as to the oscillatory character of the dis- 
charge. In reply to Mr. F. E. Smith, he stated that it was quite possible 
to get the ripples with lycopodium powder if the intensity of the sound 
was kept very low. König investigated this point and showed that light 
powders were carried along and collected at the nodes. When this was 
prevented the ripples were obtained. 
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XXX. Vibration Galvanometer Design. By H. F. Hawortu, 
Ph.D., M.Sc., B.Eng., A.M LEE. 


RECEIVED May 2, 1913. Reap May 16, 1913. 


In a previous Paper by the author (“ Proc.” Phys. Soc., Vol. 
XXIV., Part IV., June 15, 1912) it was shown that in a moving- 
coil vibration galvanometer the maximum sensibility as a 
voltage detector is obtained when the flux through the coil is 
so adjusted that at any time the back E.M.F. of the coil is 
equal to, and in phase with, its ohmic resistance drop (CR). 

The losses in a vibration galvanometer may be divided into 
two parts, the electrical losses=C?R, and mechanical losses, 
such as air and molecular friction. 

The maximum deflection for a given applied voltage is pro- 
duced when the electrical losses are equal to the mechanical 
losses, the efficiency of the instrument then being 50 per cent. 
In this case we may write mechanical losses=C?R, so, for a 
constant applied voltage and resistance, the maximum amount 
of power capable of being used in producing motion is constant. 

As the frequency increases the losses for a given deflection 
increase, and so the deflection for a given voltage will decrease, 
but in order to obtain the maximum mechanical output the 
back E.M.F. must be maintained constant. 

If the losses with a given system vary directly as the fre- 
quency and deflection, then the deflection for a constant input 
will vary inversely as the frequency, but the back E.M.F. pro- 
duced is proportional to the product of the frequency and 
deflection, t.e., it will remain constant, which is the condition 
required. If the losses increase at a greater rate than the first 
power-of the frequency, then, on account of the diminished 
deflection, the flux in the gap must be increased. 

The vibration galvanometer might be used as a delicate 
testing machine in order to observe the behaviour of different 
metals under alternating forces of different values and fre- 
quencies. The mechanical input under the maximum sensi- 
bility conditions is exactly known, and air friction could be 
allowed for or elimmated by working in vacuum, and so the 
molecular losses under the given conditions could be deter- 
mined. 
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If the mirror of the instrument had no mass the frequency 
would be inversely proportional to the length of wire. Now 
the back E.M.F. is proportional to Lx Bx f, where L is length 
of wire, B is flux density and fis frequency, t.e., the back E.M.F. 
is proportional to B, Lx/ being constant, so alteration of — 
length under the above circumstances would not necessitate 
an alteration of flux, but, owing to the mass of the mirror, the 
frequency increases at a slower rate than the inverse length, 
and, as the wire is shortened, the flux density must be increased 
to keep the back E.M.F. at its proper value. 

If the instrument is used at its highest frequency the effective 
length of the wire is short compared with its total length (it 
may be only one-seventh), the losses are high and its sensi- 
bility is low. The mass of the mirror is now very important 
and it causes the working length of the wire to be much shorter 
than would be required if the mirror had no mass. The result 
is that at high frequencies. the gap flux density must be high 
compared with that used for low frequencies. 

The resistance of the wire of an ordinary Duddell vibration 
galvanometer is of the order of 140 ohms, and of this only 
about 20 ohms is effective at high frequencies, so the remaining 
120 ohms may be considered as an added resistance. Not only 
must the flux density be increased on account of the previous 
reasons, but it must also be much larger than it need be on 
account of the resistance of the non-working part of the wire, 
in fact, the total increase of flux necessary for maximum sensi- 
bility at high frequencies is such that it is not easily obtainable 
with the present design. 

Two improvements immediately suggest themselves :— 

1. Cut out the non-working part of the wire, substituting for 
it wires of low resistance. 

2. Shorten the length of the pole pieces. 


The flux density required for long strings (9 cm. or 10 cm.) 
is about from 4,000 to 6,000 lines per square centimetre for 
phosphor bronze, and this may just as well be obtained by 
running a gap, say, 3 cm. deep at from 12,000 to 18,000 lines 
per square centimetre, as by having one of 9 cm. deep at 4,000 
to 6,000 lines per square centimetre. The advantage comes 
in when the wire is shortened. If the total flux is kept con- 
stant the average working flux density of the wire increases as 
the length decreases until the ends of the wires are between 
the poles when the flux density remains constant. 


VOL. XXV. s 


266 DR. H. F. HAWORTH ON 


The combination of the reduced resistance of the instrument 
with the increased flux density at the higher frequencies enables 
one, with the aid of a variable magnetic field, to obtain the 
maximum sensibility of the instrument over all its ranges with 
a more moderate size of electromagnet; in fact, for a wide 
frequency range, it would not be necessary to bring the bridge 
pieces between the pole pieces, thus allowing the length of the 
air-gap to be reduced and so making the necessary electro- 
magnet still smaller. 

The above alterations were carried out on the instrument 
previously used by the author; the original pole pieces were 
cut down from 10cm. with square ends to 7 cm. with ends 
tapering to 4 cm. at the gap. Although the shape of the pole 
pieces did not lend itself to efficient working with a strong 
electromagnet, the old electromagnet, 7 cm. deep, used in the 
previous experiments being utilised, the increased flux density 
obtained was sufficient, in conjunction with the resistance 
alteration, to demonstrate the value of the improvements. 

The superfluous wire was cut out at the top bridge by run- 
ning the wire, after leaving the ivory bridge piece, under a 
small platinum-silver bridge fixed into the back part of the 
ivory bridge. The current was taken to the wires at the 
bottom bridge through two platinum-silver hooks rubbing on the 
wires. These hooks were soldered on to pieces of copper wire 
fixed into the ivory bridge ; these pieces of copper wire pro- 
jected on either side of the bridge piece each terminating in an 
eye which engaged on a thin stranded copper wire running 
parallel with the operating screw. These copper wires were 
carried at the top on small ivory studs fixed on the tube sup- 
port at the middle of the galvanometer frame, and the bottom 
ends were soldered to lugs which also carried the working wires 
so that the non-working part of the wire and the copper flexible 
up to the bridge were always in parallel. 

With the phosphor-bronze wire previously used the contacts 
made by the platinum-silver bridge pieces were not always 
good ; the wire seemed to be patchy, SO, aS NO new wire was at 
hand at the moment, a platinum-silver wire of the same 
diameter, 1-4 mils, was used. This was :mmediately successful, 
the resistance variation with length being very steady, the 
equation being R=8-+5-7L, where L equals length of string 
in centimetres. 

The resistance of the portions of wire from the ivory bridge 
pieces up to the platinum-silver bridge pieces was about 8 ohms ; 
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this is about one-third of the resistance of the galvanometer 
with the wires in the shortest position used (2-5 cm. =22 ohms), 
and this could be still further reduced if the bridge pieces were 
re-designed for this kind of work. 

‘A series of experiments was carried out in which different 
string lengths and different tensions were used. In each case 
the flux was varied from a maximum to 10 per cent. of the 
maximum, and, for each value of the flux, the millimetres per 
micro-ampere and the millimetres per milli-volt at a metre were. 
determined. From these results were obtained the apparent. 
resistance of the instrument and the efficiency as determined 
by the millimetres per milli-micro-watt at a metre. The direct- 
current sensibility was also obtained and the resistance was 
measured. 

The method of testing was similar to that described in the 
previous Paper, the only alteration being the substitution of a 
Paul unipivot dynamometer in series with R,, which not only 
measured the current through R, but also the voltage across 
R,. This gave a much quicker working arrangement. A 
portable Wheatstone Bridge was also introduced into the 
circuit in order to measure the galvanometer resistance. The 
results are summarised in the Table given ; the first part of 
the results refer to the experiments previously made, using a 
phosphor-bronze wire, with some additional figures worked out, 
the wire being of constant resistance and working between pole: 
pieces 10cm. long. The platinum-silver wire readings were 
taken with the travelling contact bridges and the 4 cm. tapered 
pole pieces. 

Comparing the phosphor-bronze and the platinum-silver 
wires under as near similar conditions as possible, taking the 
9-5 cm. wires the following points will be noted :— 

The maximum direct-current sensibility is greater in the 
case of the long string and long pole pieces than with long 
string and short pole pieces on account of the greater flux 
through the wire due to the lower reluctance of the circuit. As 
the string shortens the direct-current sensibilities decrease, 
but, owing to the fact that the flux density is constant in the 
first place, and is steadily increasing in the second case, with 
decrease of length until the bridge pieces enter the field, the 
falling off in sensibility takes place at a much greater rate with 
the long poles than with the short poles, and with a 6 cm. string © 
the sensibilities are of the same order; after this the advantage 
lies with the short pole pieces. 
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The same remarks apply to the figures for the alternating- 
current sensibility, though to a considerably smaller degree on 
account of the fact that we are now dealing with a vibrating 
system, and the losses in the phosphor bronze are apparently 
smaller at low frequencies and long strings than with platinum 
silver. At high frequencies with short strings the wires seem 
equally efficient ; this is seen on examining the deflections per 
watt. 

The mechanical losses for maximum sensibility are equal to 


V2 V2 a 
Ex I= — or — =Rx mechanical losses, so for a constant 


4R 4 

applied voltage the losses vary inversely as the resistance. 
Working at a point of maximum reception of energy for pro- 
ducing mechanical work, we have naturally a constant watt 
sensibility for a given deflection, because the losses for a given 
deflection and frequency are constant. If we increase the 
galvanometer resistance we must correspondingly increase the 
flux density to still keep at this point ; the back E.M.F. must 
increase correspondingly with the resistance. The sensibility 
of the instrument as an ammeter is independent of the resis- 
tance, but its sensitiveness as a voltage detector varies inversely 
as the resistance. If the frequency of the moving coil be now 
increased, the power required to vibrate the mirror through the 
same angle as before is increased, but, as the maximum amount 
of power available for vibrating the system, considering a con- 
stant resistance instrument, is still the same, the deflection, 
therefore, is decreased. 

The back E.M.F. has still to be the same, the frequency is 
greater, so the flux may have to change to keep to the point of 
maximum sensibility. In the case of the phosphor-bronze 
wires the flux increased with the tension, but, using platinum- 
silver wire, the flux was practically constant with varying 
tensions. From the above and the consideration of the 
efficiency column, there is an indication that the losses in 
platinum silver increase at a slower rate with increase of 
tension than the losses in phosphor bronze. 

The great advantage of a variable resistance instrument is 
seen at the higher frequencies. At maximum sensibility the 
watts input to the 2-5 cm. string is about three times that of 
the 10 cm. string; this is as it should be because as the fre- 
quency increases the sensibility diminishes. The short pole 
pieces now show to advantage because we are still able to put 
the total flux through the moving system and use it instead of 
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having it acting on the inoperative part of the wire. The 
efficiency of this particular system is now equal to the phos- 
phor bronze, the current sensibilities are of the same order, but 
the voltmeter sensibility of the instrument is about three to 
four times greater with platinum silver than with phosphor 
bronze. With a frequency range of about 4 to 1 the volt- 
meter sensibilities have dropped in the case of the constant 
resistance instrument in the ratio of 10 to 1 and with the 
variable resistance instrument in the ratio of 2-5—3 to 1, 
which is a great improvement. 

Owing to the lower initial resistance of the platinum-silver 
wire, its voltmeter sensibility at low frequencies, although its 
losses are greater, is equal to that of the phosphor-bronze wire, 
while at high frequencies it is much superior. 

A few readings were taken with an annealed platinum-silver 
wire. The original wire was not quite straight and could not 
be straightened by increasing the string tension ; this caused 
the mirror to point in various directions as the bridge pieces 
were moved, so another wire was taken and heated to red heat 
by a current of 0-3 ampere, while a small weight kept the wise 
stretched. This cured the mirror trouble and gave an im- 
_ proved moving system. It is interesting to note that the 
efficiency of the short tight platinum-silver wire is equal to that 
of the short phosphor-bronze wire. 

The flux densities are average values over a field 2 mm. wide, 
so are only comparative and do not necessarily represent the 
flux density through the wire. 


I have to thank Mr. F. W. Andrews of the City and Guilds 
(Engineering) College for his skill and ingenuity in making the 
necessary alterations. 


ABSTRACT. 


1. The maximum amount of power available for vibrating the moving 
system of a vibration galvanometer of the moving-coil type is V?/4R. 
As the frequency of the instrument is raised the lossesincrease rapidly, so 
it is an advantage to be able to increase the useful power input per unit 
voltage. To do this the resistance of the instrument must be decreased. 
This can be done in a galvanometer of the Duddell type by leading the 
current in and out at the bottom bridge and short-circuiting the wires 
at the top bridge, and it results in a great increase of sensibility. A 
lower resistance also requires a lower flux density. 

2. Owing to the losses in the moving system increasing at a greater 
rate than the first power of the frequency, and that the frequency of the 
system increases at a slower rate than the reciprocal length of the 
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string on account of the mass of the mirror, the flux density must be 
increased as the frequency increases in order that the back E.M.F. of 
the moving system may always be half that of the applied P.D. As the 
losses are low at low frequency and the mass of the mirror is not large, 
then, compared with the mass of the wire, the flux density required is 
moderate ; but at high frequencies the flux density required is large. 
In order to obtain this result economically it is convenient to make the 
depth of the poles small compared with the maximum length of the wires. 
This gives a sufficient field for the long wires, and for short wires one is 
able to obtain the necessary flux density because the total flux can still 
be put through the moving system. 

3. A combination of 1 and 2 makes a very satisfactory instrument 
with a much flatter voltmeter-sensibility-frequency curve than obtained, 


usually. JARE: a 


DISCUSSION. 


Mr. W. DUDDELL remarked that the Paper dealt chiefly with varying the 
length of the vibrating wires, but if it was required to make a really effi- 
cient galvanometer for high frequencies it was best to re-design the whole 
instrument, as the distance apart of the wires, the scale distance, size of 
mirror, &c., allought to be altered. These various factors could be calcu- 
lated beforehand, and the instrument relied upon for behaving according 
to the calculations. When a very low resistance was wanted silver wires 
could be used. He was rather afraid that sliding contacts would not be 
found satisfactory. It was quite true that a strong field in the centre of 
the wire was as good as a weak one for the whole length, but a strong field 
necessitated using an electromagnet, against which he had a prejudice, 
for vibration galvanometers. This necessitated a battery to excite it, 
and not only made the insulation more difficult, but also greatly increased 
the capacity to earth which for high frequencies it was very necessary to 
keep low. In hisown laboratory,if he connected one termin !> a vibra- 
tion galvanometer, tuned to the alternating electric light mains, to earth, 
he could get a verv considerable deflection simplv due to capacity cur- 
rents. He was glad to see that Dr. Haworth had pointed out that the 
back E.M.F. of a vibration galvanometer behaved like a resistance since 
it was proportional to the ẹpplied E.M.F. 

Mr. A. CAMPBELL pointed out that it was not in all cases necessary that 
the instrument should have as great a voltage sensitivity as possible. In 
some cases it was current sensitivity that was required. This depended 
upon the bridge the galvanometer was used with. With respect to Dr. 
Haworth’s suggestion that the vibration galvanometer could be used as a 
testing machine for studying the elastic behaviour of wires, he had thought 
the same himself for some time, but engineers replied that it was not the 
properties of wires that they wanted. These had become so altered 
during the process of drawing as to be useless to apply to otherspecimens. 
The tests would be useful as giving the properties of wires at high fre- 
quency. In this connection he drew attention to Kapp’s machine for 
testing materials under rapidly alternating stresses. He asked if Dr. 
Haworth could give any information as to how the dynamical hysteresis 
varied with the angle of twist. He fancied it varied as a fairly high power. 
He believed that nearly all the hysteresis damping was due to the bending 
and not to the twisting of the wires. He had had the same experience 
as Mr. Duddell with respect to capacity currents. 

Dr. A. RUSSELL thought that a few more formule would have been 
desirable in the Paper. He remarked that the expression V?/4R for the 
energy absorbed was capable of very easy proof as foliows: Taking i,e and 
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e» as being the instantaneous values of the current, the applied voltage 
and the back E.M.F. respectively, we have jeg = He), Taking mean - 


values this gave w= R- : =i where W was the power absorbed 
and V azd V, were the root mean square applied and back E.M.F.’s 
respectively, and a was the phase angle between them. This expres: lon 


; . V? cos’a |. 
was very easily seen to give the maximum value of E aa when 


Vè=V cos a. When adjusted for resonance cos a became unity. 
The AUTHOR, in reply to Mr. Campbell, stated that he had not worked 
out the hysteresis law. 
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XXXI.—Electrothermal Phenomena at the Contact of Two 
Conductors, with a Theory of a Class of Radiotelegraph 
Detectors. By W. H. Eccres, D.Sc. 


RECEIVED May 16, 1913. Reap May 30, 1913. 


WHEN an electric current is caused to pass across the inter- 
face between a pair of conducting masses, heat is in general 
liberated or absorbed in accordance with the law of Peltier. 
When the masses are in contact over a very small area, as, for 
example, when a cylinder of graphite is laid across a copper 
wire, there may be, in addition, appreciable generation of heat 
in accordance with the law of Joule. If the substances con- 
stituting the contact are bad conductors of electricity and of 
heat, and if they stand far apart in the thermoelectric series, 
the phenomena arising when a current is forced across the joint 
become very striking, for in such circumstances relatively large 
amounts of heat may be developed, the heat is conserved, and 
therefore the thermoelectric effects enhanced. — 

It is evident that the thermoelectric forces called up by the 
local heating may assist or may oppose tlie E.M.F. applied to 
produce the current and that the phenomena of asymmetric 
conduction at once arises. But besides the Joule and Peltier 
effects, the Thomson effect may contribute to the phenomena. 
In the case of bad conductors of heat the temperature gradients 
very near the contact will be very steep, and thus the Thomson 
effect will be localised in the immediate neighbourhood of the 
contact. 

Further than this it is obvious that, on account of the tem- 
perature changes, the portions of the substances near the con- 
tact will suffer a change in the magnitude of their electrical 
resistivity. It has been shown* that this effect alone leads 
to remarkable and important results, and 1s sufficient to account 
for all the principal features of the single-point coherer used in 
wireless telegraphy. 

- The thermoelectric forces and the changes of electrical resis- 
tance that arise from differences of temperature are much 
greater in combinations of such substances as iron pyrites than 
in combinations of ordinary metals. A pyrites-lead couple 
yields an E.M.F. some 200 per cent. greater than a bismuth- 


* “ Proc.” Physical Society of London, Vol. XXII., p. 869. 
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lead couple, between the same extremes of (ordinary) tem- 
perature ; while the temperature coefficient of resistance of 
pyrites is about four times as great numerically as that of 
copper. But the thermal conductivity of pyrites is so very 
much smaller than that of lead that all. these thermoelectric 
phenomena are greatly accentuated in the former case. Con- 
tacts between non-metallic conductors are of special interest 
for the reason that the bulk of the wireless telegraphy of the 
world is carried on by aid of detectors that consist of nothing 
else than a contact involving at least one non-metallic con- 
ductor. : 

The subject does not appear to have been discussed hitherto 
from the theoretical standpoint adopted in this Paper. 


Thermoelectric Theory of a Contact. * 


The thermo-electric constants of such substances as pyrites, 
zincite, carborundum, &c., are not easy to measure accurately 
and their coefficients of increase of resistance with temperature 
are exceedingly difficult to determine. The author has made 
numerous determinations, and has found that all the materials 
examined follow with fair precision the ordinary thermo- 
electric law that their thermo-electric powers are linear func- 
tions of the temperature, and also that their temperature- 
resistance coefficients are all large and negative. 

For a thermocouple formed of (say) pyrite and lead we may 
therefore assume the E.M.F. equation 


é,=at?+ fr+constant, . . .. . . (D) 


where t represents the absolute temperature of the hot junction, 
a and f are constants, and e, is the E.M.F. when one junction is 
at temperature t and the other at the absolute zero. The 
ordinary thermodynamic theory may legitimately be applied. 
Thus if o represent the specific heat of electricity in the sub- 
stance, P the Peltier effect and p the thermoelectric power at 
the temperature qt, the first and second laws of thermodynamics 
give, when applied to a cycle of infinitesimal range, 


ate 
ade? 
d/P o 
and aA k = T 
_ dp de 
Whence we have da 5T dat 
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If we represent the absolute temperature of the surroundings 
and of the cold junction by z, and the temperature of the hot 
junction by 6+-z, we find from these equations that at the tem- 
perature of the surroundings 


o=2az, p=f+o, P=pz, 
so that it is easy to calculate the thermoelectric quantities from 


the experimental equation (1). 
Further, we obtain from (1) 


e, = a8?-+ (B+2az)6 
= p0-+ 6? /2z , 
=0(P4400)/z. 2. 2 ww we 2) 
When instead of lead a substance is used of which the thermo- 
electric properties are represented by a’, p’, P’, the E.M.F. in 
the circuit, when the junctions are at temperatures z, 0-+-2, is 


eg=0{P—P’+3(a—o')H} Jz... . . (3) 
Now, suppose the circuit made up of these two conductors 


£ p,ó 


Ppo’ 
P, p,o 


Fic. 1. 


to have one junction forming a loose contact, the other a very 
good contact, as indicated in Fig. 1, where one conductor may 
be regarded as a piece of pyrites and the other as a piece of 
metal. Let an E.M.F. be applied to the circuit in any manner 
so as to produce a current in the direction opposite to the 
E.M.F. that would be produced by heating the contact. The 
heat liberated near the contact, say h, is, per absolute unit of 
electricity flowing across the contact, equal to the thermo- 
electric force eg plus the heat absorbed at the cold junction. 
That is 
h=e,+P—P’. 

This heat tends to be concentrated in a small volume of the 
substance near the contact, but is dispersed continually by 
thermal conductivity and radiation. We will assume that the 
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rate of loss of heat by these agencies is, as a whole, proportional 
to the excess of temperature of the junction over its surround- 
ings. The rise of temperature causes an alteration of the 
electrical resistance of the joint; let the true resistance at 
any temperature 0 above the temperature of the surroundings 
be expressed by p(1+y0), where yis a temperature coefficient 
dependent on both the substances at the contact. 

By equating the rate of accumulation of heat to the rate of 
liberation of heat by the electrical processes less the rate of loss 
of heat to the surroundings by purely thermal processes, we 
have, in mechanical units, 


d0 
k g md=hy-+ p(1+70)y?, gS, ae lage a. A) 


where y is the current in the direction defined as above, k is a 
constant involving the densities and specific heats of both sub- 
stances and m is a constant involving the internal and external 
thermal conductivities of the substances near the contact. 

Let the part of the circuit which suffers inappreciable tem- 
perature change possess the constant resistance r and induc- 
tance L, and let the —" E.M.F. be e, at any time ¢, then 


ett py te=e 46's ek 


We have to deal in i Paper with a state of affairs in which the 
rate of variation of current and applied E.M.F. is relatively 
slow. In this case we may use the equations of the steady 
state, namely, 


mo=hytp(lty . 2... ® 
(rtp)y=e—e. . 2. 2. ws. (0) 


Substitute for eg from equation (3) above, eliminate 0, and 
we obtain an equation for the current y sent across the junction 
by the applied E.M.F. e. The equation is less cumbrous, how- 
ever, if we obtain it in terms of the P.D. between the extreme 
parts of the conductors which vary in temperature. Regard- 
ing this as a portion of the applied E.M.F. and representing it 
_ by x, we have 


=e—rytP—P’”....... . (8) 


Then the current equation becomes 


Gi —P’ 
Z apt opt ry —at py P—P’=0, . (9) 
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which may be written 


axz*y?+ cay? bry—z+py+b'=0. . . . (10) 
The constant coefficients a, c, b in this equation are, it will 
be seen, mainly dependent on the Thomson effect, the change 
of resistance with temperature, and the Peltier effect respec- 
tively. The term b’ is always negligible except very near the 
origin of co-ordinates and will be put zero in all that follows. 
Subject to the proper interpretation of the variable x, the 
equation is that of the “ steady current characteristic ” of the 
combination of conductors. And since when b’ is taken zero 


y=e—ry, . . . ... . (II) 


the steady current characteristic, as usually drawn from 
observations of applied E.M.F. and consequent current, is 
identically that obtained by applying to the curve drawn grom 
the above equation a homogeneous shear of amount r parallel 
to the x axis. 
Particular Cases. 
Case A.—a=b=0. 


The coefficient ais proportional to the difference between the 
Thomson effects in the two conductors at the absolute tempera- 
ture z; if they are equal it vanishes. The coefficient b is pro- 
portional to the Peltier E.M.F. at the junction at temperature 
z; it vanishes if the neutral temperature of the substances 
happen to bez. For thermoelectric effects to be wholly absent 
a and b must both be zero. We are then left with the cubic 


= cazy®—xz+py=0, . . . . . . (12) 


which has been discussed in Papers* by the present writer. 
The quantity c depends mainly on y, the coefficient of increase 
of resistance with rise of temperature. The most interesting 
cases arise when y is negative, as it nearly always is in contacts 
including a native crystalline oxide or sulphide, or carborun- 
dum. In fact, this equation explains the action of the single- 
point coherer fairly perfectly ; and thus, when in equation (10) 
this quantity c is finite and negative, we may say that this 
“ coherer action ” is accompanying the thermoelectric effects. 
The kinds of curve that may be yielded by pure coherer 
action are shown in Figs. 2 and 3. In Fig. 2 the equation is 


c'xy’-+x2—py=0, 


* “ On Coherers,”’ ‘‘ Proc. Phys. Soc.,” Vol. XXII. ‘On an Oscillation 
Detector,’ “ Proc. Phy. Soc.”, Vol. XXII. 
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when ¢ is put for —c. The curve of Fig. 2 has only one‘real 
asymptote, the axis of y. In order to exhibit the curve con- 


Yy 


Fic. 2. 


Fie 3. 


necting applied E.M.F. and resulting current the curve must be 
submitted:¢o shear of amount r, where r is the non-varying 


-— ———" „m 


pæ 
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part of the resistance of the whole of the circuit containing the 
contact. In this way we obtain curves of the kind shown in 
Fig. 3, which resemble those obtained* from a contact consisting 
of two pieces of galena. There are two vertical tangents if 
8r<p (case I.) and none if 8r>p (case III.). The two vertical 
tangents coincide if 8r=p (case II.). Here p is the starting 
value of the variable part of the true resistance of the 
contact. | 

The curve I. shows the existence of instability ; near the 
right-hand vertical tangent a very small increase of E.M.F. will 
produce discontinuously a great increase in the current ; case 
III. is quite stable and illustrates a “‘self-restoring ” coherer. 

For contrast, the curve corresponding to the case when re- 
sistance increases with rise of temperature is shown in Fig. 4. 
The equation is 

cxry’?—az-+- py=0. 


The part of immediate physical interest is that passing through 
the origin. Itshows that, as the current increases, greater and 
greater increments of E.M.F. are needed to produce an assigned 
increase of current, as might be concluded without calculation.. 
This is the kind of curve obtained in any circuit in which a con- 
ductor with positive resistance coefficient becomes heated ; 
for example, a fuse wire raised towards fusion in air. The 
curve of case III., Fig. 3, arises when the heated conductor 
possesses a negative coefficient—e.g., the carbon filament of a 
lamp. 

The contact or aggregate of contacts that occurs between the 
carbon brushes and the commutator of a dynamo affords a. 
striking instance of the phenomena. Many of the known pro- 
perties of brush contacts have been explained by W. H. F. 
Murdoch f on these lines. 


Case B.—a=0, c=0. 


When the specific heats of electricity in the two conductors 
are equal a=0, and when there is no coherer action c=0. In 
this case the equation reduces to 


bry—az+py=0, . . ... . (18) 
which gives the hyperbola shown in Fig. 5. Only the branch 


“ On an Oscillation Detector,” loc. cit. : 
+ Murdoch, “ Commutator Resistance and Energy Losses,” “ Electrica 
Review,” June 16, 1911. 
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through the origin appears to be physically relevant. When 
sheared the equation is 
bry? —bey+-e—(r+ p)y=0. 

This represents a hyperbola with its centre at the point 
(r—p)/b, 1 /b), and with asymptotes by=1, b(e—ry)+p=9 ; 
it is shown in Fig. 6. It is clear that the curve is not sym- 
metrical about the origin, and, therefore, that the existence of 
the Peltier effect makes the contact a rectifier of alternating 

current of any amplitude. 
Case C.—No coherer action. y=0, and, therefore, c=0. 


In this case the full effects of thermoelectric action, free from 

coherer action, are brought out. The equation is 
ax*y?-+bay—atp=0. . . . . . (14) 
Two sub-cases arise—namely, a positive and a negative. 

1. a Positive-—This sub-case is shown in Fig. 7. The branch 
through the origin shows that the contact will act as an excel- 
lent rectifier, unless, indeed, the invariable part r of the resis- 
tance is relatively very large; for even after considerable 
shearing the curve will have its relevant negative portion much 
steeper than the positive portion. The contrast with the las’ 
case (Thomson effect zero) is especially noteworthy. In that 
case the difference of gradient on the two sides of the axis of y, 
after shearing, is not nearly so pronounced as in the present 
case. 

2. a Negative-—When a is negative we obtain the curve 
shown in Fig. 8. It has its steepest part in the positive quad- 
rant, and the points of inflexion near the origin indicate that 
the rectification is more pronounced than in the last case. Thus 
we may expect a combination in which a is of opposite sign to b 
to behave as a good detector for the purposes of wireless tele- 
graphy, other things being not unsuitable. The meaning of 
this condition for good rectifying properties may easily be 
expressed by aid of the diagrams of thermoelectric power in 
Figs. 9 and 10. 

In both figures the Peltier E.M.F.s P, P’ divided by the 
absolute temperature z are represented by zp and zp’; and 
the specific heats of electricity ø, o’ divided by the temperature 
z are represented by the gradients of the lines at the tempera- 
ture z. Now 


= and p 


a 
2m 
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Hence in Fig. 9 both a and b are positive, while in Fig. 10 a is 
negative and b remains positive. In the one case the neutral 
temperature is below z, in the other above z. This is to be 


Power 


PINDET AL 


i Fic. 9. 


Fig, 10. 


seen also from the familiar fact that the neutral temperature 
T is given by 


T ae aa F = a 
C—O 
which in our notation is written 
_ 6b 
Ima’ 


In words the theorem now arrived at is that the best rectifying 
VOL. XXV. T 
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contact obtained by purely thermoelectric effects is that in 
which the neutral temperature (or “ temperature of inversion ”’) 
for the pair of substances forming the contact is above the tem- 
perature of the cold junction. 


Case D.—c=0 and b=0. 


The above conclusion suggests an inquiry as to the rectifying 
properties to be expected of a contact composed of two sub- 
stances which have the same Peltier E.M.F. with respect to lead 
and still have no coherer action. The equation is now, c being 
still zero, 

ax*y?—xz+-py=0. . . . o. . (15) 

Two sub-cases arise, a positive and a negative. 


1. a Positwe.—The curve is given in Fig. 11. It indicates 
good rectification ; a negative E.M.F. causes a greater flow of 
current than a positive E.M.F. 


2. a Negative.—The curve is given in Fig. 12. In this case 
again there is good rectification, but now a positive E.M.F. 
causes the greater flow of current. 

The principal difference between this case and the case C2 
is that there is no point of inflexion near the origin in the pre- 
sent case. This again indicates that it is advantageous to have 
the neutral temperature high. In fact, referring back to case 
C, when 6 is not zero, and solving the corresponding equation 
as a quadratic in y, we have 


_—(be-tp) + v (bat p) F far? 
e 

The vertical tangent to the curve is, therefore, given by the 
cubic equation for x 

—4az?=(bz+ p). 

First, taking a positive and of fixed value we see that the one 
real root of this equation is numerically greater the greater b, 
being —(p/4a)! in the limiting case b=0. Thus the greater the 
value of b the further does the vertical part of the physical 
branch of the curve depart from the axis of y. Since the 
neutral temperature is proportional to b, we may say that the 
rectification* produced by such a contact is greater the higher 
the neutral temperature. This is, moreover, the more marked 
the smaller the value of p. Now, taking a negative we see tha‘ 
the real positive root of the equation is greater the greater b, 


* See Appendix p. 286. 
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and thus again the rectification is greater the higher the neutral 
temperature. Further, supposing that in turn b is fixed in 
value, the form of the equation shows at onc2 that the smaller 
the numerical value of a the greater numerically is the relevant 
root in x. Thus again it appears that a high neutral tempera- 
ture corresponds to good rectification. But in all these con- 
clusions there is always to be kept in mind the practical con- 
dition that the root of the cubic shall be a value of x that is 
attainable experimentally. 

Taken as a whole the argument establishes the theorem that 
the rectifying properties of a contact at which there is no 
coherer action are the more pronounced the higher (within 
practical limits) the temperature of inversion. 


Case E.—The Resistance Coefficient not Zero. 


The most interesting sub-cases occur when the Thomson 
effect in the circuit is zero. The steady current equation is 


cxy?+-bry—az+py=0. . . . . . (16) 

There are three sub-cases :— 

1. c Positive—that is, the resistance of the substances near 
the contact on the whole increases with rise of temperature. 
There are two real asymptotes parallel to the axis of x and on 
opposite sides of that axis. The curve (Fig. 13), is unsym- 
metrical about the origin and the contact possesses rectifying 
properties to some extent, but the asymmetry is smaller the 
greater c. 

2. c Negative and 16c?<6*. Here coherer action enters, 
but only to a relatively small extent. The two real asymptotes 
parallel to the axis of x are now on the negative side of that 
axis, and consequently the curve (Fig. 14) is very unsym- 
metrical about the origin. The contact will be a good rectifier, 
and will be a good detector of oscillations when submitted to a 
suitable positive E.M.F. 

3. c Negative and 16c?>b*. Here coherer action is pre. 
dominant. The curve is shown in Fig. 15. The asymptotes 
parallel to the axis of x are imaginary, and the contact, when 
employed as a detector, is sensitive under a particular negative 
as well as a particular positive E.M.F. Its difference from a 
pure coherer would be seen experimentally by a difference in 
the numerical values of the particular positive and negative 
E.M.F.s that give maximum sensitiveness. The vertical 
tangents occur at values of x given by 


p/(2\/—c+b) and —p/(2\/—c—D). 
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GENERAL CASE. 


We have now to analyse the general case when none of the 
constants in the steady current curve vanish. From what has 
gone before it may be expected that, broadly, the effect of the 
thermoelectric terms is to produce asymmetry and the effect 
of the resistance terms is to encourage symmetry in the 
physical portions of the curves. 

The general equation is 

ax*y*+-cxy?+ bry—a+py=0.. . . . (17) 
By definition b is positive, and the positive direction of the 
current is that in which it must flow in order to absorb heat by 
the Peltier effect at the junction that remains at the tempera- 
ture of the surroundings. The resistance p is essentially posi- 
tive; the Thomson term a may be negative or positive, and 
c has the same sign as the aggregate resistance temperature 
coefficient of the contact. 

There is no need to discuss here the method of plotting the 
curves, nor is there any necessity for plotting the curves accu- 
rately. Therefore in the figures only the general shape of each 
curve is intended to be conveyed, and though the non-physical 
branches have been inserted, isolated ovals have all been 
omitted. Asymptotes are shown by dotted straight lines. 
It is convenient to divide the discussion into cases delimited 
by the signs of the constants a and c. The reader may be 
reminded that the curves ought to be sheared in the manner 
already described before being compared with experimental 
curves. 


Case I.—a Positive, c Positive.—The curves take the forms 
shown in Figs. 16a, 16B, 16c, according as b/p is less than, 
equal to, or greater than ale, i.e., 2y(P—P’) less than, equal to, 
or greater than o—o’. The greatest asymmetry is indicated in 
Fig. 16a, which corresponds to the condition that the Thomson 
coefficient shall be great compared with that of the Peltier effect 
and of the temperature coefficient of increase of resistance. 


Case II.—a Positive, c Negative.—The existence of coherer 
action brings about two distinct sub-cases which both indicate 
that the contact would operate well as a detector for radio- 
telegraphy. In one of the cases the contact would be a sensi- 
tive detector only when the E.M.F. is negative; in the other 
it would be sensitive at two unequal and opposite values 
of the applied E.M.F. ~The analytical condition separating 
these cases is cumbrous (Figs. 17a and 17B). 
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. Many samples of galena form with lead contacts of these 
‘types. , 


Case III.—a N waives c Positive.—There is only one type of 
curve. A contact belonging to this class will behave as a sensi- 
tive detector only for positive applied E.M.F. (Fig. 18). 


Case IV.—a Negative, c Negative.—There are four sub-cases 
shown in Figs. 19a, 19B, 19c,19p. In A, b/p is much smaller 
than a/c—that is to say, 2y(P—P’) << a—o’. In B, 2y(P—P’) is 
slightly smaller thano—o’. A case scarcely different from the 
Jast in its physical branch is given in c, where 2y(P—P’)=c—o’. 
Finally, in D is seen the case when 2)(P—P’)>o—o’. If we 
regard the passage through these sub-cases as being due to a 
gradual increase of the share of coherer action in the whole 
phenomenon, it is evident that coherer action always tends to 
make the realisable part of the curve symmetrical about the 
origin of co-ordinates. If, on the other hand, we regard the 
transition as due to gradual elevation of the neutral tempera- 
ture, we see cases A to D correspond to higher and higher values 
of this temperature. 

Contacts including zincite usually fall in one of these sub-cases. 

Most of the curves drawn in this Paper possess a vertica 
tangent on one side of the origin of co-ordinates, and many o 
them a vertical tangent at each side. After allowing for the 
shearing process: required to convert the curves into “ char- 
acteristic curves,” it may be concluded broadly that when a is 
positive the current produced by a definite voltage is greater 
when the voltage is negative than when it is positive; while, 
when a is negative or zero the positive voltage produces the 
greater current. Now it is well known that when a contact is 
warmed by direct communication of heat, the thermoelectric 
force is for some pairs of substances in same direction as the 
larger, and for other pairs in the opposite direction to the larger 
of the currents produced across the contact by reversing a 
constant applied E.M.F. The latter case has frequently been 
quoted as showing that these contacts did not owe their recti- 
fying properties to thermoelectric effects. This is a fallacy. 
For the observation of the direction of the thermoelectric force 

produced by direct heating often shows only the sign of the 
Peltier effect and not the sign of the. Thomson effect i in the 
circuit ; and it is the latter alone which decides, through the 
constant a of this Paper, the accordance or disaccordance 
indicated above. 
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Considerations relative to the Determination of the Constants 
involved in the Theory. 


The constants occurring in the general steady current 
equation are a, b, c and p. By aid of the equations of the 
section dealing with the thermoelectric theory, two of these 
constants may be expressed partially in terms of the more 
fundamental constants appearing in the thermo E.M.F. 
equation 

p= 6(B-+2az-+a0) 
= 6(B’+- a), say. 
Here 6 is the temperature of the contact above that of the cold 
junction and the’surroundings z. We thus obtain 
a= = pee . 

m m 

The quantity m is the measure of the rate of loss of heat by 
radiation and conduction. 

Now, for any particular two substances forming a contact the 
constants a and f’ may be determined by measurement of the 
thermoelectric force for two values of 0, and thus a and b 
become known if m can be determined. Unfortunately this 
quantity cannot be determined. Of the other constants in the 
current equation—namely c and p—the first is given by the 
equation 

c=py/m. 

_ The coefficient y is, for the crystals that form the most 
interesting contacts, very difficult to measure. In all the 
methods the author has employed, difficulty has arisen through 
the high thermoelectric effect at the electrodes ; but so far as 
the measurements go it is negative in many conducting native 
oxides and sulphides. The quantity p can be roughly esti- 
mated by shearing an experimental curve till its asymptote is 
parallel to the axis of y and then noticing that the tangent at 
the origin is z—py=0. 

The data accumulated up to the present by the author will be 
published in a later communication, when also the experi- 
mental work of other observers will be discussed, 


APPENDIX. 
On the Operation of a Contact as a Radio-telegraphic Detector. 


It appears that the earliest statement of the general connec- 
tion between the steady current curve of a contact and its pro- 
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perty of acting as a detector of oscillations was made by H. 
Brandes* in 1906. He pointed out that any kind of conductor 
—not necessarily a contact—which departs from Ohm’s law 
will rectify alternating current in some degree. If with such a 
substance (or contact) the volt-ampere curve is symmetrical in 
the first and third quadrants, a direct current of suitable magni- 
tude must be kept flowing and the oscillatory current to be 
rectified must be superposed on this current. On the other 
hand, he pointed out, if the characteristic curve is not sym- 
metrical about the origin, no direct E.M.F. is actually needed. 
And he showed that the same general rules hold good for all 
sorts of detectors, such as the electrolytic, as well as for the 
so-called crystal rectifiers. Again, Pickardt has indicated that 
the greatest sensitiveness of crystal contacts is at the E.M.F. 
where the rate of change of resistance is greatest, and J. A. 
Fleming+ has published diagrams showing that in the case 
of his vacuum valve the E.M.F. of maximum sensitiveness 
_is near that of the maximum ordinate of the second derived 
curve of the characteristic. These principles may now be re- 
garded as well known and have been -tacitly assumed in the 
preceding pages. It would be well, however, to examine the 
matter from the purely theoretical standpoint of this Paper. 
Let the equation of the characteristic of any detector (Fig. 20) 
be y=f(e), where y is the current produced by applying the 
steady E.M.F. eto the detector. Suppose the E.M.F. to increase 
by the small amount h and the current to increase in conse- 
quence by the amount k. Then, by Taylor’s theorem, 


U4 h? H hs Wt 
IM O+ BP Ot BI Ot 
where f’, f, f”... indicate the first, second, third... derived 
functions of f (e) We will suppose that h is a very small 
alternating E.M.F., say, h=a sin wt, where w is small. 

The whole matter may now be regarded from two points of 
view. In the first place we may concentrate attention on the 
rectifying action of the contact, and calculate the excess of 
electricity passing in one direction round the circuit over that 
passing in the other direction, when the alternating E.M.F. is 
acting. In the second place we may endeavour to estimate, 


* H. Brandes, “ E.T.Z.,” 27, p. 1015, Nov. 1, 1906. 

+ G. W. Pickard, “El World,” November, 1906. 

tJ. A. Fleming, Royal Institution Discourse, June 4, 1909, and British 
Patent Specification 13518, 1908. 


288 | DR. W. H. ECCLES ON 

not what may be called the rectified current, but, instead, the 
energy possessed by the portion of the current in the circuit 
due to the harmonic E.M.F. 


In the former case the average value of the increased current 
flowing in the circuit while the alternating E.M.F, is acting is 


1 T 
oy=m | dt 
where T is the period of the alternation and T=2z/w#. Hence 
ag 3a‘ iy 
dy= gg A+ yi e+ 


Thus the magnitude of the average rate of flow of the rectified 


Fic. 20. 


electricity depends on the derived functions of even orders as 
might be expected. The equation shows that if the steadily 
applied E.M.F. e is adjusted to a value corresponding to a 
sharp bend on the characteristic curve, then the rectified 
current may be very large, according to the value of f(e) 
principally. It is on this account that a coherer with a per- 
fectly symmetrical characteristic can be made to act as a 
rectifier of slow alternating current. 

On the other hand, from the energy point of view, the i m- 
crease of the mean square value of the current round the 


—__ oo r m 
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circuit, when alternating E.M.F. is imposed on the steady 
E.M.F., must be calculated. This increase is given by 


(yk P—y?= {H(e)+hf'(e)+ Z f"(e)-+ } = 


=2hf(e) . Fle) +-PTF (e)}?+ Fe) . f(e) 
HEHE (e)re) . Feti... 

Thus, the additional work done in the circuit per second, in 
consequence of the imposition of the harmonic E.M.F. h, is a 
function of the gradient of the characteristic as well as of the 
higher derived functions. In particular, work will be done in 
the circuit even when using a straight portion of the charac- 
teristic curve where all the derived functions of even order 
might be zero, notwithstanding that in this case the rectified 
current would be zero. The apparent paradox that work 
may be done in the telephone circuit although there is no 
rectified current is removed by reflecting that a sine wave 
alternating current will not deflect a direct-current galvano- 
meter though it may be doing work in the circuit. 

We therefore draw the conclusion that when the steady 
E.M.F. is adjusted to a sharp bend on the characteristic curve 
the detector gives the best rectification ; but when the greatest 
deflection of an instrument of hot-wire type is required, we 
must have the quantity {/’(e)}?+/(e) . /’(e) near its maximum, 
which will usually occur very near the E.M.F. corresponding to 
the point of inflexion on the curve.* In this latter case the 
mode of operation may be styled the “ mean square mode.” 
In general the amplitude of the oscillatory E.M.F. will perhaps 
not be so minute as is here assumed, and consequently the 
local steady E.M.F. applied to the detector cannot be so 
adjusted as to separate the two modes of action just described. 

The above analysis leads immediately to an expression for 
the efficiency of transformation of energy. The instantaneous 
rate of working of the applied oscillatory E.M.F. is hy, and thus, 
if W be the average rate of working, 


"=z, hydt 
= s (e)+ a ”(e)+ 


* In the case of the magnetic detector it has been. shown experimentally 
by the author that the point of maximum sensitiveness is near, but not quite 
coincident with, the point of inflexion of the hysteresis loop.—" Proc. Phys. 
Soc.,” Vol. XX., June, 1906. 
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The average rate of working in the circuit of the detector is 
2 4 
w=m . SLE (e+e) . PeolHm . 3e 
+4f'(e) . f"(e)+Ke) . P(e) -> 


where m is a proportional constant. The efficiency is the ratio 
w: W. 

The degree of the equation connecting w and W when a is 
eliminated between the above equations depends on the num- 
ber of terms in powers of a? included in the process. The 
simplest case occurs when w is near its maximum and also 


w 


Ww 
Fie, 21. 


f’(e)=0; for near the maximum of w the coefficient of at in 

the equation for w vanishes, and then we have 
wf'(e)=m{[if’(e)?-+f(e)f"(e)]W. 

When W and w are taken as abscisse and ordinates this equa- 

tion connecting input and output of energy is represented by a. 

straight line through the origin. More generally, writing the 

equation for w in the form | 


w=a,a*-+a,a* 
and W=4/'(e)a?+ afc) . a4 
we have 
{a,W— sf” (e)w}?= {41 (e). a— dtte). a4} X {Hf (ew —a,W}, 
_ which represents a parabolic locus. 
In the cases in which /”’(e) and higher derived functions may 
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be neglected—and these are often practical cases—this equation 
becomes of the form 


4a,(W+A)?=/"(e)(w+B), 


where A and B are positive constants involving f(e), f(e) and 
f(e). The locus is shown in Fig. 21. The thick portion is that 
with which radio-telegraphy is concerned, for elsewhere W is 
negative or it is so small as to give no audible sound. Experi- 
mental observations made by the author on the magnetic 
detector,* the coherer,f the electrolytic detector and various 
contact rectifiers have yielded points lying approximately on a 
straight line passing to the right of the origin in the manner sug- 
gested by a straight line drawn through the thickened part of 
the last figure. 

From the experimental results mentioned, it would appear 
that this theory of the “ detecting ” property of any apparatus 
with a characteristic curve like Fig. 20, under low-frequency 
E.M.F. of small amplitude, holds good in some measure for 
the high frequencies and large amplitudes employed by the 


various observers. 
ABSTRACT. 


The Paper is a purely theoretical one, and deduces mathematically 
the laws connecting the current and the applied E.M.F. in a circuit 
containing a light contact of two conductors. When an electric 
current passes across a light contact of two different substances, 
heat is liberated or absorbed in accordance with the law of Peltier, 
heat is generated in accordance with the law of Joule, and, in the 
regions of the conductors where there is a temperature gradient, 
heat is liberated or absorbed in accordance with the laws of the 
Thomson effect. These thermal actions are very noticeable in con- 
tacts made of badly conducting natural oxides or sulphides on 
account of the high resistivity and the large thermoelectric effects in 
these substances. The low thermal conductivities of these sub- 
stances exalt the electrical consequences by conserving the heat. 
The bulk of the wireless telegraphy of the world is carried on by such 
contacts as these, and the present Paper, therefore, constitutes a 
theory of the action of these detectors. 

The general equation connecting the current across a contact and 
the P.D. between two points of the circuit is deduced, and is found 
to be of fourth degree when the difference of the specific heats of 
electricity in the conductors is not zero. The curves are discussed 
and plotted for all the principal variations of value of the Thomson 
effects, the Peltier effects, and the resistivity-temperature coeffi- 
cients of the substances. It is shown that, in general, when a con- 
tact is used as a radiotelegraph detector, there may be some coherer 


* “ Proc. Phys. Soc.,” Vol. XX., 1906. 
t Vol. XXII., 1910. 
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action mixed up with the thermoelectric “ rectifying ° action; and 
that, whether there is or is not any coherer action, the principal 
features of the characteristic curve connecting current and E.M.F. 
are determined by the Thomson rather than by the Peltier effect. 
Thus, if two contacts could be made having all their electrical and 
thermal properties of equal measure excepting the Thomson pro- 
perty, of which the measures were of opposite signs, the curve con- 
necting current and E.M.F. for one contact would rise more rapidly 
on, say, the side of positive E.M.F. than on the side of negative 
E.M. F., and vice versa for the other contact; and this although a 
‘direct experiment of applying heat to the contacts in turn and 
observing the consequent 'normorleoirio forces, showed these to have 
the same, direction in both. 


DISCUSSION Si 


Dr. A. RUSSELL considered Dr. Eccles’ fundamental] equation very 

valuable. He thought Dr. Eccles’ definition of the efficiency of a 
detector useful and the method of arriving at it very neat, but he 
did not think the curve of efficiency given by Dr. Eccles would be 
much use. What was wanted to tell a good detector was the shape of the 
function showing the relation between the current and the E.M.F. 
- Prof. C. H. Lees thought it was important to have shown that 
the well-known phenomena of thermoelectricity and variation of resis- 
tance could explain the behaviour of contacts. The theory was: quite 
elastic enough to explain more complicated characteristic curves than 
those now considered, as the resistance was not strictly a linear function 
of the temperature and the heat conductivity also was not a constant. 

Mr. P. R. Coursey referred to the tests he had recently carried out for 
Dr. Fleming on the subject of crystal detectors, some of the results of which 
were before the meeting, and said they were undertaken more with the view 
to finding the relation (if any) that exists between the characteristic and 
sensitiveness curves for the crystals (taking impressed voltages as abcissz 
in both cases) than to discovering a reason for the shape of the characterjstic 
curves and the more or Jess abrupt changes of curvature, or “ kinks,” that 
occur in them, as had been done by Dr. Eccles in his Paper. It had been 
known for some time past that when the second differential of the charac- 
teristic curve of a Fleming oscillation valve is plotted it bears a considerable 
resemblance to the sensitiveness curve of the valve. This relation was found 
in the above tests to hold good to a greater or less degree in the majority of 
crystal detectors, the most notable exception being the galena-plumbago 
combination, for which practically no agreement between the two curves 
could be found. Similar remarks applied to the electrolytic detector which 
was also tested ; and hence one was led to the conclusion that in most 
detectors we have at least two actions taking place tending to produce 
sounds in the telephones, and that these may or may not assist one another, 
it being probable that in the galena detector the effect due to the changes of 
curvature are almost entirely masked by some other, and opposing, effect 
due to a different cause—perhaps some type of electrolytic or thermal action. 
Hence to analyse or explain the shape of the characteristic curve of a de- 
tector in the manner outlined by Dr. Eccles was not necessarily going to be 
of assistance in finding a good detector, since, as seen from the above tests, 
the sensitiveness is not always dependent merely upon the shape of the 
characteristic curve, although nevertheless in many cases it will doubtless 
lead to valuable results. 

Dr. J. A. FLEMING communicated the following: With reference to 
Dr. Eccles’ remarks on the characteristic curves of certain rectifying 
detectors, I believe I was the first to point out, in a British patent speci- 
fication, No. 13,518 of 1908, the conditions under which certain rectifiers 
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of oscillations,’such as my glow-lamp detector, can be operated with an 
added E.M.F. as a more sensitive detector than by use as a mere rectifier 
without such E.M.F. Long before that date a large number of measure- 
ments of characteristic curves of my valves and other detectors had 
shown that there were sudden changes of curvature in them. The 
method of detecting these was to plot a first and second differential curve 
from the volt-ampere characteristic. In the above specification I de- 
scribed simple means of applying the boosting voltage in the case of a 
glow-lamp detector by using a potentiometer wire in connection with the 
same battery which incandesces the glow lamp. With certain detectors 
this is a more sensitive arrangement for detecting oscillations, but it is 
unfortunately as yet impossible to construct glow-lamp detectors or 
oscillation valves with predetermined characteristics. I have, however, 
one glow-lamp detector which when worked in this manner is more 
sensitive than any electric wave detector I have ever met. We have not 
yet found the way to reproduce it. I referred to these experiments in 
a Friday evening discourse at the Royal Institution, and exhibited a 
diagram showing the characteristic curve of a certain valve and its first 
and second differential curves. The scheme of the circuits and the 
method of working is fully explained with diagrams on p. 481 of Chapter 
VI. of the second edition of my book on ‘‘ The Principles of Electric Wave 
Telegraphy and Telephony.” Since that date a very large amount of 
information has been collected in my laboratory on the form of the 
characteristic curves of a number of contact and crystal detectors.. 
Mr. Coursey made for me a very extensive collection of such measure- 
ments about eight or nine months ago, but this information and a 
numerous set of curves depicting the observations has never yet been 
published. The results do not, however, fall in with any very simple 
theory of such rectifying detectors. The point to be explained is the 
reason for this sudden change in curvature in the characteristic. It is. 
obvious that if there is sucha change of curvature then the mean value of 
the current through the detector and, therefore, in a telephone, in series 
with it, will be increased if we add to the alternating E.M.F. acting on the 
detector a steady unidirectional E.M.F. of value exactly corresponding to 
the abscissa of the characteristic at that point of change of curvature. 

The AUTHOR, in reply to Prof. Lees, stated that all the coefficients of- 
his fundamental equation were variable with temperature. In reply to 
Prof. Fleming, he stated that the Paper fully explains the main changes 
of curvature in the characteristic of a crystal detector, but does not touch 
on the theory of the vacuum valve. 
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XXXII.—On the Evaluation of Certain Combinations of the Ber, 
Bei and Allied Functions. By S. Butrerwortu, M.Sc., 
Assistant Lecturer in Physics, School of Technology, 
Manchester. 


RECEIVED May 8, 1913. Rrap May 30, 1913. 


1. It has been pointed out by Russell* that, in most formule, 
the ber and bei functions nearly always occur in one or other of 
the following combinations :— 

X (x)=ber? x+ bei? z, 

V (x)=ber? x+ bei’ z, 

Z (x)=ber x ber’x-+ bei x bei'z, 

W (x)=ber v bei’x— bei x ber’z, 
while in most cases only the combinations Z/X, W/X, Z/V, 
W/V occur. 

Russell has given formule for evaluating these combinations, 
suitable either for high or low values of the argument. These 
formule have been extended by Savidgef and he has pub- 
lished a four-figure table of the functions. A five-figure table 
of the combinations Z/V and W/V for smaller intervals of the 
argument has also been prepared by Rosa and Grover. t 

In the present Paper formule are established for functions 
Q, and p, defined by the relation 


Jit (V — u1) 
j Qt w= oo fe ee 
J n— ( yy Ha Ux) 
From the definition of the ber and bei functions it may readily 
be shown that | 


W/X=2(1+ 9,)/2, W/V=2/xe—ay,/4) i 
Z/X=—xy,/2, Z/V=x(1+9,)/4 J? — © ( ) 


so that Russell’s formule are particular cases of the.formule of 
this Paper. 

The functions 9, and y, also occur in the problem of a 
spherical conductor in an alternating magnetic field, n in this 
case being of the form (2m-++-1)/2, where m is an integer. 


* Russell, “ Phil. Mag.,” 6, 17, p. 524, 1909. 
+ Savidge, “ Phil. Mag.,” 6, 19, p. 49, 1910. 
t Rosa and Grover, “ Bulletin ” Bureau of Standards, p. 226, Jan., 1912. 
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2. Formule for Low Values of x.—By writing down the 
series for J , (x) and J,_;(x), and dividing, afterwards putting 
o/—.x for x, we get 


a a er. | 

Pa (2n)?(2n+-2)(2n+-4) © (2n)4(2n-+-2)?(2n+-4)(2n-+-6)(2n-+ 8) (A) 
o P (10n-+-12)zx® 

Pa — Innt?) Cnn +2 nF EnF) j 


These formulæ are useful only for very small values of z. 


3. Formule for High Values of x.—By making use of the 
relation 


J (x)= "I(2), 
and using the semi-convergent expansion 
l 


An?—1 , (4n?—1)(4n?—9 
nN os A1- NEF — ah 
we get 7 
_ 2n 22n(2n—1)(2n—3) 
ny rv | 
2n(2n —1)(2n—3) , 2n(2n—1)(4n?—9)(2n—7) 
Bat © vVZ.1285 
an, 2n(2n—1) 2n(2n—1)(2n—3) (B) 
Soya O eVe 
2n(2n—1)(4n?—9)(2n—7) 
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Putting n=1 or 2, and making use of relation (1), Russell’s 
formule for W/X, W/V, Z/X, Z/V are readily obtained. 


4. Formule for Intermediate Values of x«.—It is found on 
application that formule (A) and (B) fail for a considerable 
range of the argument. 

If, however, the roots of J,_1(z)=0 are known, this gap may 
be filled up. 

Let a,, az, az... be the positive roots of J, ;(x)=0. 

Then we may write 


Jn—1(%)=a,(%*— a,”)(2? — ag)(2?— a3?) . 


Since the series for J,,,(x)1s more convergent than that for 
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Jn—1(2), Jngi(x)/J ,-1(x%) may be separated into partial fractions 
by the usual method, a we find | 


Japi ə l 
dea =4nx Sens x2)" Po ee ee ee (2) 
Putting y — «z for a, 
1 D 
o, =—4nrt > EE 
| =a aan fas) | D 
Y, =— Ane? oa 


r=1 4ft J) 

These formulæ are always convergent, but the convergence 
is very slow. 

However, by expanding the later terms in powers of x, prac- 
tical formule may be obtained. 

For values of x up to =a, I find the most convenient form 
to use is 

a, ae (ee ee 1 +C 

ve latlar) Oe *(ag*+-24) si 


—C;74+C,28— eee ; (C) 
Anz? 1 l 4 8. 
P= — tna (atait aipat SF Cr —... 


where 


C= 2 x," 
=3 Ap 
When x> a, formule (B) are abie 

The coefficients C, are easily determined by summation, ex- 
cept in the case of C,. However, by comparing the coefficients 
of x? in formule (A) and (C) we find 

Fail 1 
Cag a,* 8n?(2n+2) 
and this relation is sufficiently accurate to determine C,,. 

5. Numerical Values from Formule (C).—The zeroes of 
Jo(x) and J,(x) are given to a high degree of accuracy in Gray 
and Mathews’ Bessel Function (pp. 244 and 280). From these 
values I obtain the values of the coefficients given in Table I. 
In Table IT. are given the values of W/X, Z/X (a) as calculated 
by formule (C), using relation (1), (b) as calculated by Savidge. 

The values of the argument chosen are those for which the 
calculation by the usual formule is most tedious. 

In Table III. are the corresponding values of W/V and Z/V as 
compared with Rosa and Grover’s values, 


_BER, BEI AND ALLIED FUNCTIONS. 297 


Numerical values from formule (B) are unnecessary, as these 
reduce to Russell’s formule when n=1 or 2. 


TABLE I. 
C,(forn=1). | C, (for n=2). 
27338 x 10-4 1°56456 x 10-4 
2-8933 x 10-* 1°16285 x 10-8 
3-5003 x 10-8 9:9744 x 10-® 
4-4599 x 10-10 9-0709 x 10-1! 
5-8173 x 10-2 8-4836 x 10-38 
7:6745 x 10-14 8-0504 x 10-35 
1:0183 x 10-15 7:7129 x 10-! 
1-3552 x 10-2 7-3960 x 10-19 
1-8065 x 10-29 l 7-1222 x 10-2! 
2-4048256 3-8317060 
5-5200781 7-0155867 
TABLE IT. 
W/X. | 
x — | — 
Savidge. Formula (C). || Savidge Formula (C). 
_———— | ) se SESS 
3 0-7485 0-748531 | 0-5399 0-539948 
4 0:7141 0-714078 ` 0-5842 | 0-584194 
5 0-7101 0-710145 ` 0-6040 0-603998 
| 6 0-7101 0-710139 | 0-6211 | 0-621090 | 
| Taste III. 
| W/V. | ZJV. 
x ' Rosa and : | Rosa and 
| Grover. Formula (E): | Grover 
5 !: 081709 | 0817090 || 069496 0-694960 
6 i 079786 | 0-797862 | 0-69781 0-697£09 
7 |  0-78377. | 0-783768 0-70037 0-700372 
8 ! 0-77361 ; 0-773610 | 0-70214 0-702130 
ABSTRACT. 


Formule are obtained for the real and imaginary parts of Jn41/Jn—1, 
when the argument is of the form /—.z. These formulæ are useful 
for evaluating the functions W/X, Z/X, W/V, Z/V defined by Russell, 
and have other applications. 

The formule are of two types :— 

(a) Those suitable for low or moderate values of the argument. 
These are particularly useful in those cases where computation by 
other methods is most laborious. 

(6) Those suitable for high values of the argument. Russell’s 
formluæ are particular cases of these formule. 
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XXXIII. The Extraordinary Ray resulting from the Internal 
Reflection of an Extraordinary Ray at the Surface of an 
Umazal Crystal. By James WALKER, M.A., Ozford. 


RECEIVED May 8TH, 1913. READ May 30, 1913. 


TAKING one of the co-ordinate axes in the direction of the 
. optic axis of the crystal, the equation of the extraordinary 
wave-surface may be written 

x 2° 

THA 

where b=c, or c=a, or a=b, according as it is the axis of z, 
or of y, or of z that is along the optic axis, and the ray- -slowness 
s in the direction (A, u, v) is a by 


=l}, .......QM 


y? 
EHHE. ME 
If, then, (p, q, r) be the direction-cosines of the normal to 
the reflecting surface and the suffixes (1), (,) refer to the 
incident and the reflected extraordinary rays respectively, 
the — of least time he the equations 


lag oe v Ay fy Y 
Pata e a Eeeh » (8) 
where K is an oa magne 

Introducing in place of (p, q, r) the direction-cosines (a, B, y} 
of the diameter of the wave-surface that is conjugate to the 
plane pr+qy+rz=0, equations (3) become 


l l: i 
S(Az Ha; es (A, Hi» vı)=L(a, P, y), . . œ (4) 


So 
where L= g/t. 
1. As a first result we obtain 
An, Ap. #20 | =0, 
a, lis B 
Vo, V1, y | 


or the diameter of the extraordinary wave-surface, described 
round the point of incidence, that is conjugate to its section 


by the reflecting surface, is co-planar with the incident and the 


reflected extraordinary rays. 


— = 
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2. Let (a’, p’, y’) be the direction-cosines of a line in this 
plane perpendicular to (a, P, y), then, multiplying equations 
(4) by a’, P’, y’ respectively and adding, we obtain 


. 1. 
— sin X,=— sin X 
8> A aN 


where X,, Xa are the angles that the direction (a, P, y) makes. 
with the incident and the reflected rays. 

Since the ray-velocities are given by the radii vectores of the 
wave-surface, this equation expresses that the diameter of 
the extraordinary wave-surface, described round the point 
of incidence, that is conjugate to its section by the reflecting 
surface, is the median of the triangle formed by the incident 
and the reflected extraordinary rays and a parallel to the 
reflecting surface. 

3. Again multiplying equations (4) by p, q, r respectively 
and adding, we obtain 


] 
a COs pH cos 9,=L cos 6, 


where ,, >, 0 are the cies that the normal to the ieiet 
surface makes with the incident and the reflected rays and 
the direction (a, ß, y). 


Now 5, COS Pr, = COS Hy are the projections on the normal. 
1 2 


to the reflecting surface of the ray-velocities along the incident. 
and the reflected rays, and from the above results these are 
equal. Hence 


__ 2 COS oy 
inä ae cos 0 
ooh on eo o cee 
2a cos pı— Å, cos 0 2p cos ọ;—u, cosh 2y cos 9,—v, cos 0 


COS Pp saat esate SE 5 Oe reat nt EA 
-= COS 9, COS Ô 4/4 cos? p —4 cos X, cos 9, cos O-+-cos? 0 


From the form of these equations it follows that they hold. 
for any system of rectangular co-ordinates. 


ABSTRACT. 

By the principle of least time it is shown that the diameter of the- 
extraordinary wave-surface described round the point of incidence, 
that is, conjugate to the reflecting surface, is coplanar with the incident 
and reflected extraordinary rays and is the median of the triangle 
formed by these rays and a parallel to the reflecting surface. 

The direction-cosines of the reflected ray are then obtained in terms of | 
those of the incident ray and the said diameter of the wave-surface. 
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XXXIV. Some Experiments on Tinfoil Contact with Dielectrics. 
By G. E. Barrsto, M.Sc., B.Eng. | 
RECEIVED May 7, 1913. READ JUNE 13, 1913. 


ALTHOUGH the questions connected with the effect of contact 
between the conductor and dielectric in the case of condensers 
have already been to some extent considered, a sufficient 
number of unsettled points remain which invited further con- 
sideration. In the course of a larger investigation on the 
properties of dielectrics the author was led to direct his atten- 
tion to these questions, which were touched upon by Dr. J. A. 
Fleming and Mr. G. B. Dyke* in a recent Paper, and have also 
been discussed by Mr. Rollo Appleyard. | 

The points examined by the author are as follows :— 

1. The different effects of pressure and voltage upon tinfoil 
contact with celluloid as dielectric. 

2. The effect of contact upon measurements made with 
alternating currents. 

3. The effect of imperfect contact upon the accumulation 
of residual charge. 


1. The Different Effects of Pressure and Voltage upon Tinfoil 
Contact with Celluloid as Dielectric. 


In experimenting with dielectrics it is generally known that 
if we have tinfoil electrodes pressing against a sheet of dielec- 
trics, and a heavy pressure applied to bring them into more 
intimate contact, the current a minute or two after the appli- 
cation of the voltage is slightly greater than the current at the 
time of switching on. 

Mr. R. Appleyard has described some experiments on press- 
pahn in which he compares the second minute deflection with 
the first minute deflection. He finds that for small loads the 
former is in general greater than the latter, but as the load 
increases a point is reached at which these deflections become 
approximately equal. For loads greater than this the second 
minute deflection was less than that of the first minute. He 


* J. A. Fleming, F.R.S., and G. B. Dyke, B.Sc., ‘‘ On the Power Factor 
and Conductivity of Dielectrics when tested with Alternating Electric 
Currents of Telephonic Frequency at Various Temperatures,” ‘‘ Proc.” Inst. 
Eng., Vol: XLIX., p. 351. 

t R. Appleyard ‘‘ On Contact with Dielectrics,” “ Proc.” Phys. Soc., 1905, 
Vol. XIX., p. 724-737; “ Phil. Mag.” Vol. X., p. 485; and “Science 
Abstracts,” Vol. VIII.A, No. 2099, 1905. 
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also found that the apparent resistance gradually decreased 
with the pressure, and attained a fairly constant value at about 
543 grams per square centimetre. He also found that in- 
creasing the voltage decreased the apparent resistance. 

The following experiments, which go into the matter in 
more detail, were made with the object of trying to elucidate 
the cause of this increase of current after the first switching on 
of the current, by studying the effect at very low pressures as 
well as at the point at which perfect contact is obtained, and 
by allowing sufficient time (in most cases hours) for the current 
to reach its final steady value. In none of Mr. Appleyard’s 
experiments does the increase of current amount to more than 
about 6 per cent., whereas by choosing a suitable dielectric, 
_ the author has been able to obtain increases of more than 40 
per cent. The reason for this lies in the fact that with press- 
pahn, the material used by Mr. Appleyard, the decrease in 


NNN 


Fia. o 


current due to absorption is of & greater order of magnitude 
than the conduction current, whereas celluloid, the dielectric 
which was used for the following experiments, has a much 
greater conduction current than displacement current, and so 
the effect of absorption has nothing like the influence it has 
with presspahn. Celluloid is therefore a much more convenient 
dielectric for use in investigating the effects under notice. 

A single sheet of celluloid having an area of about 300 sq. cm. 
and thickness of 0-0762 cm., was placed between two well- 
smoothed tinfoil electrodes having an area of 205 sq. cm. each. 
It was placed in a testing machine with a thick piece of mill- 
board underneath and one above it, and the whole insulated 
with several layers of well-dried manilla paper. Two half- 
round steel pieces (see Fig. 1) with planed undersides served to 
distribute the pressure applied by the knife-edge of the testing 
machine to another flat piece of iron placed on top of both, the 
knife-edge being, of course, in a symmetrical position. 
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The E.M.F. used was 100 volts, and the current was mea- 
sured by the direct deflection method. 

The temperature during the whole course of experiments 
remained between the limits of 15-7° and 16-3°C. 

Table I. gives a set of results for very low, and for moderate- 


TABLE Í. 


i 10-8amperes | Weight 


| Time per sq. cm. in lbs. i * | per sq. cm. 
| Approx. 5 ’ 1-16 250 | 43min. 10-82 
15 } min. 2-38 7 ae 10-85 
| ae 2-43 | 2 ,, 11-04 
2 2-46 5 11-24 
5 o» 2-47 /10 11-26 
25 | $ » 3-19 | 15 e 11-3 
mee 3-21 20, 11-31 
ae. ke 3-63 i .lesy 11-41 
7 5 » 3-64 KDS ig 11-58 
| 45 i 4-07 Eo <4 11-59 
| i” = 4-12 1156 11-77 
| Lee. gh 4-15 (30° -,, 12-04 
| 5 » | 416 45 y 12-47 
' 59 | b | 430 : (I hour 12-70 
| 2 n | 4-48 lt ,, 12-81 
| rS 4-50 lk ,, 12-92 
60 T 4-70 2 ,, 13-28 
| ae 4-82 400 | 4min 13-97 
10 , | 4-84 Poe ap 14-22 
: (2003, | 487 B 14-62 
70 žna | 5A | 4 hour 15-37 
2 4, | 527 Eu 16-38 
5 4 | 535 lh ,, 16-92 
| l0 „ © 536 2 4, 17-70 
| 80 1, | 556 | 500 | 4min 18-75 
2 4, l 559 5 18-91 
| 10 4, | 567 | 2m 19-14 
| 150 10, 8-1 | (15 19-5 
200 l0 ,, 9-82 '30 19:87 
225 4 99 10-18 | 1} 29 20-8 
Lo» | 10-22 | i 2 ,, 21-4 
| 5 s | 10-48 | 3 >? 29-15 

0 » | 1053 | ae 224 | 

| l5 4, | 10-53 ; 24, 223 | 


i! 
| 


pressures, each test being given sufficient time to allow the 
current to come to an absolutely steady value, after the first 
instantaneous increase had taken place. It will be seen that 
at low pressures the time required is short, 2.e., of the order of 
5 to 15 minutes, but that as the pressure is gradually increased 
the time now required to reach a steady maximum is of the 
order, not of minutes, but of hours. Moreover, the increase 


X 2 


10-8*Amperes per Square Cm. 
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in current, at first small, becomes larger and larger as the pres- 
sure rises. 

If we plot the current to pressure, as has been done in the 
inset to Fig. 2, we find that from 25 lb. upwards it follows a 
linear law :— 


Current=a--b (pressure). 
The short curved portion at the beginning of the straight line 
would seem to indicate that about 25 lb. was required to brmg 
the tinfoil into a settled down condition on to the dielectric. 
When a pressure of 300 1b. had been reached a break was 


Weight in Lbs, (1,000 lbs. corresponds to 1°2 atmospheres). 
Fia. 2.—VARIATION OF CURRENT WITH PRESSURE. 


made in the experiments. The pressure was still kept on, but 
the voltage switched off and then re-applied after the lapse of 
24 hours. Table II. gives the results of this test. It will be seen 


4 


TABLE [I.—Repeat Test. 


Weight ; 10-8 amperes | 
in lbs. Time. per sq. an 
300 4 min. 11-26 
2 y 11-49 
| 5 y 11-58 | 
| 20, 11-97 
| 30, 12-22 | 
| 45 ,, 12-72 
i 1 hour 12-92 
| ld 13-14 


le 3; 13-48 
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that the current starts at practically the same value it initially 
had when the pressure of 300 lb. was first applied, and also 
gradually increases up to its previous maximum value. More- 
over, the time required is practically the same in both cases, 
viz., about two hours. The current does not, of course, com- 
mence at exactly the same value, but at a point slightly lower, 
because in Table I. the dielectric had already reached a steady 
_ condition under voltage at a lower pressure, before the 300 |b. 
pressure was applied. 

The above tests clearly show that voltage has quite as much 
effect as pressure in bringing about an intimate contact with 
tinfoil electrodes, and would also seem to indicate that each 
acts independently of the other. 


TABLE III. 

Weight | ; | 10-8 amperes | Weight ; 10-8 am peres 
in Ibs. | Time. per a al | in Ibs Time. Le aca 
Pnn ee |, Oe ee 
400 : 43min 12-63 | 1,200 l min. | 35-6 
5 s» | 1820 | 5 o» | 35-8 
15 , | 13-65 | 10, 360 
30, 14-20 | 15 „ | 362 
l hour | 1449 | 30, 36-6 
| Wk 15°5 1 hour 38-1 
a 16-1 i ig 40-1 
RE ss 16-2 | 5 ys 40-4 
7) 16-7 | 1,600 4 min. 42-3 

800 | 4min 2215 | s 42-4 

i» 2235 5 o, 42-7 

10 , 23-1 | l5 ,, 42-8 
20 ,, 23-6 ! 30, 43-4 
30 23°95 | 1 hour 44-5 

45 p 24-6 | lk ,, 45-1 
1 hour 25°25 | 2} y 45-3 
lł 25-8 1 3h ,, 45-4 
2h. gs 28-1 | 24 y 45-45 
2} » 28:75 |l 2,000 4 min. 45-8 
3, 29-85 | 10 ,, 46-0 
a? 31-9 | 30 ,, 46-4 

E: 32-1 | 1 hour 46-8 

5 n» | 826 | l} „n | 469 

! ' i 23 99 f 46-9 


To test this still further, both the pressure and voltage were 
removed, and the whole system left to itself for a day, and 
another set of experiments, embodied in Table III., made, in 
which the pressure was applied in a series of equal increments 
of 400 lb., starting at 400 lb., and going up to 2,000 lb. 

Fig. 3 shows how the current increases with the time for 
these different increments of pressure. In continuation of the 


10-8 Amperes per Square Cm. 
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low pressure series, it will be seen that the time required for 
the current to reach its final value is longer and longer, reaches 
a maximum value of five hours at 800 lb., and afterwards de- 
creases as the pressure rises to the point at which intimate 
contact is made with the dielectric. 
' In Fig. 2, curve A, the final values of the current are plotted 
against pressure ; at 2,000 lb., the curve has practically become 
flat. 
At the end of the 800 lb. test the system was again left to 
itself for 24 hours without pressure or voltage being on, and a 
repeat test made at 800lb. The results are denoted by 
crosses on Fig. 3. As with the 300 lb. repeat test, they lie on 


Time: One Division=1 hour. 
Fig. 3. 


the same curve, and moreover the current, after the instan- 
taneous increase, is practically the same as in the first case, 
showing that the pressure increments are so large that we may 
assume that for any one of the five pressures the current at 
the end of the instantaneous increase is the same assif the 
pressure had been applied immediately without any inter- 
mediate step. 

Using this information, it is instructive to tabulate what 
may be called the instantaneous, and the secondary increments 
in current, and their percentages of the total increments. This 


TINFOIL 


CONTACT WITH DIELECTRICS. 307 


has been done in Table IV. Fig. 4 shows how the ratio of in- 
stantaneous increase to total increase and of secondary in- 
crease to total increase vary with the successive pressure 


Weight 
in lbs. 


| 


400 | 

800 
1,200 
1,600 
2,000 


TABLE IV. 
Current in I | Instan- | Secon- | 
| 10-3 amperes/sq. cm. ncrease of current. ase ae 
Afterth J | increase. | increase. 7 
sga instan- : Instan- | Secon- 

Initial.! 1S Final. Total | Total Total 
taneous taneous.! dary. i: . i 
ereas | | increase.' increase. 

2-73; 12-63 | 16-7 9-90 4:07 13-97 | 0-71 0-29 

16-7 23-65 | 32-2 6-95 8°55 15:5 0°45 0-55 
32-2 35-6 40-4 3°4 4-8 8-2 0-41 0-59 
40-4 42-3 45:45) 1-9 3°15 (05; 0-38 0-62 | 

45:45) 45-80 | 46-90] 0-35. 1-10 45 | 0-24 i 0:76 


increment. The secondary increase, at first a small percentage 
of the total increase, becomes larger and larger, until at high 
pressures it accounts for practically all of the increase. 


Per Cent. /ncrease. 


Secondary Increase 
Total Increase —_— 


en 
m 
o 


800 1200 1600 2000 
Pressure Increment in Lbs. 


Fic. 4.—SHOWING THE PERCENTAGE INCREASES OF CURRENT FOR SUCCESSIVE 


PRESSURE INCREMENTS. 


Considering now the secondary increase as a function of the 
pressure on the tinfoil, Fig. 5 shows how these two quantities 
are connected. At low pressures exceedingly small, the secon- 
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dary increase becomes larger and larger as the pressure in- 
creases, attains a maximum value at about 800 lb., and gradu- 
ally falls to a small value again. In Table V., column 2 corre- 
sponds to that of column 3 of Table IV., and in column 4 are 
given the values of the ratio of the secondary increase to the 
current after the instantaneous increase took place, or, in 
other words, the ratio of the difference between the final and 


TABLE V. 
| Current in 10-8 amperes per sq. cm. ` Per cent. 
Weight = ———______________—_—___ increase 
in lbs. Before secondary After secondary = (2)—(1) 100 
increase (1). increase (2). oe) ee 
300 11-26 13-48 20-0 
400 12-63 16-70 | 320 
800 23-65 32°20 36-0 
1,200 35°60 | 40-4 13-5 
1,600 42-30 | 45-45 | T5 
2,000 | 45-80 46-90 © 25 


initial deflections of the galvanometer to the initial deflection. 
The variation of this quantity with pressure is also given in 
Fig. 5. It will be seen that at about 650 Ib. it attains a value 
of over 40 per cent. 


, Per Cent. 


rs 
© 


30 


Current after Pressure increase’ 


20 


Secondary Increase 


Current after th 
Instantaneous Incre} 6 " 


per Square Cm. 
S-eondary Increvse of Current 


Secondary Inc: ease in 10-8 Amperes 


0 500 1000 1500 2000 
Weight in Lbs, 


Fic. 5.—- VARIATION OF SECONDARY INCREASE OF CURRENT WITH PRESSURE. 


It is evident from the above results that the secondary 
increase is due wholly and solely to the application of the 
voltage, and we may construct as in Fig. 2 a curve B, such that 
for any pressure its ordinate is equal to the current at the first 
minute of application of the voltage, and the difference between 
it and curve A gives the secondary increase due to the voltage. 
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An ordinate of curve B measures the degree of intimacy of 
contact due to the pressure, and the difference between A and 
B the further increase due to the action of the voltage. 

At two stages in the last-mentioned series of experiments, 
viz., at 800 1b. and 1,600 lb. respectively, the pressure was 
gradually reduced down to zero again. The current-pressure 
curves are given in the two upper curves of Fig. 2. It is to be 
noted in each case that the current does not begin to fall away 
until the pressure has been reduced to about one-third of its 
value, and that also in both cases the current when the pressure 
has been reduced to zero, was about 65 per cent. of its value at 
full pressure. 

For convenience the forces applied to the tinfoil have been 
expressed in pounds weight applied by the knife-edge of the 
testing machine. Since the area over which the pressure was 
distributed amounted to 290 sq. cm., 1 lb. corresponds to a 
pressure of 1-26 grams per square centimetre, so the pressure 
exerted by 2,000 lb. on the tinfoil is equal to 2,500 grams per 
square centimetre, or since 1 kilogram per square centimetre 
is equal to 0-97 atmosphere, this corresponds to a pressure of 
2-4 atmospheres. This is the pressure that was required to 
bring the tinfoil into an intimate contact with the celluloid. 

The effects described above may be explained as follows :— 

Let (a) Fig. 6 representa section, very much magnified, 
taken through the dielectric and its tinfoil electrodes. It 
represents a number of hollows with corresponding humps full 
of air, current being able to pass through the bases of the 
hollows. The effect of pressure will be twofold. Firstly, to 
make one hump into two, say, as in Fig. (b), or secondly to 
flatten it asin (c). In the first case we should have an instan- 
taneous increase of current, as soon as the pressure is applied. 
In the second case, there will be little increase of area of elec- 
trode in contact with the dielectric, and therefore very httle 
instantaneous increase of current. If, however, we consider 
the distribution of the stream lines of current we shall have a 
system as shown in the figure, such that at a point A, not far 
from the base of the hump, there will be a P.D. between that 
point of the dielectric, and B. a point on the dielectric verti- 
cally above it. This P.D. acting across the very thin film of 
air will give rise to a large potential gradient, and therefore a 
large local mechanical force. This force gradually pulls more 
and more of the surface of the tinfoil down on to the dielectric, 
at first quickly, because the angle A P B is acute, and then 
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slowly, for A.P.B. becomes as in Fig. (d), obtuse. The current 
therefore increases quickly at first, and then reaches its maxi- 
mum value more slowly, which is just what we have seen by 
experiment (Fig. 3) actually happens. 

The contact is therefore made up of these two parts, the 
primary increase, and the secondary increase due to the action 
of the voltage. The extent to which each is important will 
depend on the magnitude of the applied pressure. Now it will 


É À Ni á à 


Dielectric 


SNIN., 2AN 


(a) 
Fra. 6. 


be obvious from geometrical considerations that the angle at 
the base of hump in (b) will be smaller than in (a). So at low 
pressures the secondary increase will be small, and will increase 
as the pressure increases, and the hump becomes smaller. In 
a series of tests, therefore, made with successive equal incre- 
ments of pressure, the ratio of the secondary increase of 
current to the total increase of current should increase with 
the pressure increment. This agrees with the results depicted 
in Fig. 4. 

Again, considering the absolute value of the secondary 
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increase, and its variation with applied pressure, we have seen 
that it is small at small pressures, and increases as the pressure 
rises. On the other hand, when the pressure is sufficiently 
large enough to bring the tinfoil into perfect contact with the 
dielectric, there can be no secondary increase, because all the 
tinfoil is now in contact. This we have seen in the above is 
what takes place (see Fig. 5). Between these two pints of low 
and of high pressures there is a maximum which will depend 
upon a number of factors, the principal of which will probably 
be the nature, size and shape of the humps, and the mechanical 
properties and thickness of the tinfoil. Absorption will also, 
of course, play a part in reducing the value of the secondary 
increase as the pressure rises. 

We have seen that a repeat test made at the same pressure 
after the voltage has been removed for some time, leads to 
practically the same current-time curve. This is to be ex- 
plained by the natural resilience of the tinfoil causing it to 
spring back again. This effect would only be wiped out by 
applying a very large pressure, and then a repeat test made at 
the original pressure would lead to quite different results. 

Since the secondary increase is due to the presence of the 
voltage, it follows that when the system has become steady at 
@ given pressure below that at which intimate contact takes 
place, and we now decrease the voltage we should expect to 
find an increase in the apparent resistance. This 1s illustrated 
by Table VI., and agrees with Mr. Appleyard’s observations 
previously mentioned. 


TABLE VI.—Variation of Apparent Specific-resistance of the Dielectric with 
Voltage after the Pressure had been brought up to 1,600 lb. 


| Volts. 10-8 am peres | Ohms per 
: per sq. cm. cu. cm. 
97 45-5 0:0283 x 1012 
74 34:2 0-0287 _,, 
49 21:5 0:0298 ,, 
24 9-98 | 0-0316 ,, 


PUP EOS: 


2. The Effect of Contact upon Measurements made with 
Alternating Currents. 

We have seen that in direct-current measurements con- 
siderable errors are liable to be made in deducing the specific 
resistance from the current flowing through the dielectric when 
the contact is a tinfoil one, but when we are dealing with the 


- losses in dielectrics for alternate currents of high frequency it 
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would appear that the error due to bad contact is very much 
diminished. Dr. J. A. Fleming and Mr. Dyke* have shown 
theoretically that it should be very much diminished in these 
circumstances. They show that by considering the condenser 
with its tinfoil armatures as equivalent to a thin air condenser 
in series with a high resistance R equal to the resistance per 
se of the condenser, and deducing an expression for the effec- 
tive conductance of the combination for alternating currents 
of a given frequency, the presence of the thin air film has very 
little influence on the observed, or apparent conductance of 
the system for alternating currents of that frequency. 

We shall here consider a more general case, and suppose the 
system equivalent to a condenser of dielectric having capacity 


C, and conductance S, in series with a thin air condenser c 
(Fig. 7). | 

Let ¿=current flowing through the dielectric, e} and e, 
=K.M.F.s across C and c respectively, and E sin pt = the 
applied E.M.F. 


Then ¢=C—* + Se, 


u(C-+c) =Ce + See, 
di ~de de, de 
(Cre) ua dat gt a : 


* “ Journal ” of the Institution of Electrical Engineers, 1912, Vol. XLIX., 
p. 351. i i 
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or (CHo) i+ Si =—CcEp? sin pt+-Se cos ptEp 
——Ecpv/C2p?+8? sin (pt—pọ), 
where tan o= es 
_ Ecpy® C? ps 
t—o—), 
=S (Ce)! sin (pi—o—V) 
where tan gt, 


The power therefore wasted in the system is— 


SC ANa a 
W=—E PN SHOH 2 
cep? SE? 


— S24 (O-+c)*p2" 2° 
The equivalent conductance is therefore 
a a S 
S?+-(C-+-c)?p? 
Also we have the total admittance from (1)— 
_ py Op? +s? 
“yer Cro 
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(1) 


(2) 


(3) 


and since Y?= (equivalent conductance)*+ (apparent capacity)? 
p?, we get on reduction the following expression for the apparent. 


capacity— ` 
c[S*+-Cp( Sanad 
S+ (C+o)p? ` 


Since the value of S/Cp for most dielectrics at ordinary tem- 
perature is of the order of 0-01, or less, and 8/cp will therefore be 
still smaller, we deduce the following approximate expressions : 


2 


Equivalent conductance = =(s55) r 3 s) | 
ak c | 
Equivalent capacity a =) ys] 


Apparent power factor 


=(s)e 
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In Table VII. are given the results of two tests made in order 
to see what is the actual difference that can be obtained with a 
tinfoil contact of this kind. They refer to a certain condenser 
made up of celluloid in very thin sheets 0-0146 cm. in thickness. 


TABLE VII. 
(1 Bimho= 10~?? mho.) 
Test. l. Pressure on. | 2. Pressure off. 

Capacity Con- Capacity Con- 
Cp S ductivity Co S ductivity 

Frequency.| in micro- | —. Op in micro- | 2, a’ 
` micro- CrP |in Bimhos || micro- CoP |in Bimhos 
farads. per cm. cu.|| farads. per cm. cu. 

920 1,780 |0-0228 59-9 1,670 |0-0211 52 

| 2,760 1,755 |0:0192 | 149-0 1,665 | 0-0182 134 

| 4,600 1,730 10:0183 ; 233-0 1,630 |0-0174 211 


In test No. 1 the condenser was squeezed together with such 
a pressure as by the previous experiments, would give an 


Conductivity in Bimhos per Cm, Cu. 


Frequency ~ per Sec. 


Fia. 8.—SHOWING THE EFFECT OF CONTACT UPON MEASUREMENTS MADE 
WITH ALTERNATE CURRENTS IN CELLULOID CONDENSER. 


approximately intimate contact, whereas in test No. 2 it was 
under no pressure, but was lightly bound round with tape so 
as to just hold it together. The measurements were made 
with the Fleming and Dyke variable capacity bridge. The 
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results are also depicted in Fig. 8, and expressed as percen- 
tagesin Table VIII. The suffixes P and 0, refer to pressure 
on, and pressure off, respectively. 


TABLE VIII. 


| Per cent. variation of 


t 
Frequency. Cy Se / S, S 
| Co Cepl Cop To 
920 | 6-5 6-0 15-0 
2,760 55 5:5 10-5 
4,600 5-0 5-0 10-0 


Now, the influence of the bad contact is two-fold ; firstly, 
it decreases the apparent capacity by inserting in series with 
the condenser under test a very large, but still finite, air con- 
denser. This by the above equations causes a decrease in the 
apparent conductance. Secondly, it decreases the magnitude 
of that component of the conductivity which is independent 
of the frequency, t.e., the purely ohmic conductivity, because 
of the decrease in the area of contact. 

The equations (4) give us a means of separating the two 
effects, for according to them the percentage change in the 
equivalent conductance is twice that of the equivalent capacity. 
Now the average percentage change of C is about 5-5, and this 
is just about half the change in the conductivity at 2,760 and 
4,600 ~. At 920 ~, however, there is a difference at about 
5 percent. Thisis the amount of error due to the second effect, 
i.e., bad contact, decreasing the ohmic part of the conductivity. 
At lower frequencies still this would be still larger. Hence we 
can say that for telephonic frequencies the main influence of 
a bad contact is to lower the observed conductivity by inserting 
a capacity in series with the condenser under test. 

It must be understood that the above case is a very extreme 
one, since the dielectric was very thin, and the contact made 
very much worse than would occur in practice. A further test, 
in which the tinfoil after being carefully smoothed and rolled 
on to the celluloid, and the whole tightly bound with tape 
between glass plates, and then wedges inserted between the 
tape and the glass, gave a maximum change of C of 2-5 per cent. 
and a change in ø of 4-5 per cent. when tested in this condition 
and then under pressure. For dielectrics of greater thickness 
the change would be less. 
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3. The Effect of Imperfect Contact upon the Accumulation of 
Residual Charge. 


In a well-known lecture experiment, to show the existence 
of residual charges in dielectrics, a Leyden jar is charged to a 
high voltage for a short time, and then by means of a pair of 
discharging tongs is discharged again. On being left to itself 
for a time and properly insulated, a further discharge almost 
as strong, as indicated by the spark, may easily be obtained. 

In view of the previously described experiments, the question 
presents itself as to whether this second discharge is entirely 
due to the presence of a residual charge in the glass, or whether 
we are not really dealing with a case of very bad contact 
between the tinfoil armatures of the jar and the glass dielectric. 


TABLE IX. 


Voltage of residual charge. 


Both | _, One | 
Both djeci sa aes electrode Both Both 
Time. Slectrodes' | tinfoil tinfoil. electrodes electrodes 
tinfoit- Bett ae Second uncleaned clean 
contact. electrode mercury. mercury. 
mercury. | 
(1) (2) (3) (4) (5) 
5 secs 50-5 41-5 29-0 22-0 18-0 
10 ,, 53-0 siis 36-0 28:5 21-0 
15 ,, bia 44:5 wet ioe 22-0 
20 ,, 53:5 re 40-0 31-5 Ses 
30 ,, 49-0 47-0 42-0 32-5 22-0 
l min. 41:0 43-5 41-5 | 33-0 18-0 
l} p» | 335 39:5 39:5 31-0 15-5 
2 3; 27°5 34:5 | 38-0 29-0 13-5 
3, 22-0 27-5 36-0 25-5 9-5 
4 | 180 23-0 32-0 22.0 7-0 
5 y 14-0 19-0 29-0 19-0 4:5 
6 59 ese 15:5 eee 16-0 eee t 
Ths 7-0 120 | 210 | 135 25 | 
10 ,, 40 | 8-0 | 16-0 10-5 se 


Table IX gives the results of some experiments made to decide 
this point. A glass tube about 1 in. in diameter and 4 in. long 
was used as the condenser. It was carefully insulated on a 
paraffin block, and could either be covered with tinfoil or else 
filled with mercury and placed inside another and larger tube 
full of mercury so as to obtain two electrodes in intimate 
contact with the glass. This tube was connected up as shown 
(Fig. 9) with a two-way mercury switch made out of a paraffin 
block, arranged so as to charge the glass condenser with a small 


TINFOIL CONTACT WITH DIELECTRICS. 317 


insulated battery of secondary cells of about 100 volts for a 
given time, and then on throwing over the switch, to momen- 
tarily short-circuit it, and finally by removing the cross-con- 
necting wires to leave the tube connected with an electrostatic 
voltmeter which indicated: the growth of the residual charge. 
The voltmeter was one of Ayrton and Mather’s, and had a very 
short period. It gave about 26 cm. deflection at 2 metres for 
100 volts. Its insulation as well as that of the whole circuit was 
considerably better than that of the glass tube itself. 

In the first column of Table IX are given the values of the 
P.D. between the tinfoil armatures at different times after a 
momentary short circuit, the tube having been previously 
charged for 10 minutes at a voltage of 99. The results have 
been plotted in curve 1 of Fig. 10. The residual charge grows 
very rapidly, and in about a quarter of a minute has reached its 
maximum potential. This maximum potential of the re- 


Electrostatic 
Voltmeter 


’ Fia. 9. 


covered charge is more than half that of the original potential. 
It then dies away as the charge leaks through the dielectric. 
In this case the tinfoil both inside and out were simply pressed 
into contact with the glass tube. In the case of test No. 2 the 
contact was made a better one by binding the tinfoil with fine 
wire on the outside, and thoroughly pressing down the inside 
armature, and here we see that the residual charge does not 
attain quite as high a value, only 47 volts. In the next test, 
No. 3, the outside tinfoil was left in position, but the inside 
coating removed and replaced with clean mercury. The 
maximum potential of the charge recovered is still lower—42 
volts. | 
In case No. 4 both electrodes were formed of mercury that 
had been standing about the laboratory for some months, and 
VOL. XXV. Y 


Voltage of Residual Charge, 
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was very dirty and dusty. In this case we have a still further 
drop of maximum voltage to 33. 

Finally, in the fifth test, both electrodes were made of 
mercury that had been thoroughly cleaned, and we see that 
the maximum voltage of the recovered charge, in this case the 
true residual charge, is now only 22 volts, t.e., is just half what 
it was with tinfoil armatures. 

The source of these differences, as we have said, lies in the 
degree of contact produced between the armatures and the 
dielectric. If part of the tinfoil is not in contact with the glass, 


Both Electrodes, Tinfoil. 


2. Both | peo rones, T Tifon 
Better Contact 


Time in AMinu'es. 


Fig. 10.—SHOWING THE EFFECT OF CONTACT ON THE ACCUMULATION OF 
RESIDUAL CHARGE. 


Dielectric: Glass tube charging volts, 99. Time of charge, 10 minutes. Momentary 
Short Circuit. 


the portion of the condenser corresponding to it is not dis- 
charged at the moment of short circuit, but the charge in it 
gradually comes out afterwards, and leaking along the surface 
of the glass, charges up the tinfoil and thus gives rise to an 
increased charge over and above the residual charge left in the 
dielectric. 

There is one point in connection with Fig. 10 that requires 
further explanation. It will be noticed that as we proceed 
from curve 5 to curve 3, 7.e., as the contact becomes worse, the 
rate of fall of potential due to leakage through the glass 
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becomes smaller and smaller. This necessarily follows from 
the law— 

dV V. 

d CR 


where V is the potential at any tim f, and C and R, the capa- 
city, and insulation resistance of the condenser. C is approxi- - 
mately constant, and R will be inversely proportional to the 
area of contact, 


A æ V(area of contact), 


that is to say, the rate of fall of the logarithm of the potential 
is proportional to the area of contact. But when we make the 
contact still worse by employing a loose tinfoil contact, C will 
be very materially reduced, on account of the thin film of air 
in the humps of tinfoil. Moreover, the dielectric constant of 
this air condenser is only about one-eighth of that of the glass. 

The net result of this will be an increase in the rate of fall of 
potential more than the decrease due to lack of contact, and 
hence the eurves 1 and 2 éventually fall below those of 3, 4 and 5. 

In conclusion, we may say that if we have a condenser with 
tinfoil armatures, as in the Franklin jar with its rigid metallic 
coatings, the recovery of a residual charge will be obscured by 
the presence of creeping surface charges coming out of the 
undischarged portions of the dielectric. 

I take this opportunity of expressing my thanks to Dr. J. A. 
Fleming, F.R.S., for his advice and suggestions in this work, 
and to Prof. Cormack for placing the testing machine at my 
disposal. The experimental work has been carried out in the 
Research Laboratory of the Electrical Engineering Department 
of University College, London. 


ABSTRACT. 


. This Paper describes some experiments showing how the accu- 
racy of the different kinds of electrical measurements that are made 
on condensers is influenced by the use of an imperfect tinfoil contact. 

1. In connection with the measurement of the direct-current 
conductivity of a condenser having tinfoil armatures, the experi- 
ments of Mr. Appleyard (‘‘ Proc. Phys. Soc.,’’ 1905, Vol. XIX., 
p. 724), in which the current a minute or two after the first switching 
on of the current was greater than that at the time of switching on, 
are referred to. These experiments go into the matter in more 
detail. By choosing a suitable dielectric—celluloid, which has a 


Y2 
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conduction current of a greater value than the rate of change of 
displacement current—it was found possible to greatly increase the 
magnitude of these secondary increases in current. 

At very low pressures there is very little increase of current, and 
moreover what little increase there is is over in a few minutes, but 
as the pressure is increased the secondary increase gradually be- 
comes larger and takes longer to attain its maximum value. The 
maximum effect was reached at about 750 grammes/sq. cm., when 
the increase of current amounted to 40 per cent., and the time re- 
quired 5$ hours. At very large pressures, when the contact becomes 
an intimate one, the increase of current becomes smaller again and 
the time required also smaller. 

If the pressure is left on and the voltage removed for some hours 
a repeat test follows the same course, the current starting at the same 
value and attaining the same maximum value. Voltage has, there- 
fore, quite as much effect as pressure in bringing about an intimate 
contact and acts independently of it. 

By considering the geometry of the tinfoil humps, an explanation 
of these various effects is given, and the different ways in which the 
pressure and the voltage increase the degree of contact between the 
dielectric and the tinfoil armatures are described. 


2. While considerable errors are liable to be made in deducing the 
specific direct current conductivity of a dielectric between tinfoil 
armatures, the same is not true for measurements of the alternating- 
current conductivity. The influence of the bad contact is twofold. 
Firstly, it decreases the apparent capacity by inserting in series 
with the condenser under test a very large but still finite air con- 
denser. This causes a decrease in the measured conductance. 
Secondly, because of the decrease in area of contact, it decreases the 
magnitude of that component of the conductivity which is inde- 
pendent of the frequency—.e., the purely ohmic conductivity. 

By considering the system as equivalent to a leaky condenser in 
series with a very large capacity due to the air film, expressions are 
deduced for the equivalent capacity, conductance and power factor, 
and these expressions furnish us with the means of separating out the 
two above effects. 

It is shown experimentally, even under the worst possible 
circumstances, the dielectric being only lightly bound up with the 
interleaved tinfoil, that for telephonic frequencies the maximum 
difference between the observed conductivity and true conductivity 
is 15 per cent. and of capacity is 5 per cent. With the condenser 
tightly bound with tape and wedges of wood inserted, 'the maximum 
difference was only 4:5 per cent. in the conductivity and 2-5 per cent. 
in the capacity. 

3. Finally, the influence of imperfect contact upon the accumu- 
lation of residual charge is considered. It is shown that if we have a 
condenser with tinfoil armatures, as, for instance, in the Franklin 
jar, with its rigid metallic coatings, the recovery of a residual charge is 
obscured by the presence of creeping surface charges coming out of 
the undischarged portions of the dielectric leading to an apparent 
residual charge much more than the true residual charge left in the 
dielectric. 
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DISCUSSION. 

Dr. J. A. FLEMING thought the Paper contained much valuable informa- 
tion. He emphasised the difficulty and importance of getting rid of the air 
film. For many dielectrics, such as glass or sulphur, a considerable pressure 
could not be applied. In this case the tinfoil could be squec-gced on to 
the dielectric when the condenser was made or the condenser could be put in a 
vacuum subsequently. For a constant condenser it was also necessary that 
there should be no chemical action between the metal plates and the dielec- 
tric such as occurred, for instance, in the case of copper foil and celluloid. 
He thought Mr. Bairsto’s experiments on residual charges were very interest- 
ing. Theorists had attributed the whole effect to the properties of the 
dielectric and not to the bad contact between it and the electrodes. The 
Paper was also useful in pointing out the pitfalls of experimental work on the 
subject. 

Mr. R. APPLEYARD: It is very gratifying to find that Mr. Bairsto has been 
able to confirm the results which I had the privilege of describing to the 
Physical Society in the Paper of June, 1905, which he has cited. Judging 
from some remarks of the author in his present communication, I think he 
must have overlooked a Paper on dielectrics, read before the Physical 
Society in May, 1894, in which I set forth the results of tests on celluloid 
sheets, similar to those now adopted by Mr. Bairsto. In that Paper the 
effect, upon dielectric resistance, of increasing the testing voltage is clearly 
shown for the case of hard metallic electrodes, ‘and the effect of residual charge 
in celluloid sheets is also considered. Mr. Bairsto has attacked an intricate 
and fascinating group of phenomena in an ingenious and helpful manner, and 
he has given us a Paper of considerable value. I am glad that he has adhered 
to the direct-reading method of examining the changes in diclectric resis- 
tance. He probably has some good reason for maintaining the current on 
until the steady reading has been approached, but I would recommend him to 
examine the merits of taking the reading after a prescribed period—say, of 
one minute—after the first switching on of the current, and to work out the 
megohms from that reading as a standard result. Resistances corresponding 
to subsequent minutes can of course be worked out also if desired. The 
truth is that the steady state is reached onlv after infinite time ; and, more- 
over, & number of noteworthy things are happening during the first minute. 
In the second part of his Paper Mr. Bairsto embarks upon an investigation 
of the phenomena of alternating currents which has no well-defined relation 
to the results observed by him in the first part of his research. The con- 
ductance to direct currents referred to in the first part must be distinguished 
from the conductance leakance to alternating currents investigated in the 
second part. Conductance leakance is simply a coefficient used in repre- 
senting the watts lost in the dielectric with alternating currents, as shown in 
his equation (2). In the dircct-current case, with tinfoil, he is measuring the 
dielectric resistance, plus the bad contact resistance in series with it. In the 
alternating-current case he is measuring a dielectric-hysteresis effect, which 
might conceivably be measured even though there were complete discon- 
tinuity between the dielectric and its electrodes; or, in other words, even 
though the surface-contact were of infinite resistance. Again, can the 
author be sure that the increase of capacity shown in Table VII. is not due to 
diminution of distance between the electrodes, resulting from the increase in 
mechanical pressure. I wish he would extend the research to obtain positive 
measurement of the increase of pressure mentioned on p. 309. The 
diminution of resistance with increase of voltage is not restricted to tinfoil. 
It is shown in my Paper of October, 1894, to be strongly marked in the case 
of hard brass plates. The result would, therefore, appear, to be due rather 
to change of contact-resistance than to change of capacity, for the change 
of capacity in this case is minute. The author’s experiments on residual 
change are of very great value, and they suggest a most uscful line of 
research. : 
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Mr. E. H. RAYNER remarked that it was always assumed that pressure had 
no direct influence on the properties of the dielectric, but simply improved 
the contact betwcen the electrode and the dielectric. Pressure might 
directly decrease the resistance of the dielectric in the same way as a wet 
sponge would have its resistance diminished by pressure. 

Dr. A. RUSSELL agreed with Mr. Rayner’s remarks. Celluloid was far 
from being homogeneous. Mr. Appleyard, he remarked, had shown that the 
insulation resistance of a condenser is not constant, but a function of the 
applied voltage, decreasing as this is increased. Hence, Ohm’s law cannot be 
applied. He pointed out that the author had represented his condenser as a 
capacity shunted by a resistance, all in series with another capacity (that of 
the air film). This would make the leakage current zero on the direct 
current test. The representation should be two condensers in series all 
shunted by the leakage resistance. 

Mr. G. L. ADDENBROOKE remarked that he had tried in a rougher way some 
of the same experiments now described. He remarked that Mr. A. Camp- 
bell had suggested blackleading the surface’ of the dielectric to do away with 
the effect of the air film. He also emphasised the importance of heating in 
the dielectric due to energy losses. For celluloid which had a temperature 
coefficient of 10 per cent. per degree this was an important consideration, 

Mr. W. DuppELL remarked that the Paper showed the importance of a 
thin air film in the determination of the capacity and conductivity of a con- 
denser. For standard condensers the maker knew that if the air was not 
excluded between the tinfoil andthe dielectric the capacity would not re- 
main constant. Ifa high voltage were applied to such a condenser and left 
on for some time, the capacity afterwards would be found to be permanently 
altered. Even with as low a voltage as 200 volts brush discharges could take 
place from the tinfoil into the air film. This brush discharge into the air 
film at 200 volts could be actually seen in a dark room if one electrode‘ be 
replaced by water, while the other one was tinfoil and the dielectric was 
mica. This brush discharge was also an important consideration in the slots 
for the windings of dynamos and alternators. 

Prof. C. H. Lzxs expressed his interest in the third section of the Paper on 
the residual discharge. He would like the author to see whether tinfoil elec- 
trodes under pressure gave the same residual discharge curve as the mercury 
electrodes. | 

Mr. W. EccLes: Mr. Bairsto’s excellently planned experiments go far to- 
wards removing the obscurity surrounding the subject. The explanation of the 
effects of pressure and voltage on the contact between electrode and dielec- 
tric will probably be widely accepted ; but it seems to me that this purely 
mechanical explanation, based on the distortion of air-filled blisters, is some- 
what insufficient. The experiments show that within limits the recovery 
from applied pressure and voltage is so complete as to suggest the perfect 
elasticity of the combination, yet, somewhat in contradiction to this, there is 
a very slow development or decay of the secondary or electro-mechanical 
effect. The author’s mechanical explanation does not appear to account for 
this viscous part of the phenomenon. I suggest that it may be largely 
accounted for by supposing that after a voltage is applied there occurs a 
creeping of charge over the dielectric surface from the tinfoil contact areas 
(just as described by the author in discussing residual charge), and, therefore, 
a gradual and not an instantaneous increase in the area of tinfoil attracted 
into contact. This supposition added to the author’s mechanical explana- 
tion appears to be sufficient to explain the experiments. 

The AUTHOR, in reply to Mr. Appleyard, said the first two sections of the 
Paper referred to two entirely different sets of measurements, and the main 
object of the second part was to show that the presence of a discontinuity 
between the dielectric and its electrodes had no very appreciable effect upon 
the measurement of the power absorbed by the condenser due to the alter- 
nating current conductivity, which was something quite different-from th@ 
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conductivity for direct currents. The point had been raised as to whether 
the capacity changes in Table VII. were due to the mechanical pressure. It 
was found that the resistance of the celluloid, measured with the full pressure 
on, was practically the same as when measured with mercury electrodes, and 
that showed that there was no sensible decrease of thickness with pressure, 
and that the increase of capacity was not, therefore, due to the effect of 
mechanical pressure. In reply to Dr. Russell, he said the representation 
given in the Paper of the condenser with its imperfectly travelling armatures 
only concerned the alternate current losses. The purely leakage losses 
could easily be separated out in the manner described. Mr. Addenbrooke 
had referred to the large tem perature coefficient of the conductivity of cellu- 
loid, but this had no application to the case of part three, because the voltage 
applied to the bridge was only of the order of 2 or 3 volts. Mr. Duddell’s 
remarks were very interesting, and showed the considerable influence of 
brush discharge even at low voltages. In reply to Prof. Lees, tinfoil elec- 
trodes under pressure had not been tried in the residual charge experiments, 
but it was to be expected that under those circumstances we should get a 
curve intermediate between curves 4 and 5 of Fig. 10. No doubt, as Dr. 
Eccles suggested, a combination of the two effects described in the first and 
last parts of the Paper would account for the viscous part of the phenomenon. 
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XXXV. On a Method of Measuring the Pressure of Light by 
Means of Thin Metal Foil. By GitBert D. West, B.Sc. 


RECEIVED May 29, 1913. 


IF a flexible uniform strip of foil suspended vertically be sub- 
jected to a small horizontal pressure, the consequent deflection 
6 is given by 

6=R/p, 


where R is the horizontal force per unit area arid p is the weight 
of unit area of the foil. The pressure of bright sunlight is 
about 5x 10-8 gramme, and the mass of a square centimetre of 
gold leaf is about 1-6 10-4 gramme. The end of a strip 10 cm. 
long should, therefore, be deflected by 0-003 cm., a distance 
easily observable with a microscope. In the following the 
above method is developed, and experiments with both gold 
and aluminium foil are described. The interest of the re- 
search lies in the extreme simplicity of the apparatus and in 
the absence of complicated adjustments. To some extent 
the experiments resemble those carried out by Prof. Osborne- 
Reynolds on the impulsion of silk fibres,* but the latter’s 
experiments had for their object an investigation of the gas 
action. 


The Apparatus. 


Various methods of mounting the strips of foil were tried, 
but the method of making a loop at the top was found to be 
the most satisfactory. 

A piece of gold or aluminium foil was bent over upon itself, 
covered with tissue paper, and the doubled portion then struck 
at two or three points with a very small round-headed hammer. 
This was sufficient to make the two pieces of foil adhere and 
a strip with a loop at the top was thus formed. 

A glass tube was then bent into the shape indicated by Fig. 1. 
AB is a capillary tube, and C is a mercury manometer. It was 
found an advantage to dust the portion AB with a fine powder, 
such as red ochre, for otherwise the foil tended to adhere to the 
glass. The strip was then mounted in a tube (previously 
dusted with red ochre) as shown in Fig. 1. Three such strips 


* Osborne-Reynolds, ‘‘ Phil. Trans.,’’ Part II., 1879, p. 768. 
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were prepared for the final measurements, two of aluminium 
and one of gold. The method of mounting was found to be 
very satisfactory, and whether the strip was deflected by 


Fig. 1. 


rotation of the tube about an axis AB, or by outside electrical 
attraction the return to the eyepiece zero of the observing 
microscope was always good. 


Source of Radiation. 


As a source of radiation a 110-watt carbon filament lamp 
was used. This lamp, without concentrating lenses but 
sometimes with a glass screen in front of it, was placed at 
distances from the strips varying from 12cm. to 16cm. It 
was found necessary to enclose the lamp in an earthed tin box 
with a hole in the front, as without this deflections could 
sometimes be obtained by simply charging the filament to 
200 volts. 


Observing Microscope. 


In the observing microscope, use was made of a x 20 eyepiece 
coupled with an inch objective. By this means, defined mag- 
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nification of about 200 could be obtained, together with the 
long working distance essential to the observa‘ions. 


Weight of the Strips. 
The weights of the strips were determined by the bending 


they produced in a fibre of glass that had been previously 
calibrated with small pieces of wire of known weight. 


Arrangement of Apparatus. 


A 


BE 
Poi 


AB is a piece of glass coated with foil reflecting light to illuminate field, O is the source 
D the strip of foil in tube and E the observing microscope. 


Fig. 2. 


Miscellaneous Facts. — 


Calculation shows that the heating of the strip reaches the 
steady state in a fraction of a second. Inasmuch as the side 
nearer the source is heated most, there is a small deflection due 
to the consequent curvature. It can be shown, however, that 
such a deflection is only about -ypy the deflection produced 
by the pressure of radiation. 

Light incident on a gold or aluminium strip is reflected 
without much scattering. From experiments carried out with 
a thermometer, whose bulb was coated with foil, it was found 
that both gold and aluminium leaf reflected about 84 per cent. 
of the incident light: The pressure on a square centimetre of 
foil should thus be equal to 1-84 times the energy per cubic 
centimetre. 


e 
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Calculation of the Pressure. 


By taking moments about an axis AB we find that R, the 
radiation pressure, is given by P 


2. Whd 
R= -p ° 


where W is the weight of the strip (in dynes), 


h is the distance of the centre of gravity of the strip 
below AB, 


d is the deflection as measured by the observing micro- 
scope, 
A is the exposed area of the strip, 
and lis its length. | 


RESULTS OBTAINED. 
Air at Atmospheric Pressure. 


The general effect of the incidence of radiation upon the 
front of a strip is a small motion backwards (sometimes of the 
order of the deflection required by the pressure of radiation) 
followed by a more powerful motion forward due to convection 
currents. Sometimes the motion is a little unsteady at first, 
but the forward motion due to convection always takes place 
finally. The magnitude of the convection effect is much re- 
duced by placing a glass screen in front of the lamp, and this 
reduction-is doubtless caused by the decreased heating of the 
walls of the test tube. No satisfactory observations can be 
taken with air at atmospheric pressure. 


Air at Lower Pressures. 


As the pressure is reduced so does the forward convection 
effect get gradually less, until, at a pressure of a few centi- 
metres of mercury it is not observable. At pressures of about 
1 to 2 cm. of mercury, very small convection effects still occur, 
but the fortunate fact about these effects is that they always 
act on the same side of the strip and are independent of the 
side on which the sọuree is placed. Similar results to these 
were obtained by Hull* in 1905. The effects are probably 
attributable to the small inclination of the strip to the vertical 


* Hull, “ Phys: Review,” XX., 1905, p. 292. 
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and to the consequent results of the strip being heated. An 
example is given below. 

Gold strip. Air 1-3—1-6 cm. Hg. 


Deflections in eyepiece divisions. 
Distance of source. 


Source on left. | Source on right. 
12 em.e -canaceveedine cies 0-8 towards source 2:9 from source 
l4 em. .esssosssoesscesso 0-7 towards source 2-1 from source 
16 em. ..esesasosssescses 0-6 towards source 1-6 from source 


When the source was on the left the two effects were in oppo- 
sition, but when the source was on the right they were in 
conjunction. The true radiation pressure could thus be 
calculated. 


Hydrogen at Atmospheric Pressure. 

It is well known that convection effects in hydrogen are 
much less than in air.* When the tube was filled with hydro- 
gen at atmospheric pressure the convection effects were of the 
same kind but somewhat smaller than with air at 1 to 2 cm. 
pressure. An example is given below. 


Gold strip. Hydrogen at atmospheric pressure. 


Deflections in eyepiece divisions. 
Distance of source. 


| Source on left. Source on right. 
12 cM. .esssssesssoseesse 0-7 from source 1-4 from source 
l4 em. SosdeSeciusaveaias 0-5 from source 1-2 from source 
AG cm. Bee sented 0-3 from source 1-0 from source 


Hydrogen at Low Pressures. 


With hydrogen at low pressures the effects obtained were of 
the same kind as with air at low pressures, but they were 
somewhat smaller. An example is given below. 


Gold strip. Hydrogen 1-3—1-5 cm. Hg. 


Deflections in eyepiece divisions. 
Distance of source. 


Source on left. Source on right. 
TZ CMs) sécacateousersaces 0-0 from source 2-0 from source 
l4 em. ..... CEEE aoen 0:0 from source. 1-5 from source 
16. CMs. sosssscsssss pie 0-0 from source 1-1 from source 


* Barlow, “ Proc.” Royal Soc., A., Vol. LXXXVII., 1912, p. 1. 


Glass 
on 


i 


12 cm. 
16 cm. 
12 cm. 


16 cm. 
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Measurement of the Energy per Cubic Centimetre. 


The measurement of the energy received per square centh 
metre per second at various distances from the source was made 
by observing the initial rates of rise of temperature of a 
blackened copper plate 3 mm. thick enclosed in a test tube. 
The témperature of the copper plate was indicated by an 
embedded copper-eureka thermojunction connected to a low 
resistance D’Arsonval galvanometer. The lampblack was 
assumed to absorb 95 per cent. of the incident radiation. 


Pressure of radiation as calculated from the deflections cf 


Energy Gold strip. Aluminium strip. 
Distance| per Width=1-43cm. Length=6-4cem. | Width=1-llcm. Length=7-64 cm. 
of Cubic | Containing tube= 2-4 cm. diameter. | Containing tube==1-6 cm. diameter. 
source. | Centi- _—————————— | ——_cr 
metre. | Hydrogen | Hydrogen Air Hydrogen | Hydrogen Air 
pressure pressure | pressure pressure pressure | pressure 


atmospheric. |1-2 cm. Hg.|1-2 cm. Hg.| atmcspheric. 1-2 cm. Hg.|/1-2 cm. Hg. 


Ergs Dynes. Dynes. Dynes. Dynes. Dynes. 
3-2 x 10-5; 3-3 x 10-5 35x 10-7) 40x10-5| 3-7x 10-5 2°5 x 10-5 
l4 cm. |2-5 2-7 2-6 2-9 3-0 2:3 
1-9 1-8 2-0 2-4 2-6 2-0 
2-5 2-9 2-5 2:7 2-6 2-9 
14cm. |18 2-2 1-9 1-8 2-1 2-1 
1-4 1-7 1-4 1-3 1-5 1-5 


An exactly similar set of results was obtained with an 
aluminium strip 1-66 cm. wide, 7-3 cm. long and enclosed in a 
tube 2-4 cm. diameter. The fact that the majority of results 
are rather high suggests the existence of either a radiometer 
effect or some constant error in one of the measuring instru- 
ments. 

The measurement of the radiation pressure by the means 
described is so simple that there is now no reason why it should 
not be included in a course of laboratory experiments. 

In conclusion, I desire to thank Prof. Lees for his encourage- 
ment and suggestions and for the facilities placed at my dis- 
posal at East London College. 


ABSTRACT. 


The pressure of the radiation emitted by a carbon filament’ lamp 
at a distance of a few centimetres is sufficient to cause a micro- 
seopically measurable deflection of the end of a suspended strip of 
gold or aluminium foil, and by this means the radiation pressure can 
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be calculated knowing the weight of the strip. The results agree to 
within about 10 per cent. with the energy content per cubic centi- 
metre as measured by the initial rate of rise of temperature of a 
copper plate exposed to the radiation. | 

The best results are obtained by working in an atmosphere of 
hydrogen, 1 cm. to 2 cm. pressure, but good results are obtained with 
hydrogen at atmospheric pressure. Air at1cm.to 2 cm. pressure also 
gives good results. 

The method involves no laborious adjustments, and the apparatus 
is not seriously affected by vibration. 


DISCUSSION. 


Prof. C. H. Less remarked that the point in the above Paper was its 
extreme simplicity. . 

Dr. G. BagLow (in some remarks communicated by Prof. Poynting) 
pointed out that the author ought to allow for the light reflected from the 
foil to the glass wall and back again to the foil. This would improve the | 
agreement in the author’s measurements. 
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XXXVI. The Quantum Theory of Energy and the Emission of 
Electricity from Hot Bodies. By Witi1aM WItson, Ph.D., 
Wheatstone Laboratory, King’s College, London. 


RECEIVED JUNE 9, 1913. 


THE quantum theory was introduced by Planck* in order to 
arrive at a formula representing the distribution of energy in 
the spectrum of the radiation from a black body. For the 
purposes of the present Paper Planck’s formula may be put in 
the form 


ee or ee ow & hk 


et] 

where I,dv represents the quantity of energy within the 
frequency limits v and v+dv emitted per second by the “ reso- 
nators ” of the radiating material, T is the absolute tem- 
perature, C is a suitable constant and A and k are universal 
constants of nature. Comparison of the results of measure- 
ment on the radiation of a black body with this formula and 
with the Boltzmann-Stefan formula for the total radiation 
from a black body give for these constants the values 


h=6-415 . 10-7 erg-seconds, 
k=1-34 . 101° ergs per degree. 


The latter constant is identical with the absolute gas con- 
stant reckoned for one molecule. It is possible, therefore, to 
deduce from measurements on black radiation the number of 
molecules of an ideal gas per cubic centimetre under standard 
conditions of pressure and temperature. Planck finds this 
number to be 

2:77 . 101°. 


A further consequence is the deduction of the elementary 
charge of electricity. This can be deduced from this last 
number, and the results of electrolysis, and is found to be 


e=4-67 . 107" electrostatic units. 
In deducing his formula, Planck assumes that the radiating 


*“ Ann. d. Physik, ” Bd. 4, p. 553 (1901); Bd. 4, p. 564 (1901) ; “Theorie 
der W irmestrahlung.” Second edition, 
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body contains a number of “ resonators ” which emit their 
energy in a discontinuous way. Let us suppose, for example, 
that one of these “ resonators ” at a certain instant has no 
energy. It will, on Planck’s hypothesis, absorb energy con- 
tinuously from the surrounding radiation. When its energy 
reaches the value hv, where v is the frequency of the “ reso- 
nator’ and h the constant already mentioned, it may emit the 
whole of its energy. If emission does not occur, it will con- 
tinue to absorb energy till the amount 2hv has been acquired, 
when the emission of the whole of its energy may occur, and so 
on. Emission only occurs when the energy of the “ reso- 
nator ” is an integral multiple of hv, the actual occurrence of 
the emission being a matter of chance. 

Not only does Planck’s formula represent accurately the 
distribution of energy in the black spectrum, but the hypo- 
thesis of discontinuous emission which was used by Planck 
to deduce the formula seems to admit of a very wide applica- 
tion. Hughes,* for example, concludes that the energy of 
electrons emitted from metals illuminated with ultra-violet 
light is equal to a constant multiplied by the frequency of the 
light, and this constant is very nearly equal to Planck’s h. 
Prof. O. W. Richardson and Mr. Comptonf have also arrived 
at similar conclusions. Further, the value recently obtained 
by Prof. Barkla and Mr. G. H. Martynt for the wave-length of 
the Röntgen radiation used in their experiments closely 
accords with the value obtained from the equation 


tmv'=hy, . . . . . (2) 


when we substitute for m and v the mass and velocity respec- 
tively of the electrons which would be emitted if the radiation 
were absorbed by a metal, and for A the value given by Planck. 

The above considerations justify an attempt to apply 
Planck’s theory to the phenomena of emission of electrons 
from hot bodies, and they suggest that emissions of energy 
take the form of ejection of electrons. Prof. Nicholson§ has 
also adopted this hypothesis in his work on the constitution of 


the solar corona. 


* Hughes, “ Phil. Trans.,” Vol. CCXIIL. (A), p. 205 (1912), and “ Phil. 
Mag.,” Vol. XXV., p. 683 (1913). ; 

-+ Richardson and Compton, “ Phil. Mag.,”’ p. 576 (1912). 

t Barkla and Martyn, “ Proc. Phys. Soc. of London,” Vol. XXV., p. 214 


1913). 
i $ “ The Constitution of the Solar Corona II., Monthly Notices of R.A.S., 


June, 1912. 
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Let us suppose we have a hot body—e.g., platinum—in a 
field of black radiation. The emission of the energy 
oh ei 
eT_] 
is accomplished by the ejection of dN electrons. Each elec- 


tron at the moment of emission from the resonator or atom ` 


has a quantity of energy equal to an integral multiple of hv, so 
that we may write i 
Cv8,—-—_=nhvdN, . . . . . . (8) 
et"_] 
where n is the average value of the integer in question. If we 
put e=hyv, and suitably modify the constant C, the last 
equation will take the form 


cee adN. o.a a o- (8a) 
eT—] 
Most of these dN electrons probably never leave the molecule 
within which they are emitted at all, but simply leave one 
atom and attach themselves to another. In doing so they 
contribute I,dv to the radiant energy within the frequency 
limits v and v-+dy. 

The following considerations will assist us in dealing with 
the number n. If the probability of an emission within the 
frequency range v to v-+-dy is very great, n will approach unity. 
On the other hand, if this probability is very small n may be 
very great. The simplest hypothesis we can introduce to 
connect n and the probability 7 of an emission is that ex- 
pressed by the equation 


a. A 
tS. « & & Be ys & o 
7 (4) 
Planck finds for 7 the value 
iT] 
We kk A oe & BO) 
ekT 
From (3a), (4) and (5) we get the very simple equation 
CeeHde=dN. . . . . . . (6) 


The number of electrons emitted by the “ resonators ° whose 
energy exceeds a certain value w will be given by 


N=C |P ete. oaa a 0 
VOL. XXV. j Z 


i 
3 
f 
2 
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It is likely that only electrons from the surface layer of 
molecules leave the metal, and, if w is the smallest amount of 
energy an electron can have in order to leave a molecule in the 
surface layer, equation (7) will, if a suitable value is given to C, 
represent the quantity of electricity emitted per second from a 
square centimetre of the surface of the metal. On integrating 
(7) we get the formula 


Q=KT( 1425142001" Jere, .. . . (8) 


where K is a suitably chosen constant. 

The following table gives the leak observed by H. A. Wilson* 
from a platinum wire which had been treated with nitric acid, 
and also the leak as calculated from O. W. Richardson’s 
formula 


Q=aTte it, 

a=6:9 . 107, 

w 

-=6-55 . 104. 

; 6-55 . 10 
In the third column is given the leak as calculated from 
formula (8). The constants w and K were calculated by making 


the formula agree with the extreme values 15-7 at 1,375°C. 
and 1,280 at 1,580°C. For w/k the value 6-376 . 104 was used. 


2 
The term oat” was neglected in the calculation, since it would 


only affect the result by less than } per cent. if the tempera- 
ture were 2,000° abs., and, of course, to a smaller extent at 
lower temperatures. 


Temperature Leak observed | Leak calculated | Leak calculated. 


in degrees per square by by Richardson’s 
Centigrade. centimetre. formula (8). formula, 
1,375 15:7 15-7 14-9 
1,408-5 34-3 34:6 . 333 
1,442 74:6 74-1 71-8 
1,476 152 155-7 153 
1,510°5 323 321-8 318 
1,545 638 647 645 
1,580 1,280 1,280 1,285 


* H. A. Wilson, “ Phil. Trans.,”? Vol. CCII. (A), p. 258 (1904). J. J. 
Thomson, ‘‘ Conduction of Electricity through Gases,” p. 202, second 
edition. The unit of current used in the table is 10-® amperes. 
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It will be seen that formula (8) is in distinctly better accor- 
dance with the experimental values than is Richardson’s 
formula. 

The foregoing may be briefly summarised in the following 
way. A definite theory has been proposed for the pheno- 
mena of emission of electricity from hot bodies. This theory 
is based on certain hypotheses as to the manner in which inter- 
change of energy between a radiating body and the surrounding 
radiation occurs. The assumption that energy is emitted by 
the ejection of electrons each carrying an integral multiple of 
hy units of energy has led to a formula which represents the 
facts better than that hitherto used, while it has the important 
advantage of being applicable to a wide range of phenomena. 
It has been used with great success in accounting for the 
origin of the coronal spectral lines and is in accordance with the 
latest experimental results on photo-electric phenomena and 
Rontgen rays. 


3RD JUNE, 1913. 


ABSTRACT. 


The Paper gives a theory of the emission of electricity from hot 
bodies which is based on the quantum theory of energy. A formula 
connecting the thermionic current and the temperature of the 
emitting body is deduced. This formula closely resembles that of 
Richardson, and agrees slightly better with experimental results. 


DISCUSSION. 


Prof. J. W. NicHOLSON thought the Paper was a valuable one in that it 
connected up yet another phenomenon with Planck’s quantum theory 
of radiation. It was probable that Planck’s constant h was in some 
way an electron constant, and that the emission of energy was dis- 
continuous because emission of electrons was discontinuous. 
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XXXVII. Note on the Resistivities of Glass and Fused Silica 
at High Temperatures. By ALBERT CAMPBELL, B.A. 
(From the National Physical Laboratory.) 


REcEIVED JUNE 18, 1913. 


SOME years ago (1906) we made some tests of the insulation 
resistance of fused quartz, glass and mica at various tempera- 
tures. As the resistivities of such materials have not yet been 
thoroughly investigated, I give below (by the kind permission 
of the Thermal Syndicate) some of the results obtained in our 
experiments. They must be taken as giving the order of mag- 
nitude of the resistivities rather than highly accurate numbers, 
for the walls of some of the tubes were somewhat irregular, and 
no great elaboration of apparatus or methods was employed. 
In the case of the silica and glass the tests were made on tubes 
about 30 cm. long, 1 cm. to 4 cm. diameter, and of wall thick- 
nesses between 0-05 mm. and 0-12 mm. 

The mean thicknesses were obtained from the density and 
the mass, due estimates being made of the effect of want of 
uniformity. 

The tubes were platinized inside and outside for a consider- 
able part of their length. Towards each end beyond the 
platinized surfaces there were bare strips, and beyond these ` 
were platinized bands, to which guard wires were connected. 
All the connections to the platinized surfaces were made by 
- means of nickel wires. 

Most of the glass tubes were entirely closed at one end, so 
as to require only one guard strip. The guard wires were 
arranged in the well-known manner to avoid all surface leakage. 
For the high temperatures the tubes were heated in a suitable 
electric furnace, and the temperature was mesira by a 
calibrated thermocouple. 

The resistance measurements were made by the direct 
deflection method, using a galvanometer with a set of shunts. 
The readings were taken after a time of electrification of one 
minute, and the voltage employed was either 200 or 500 volts, 
except for a few of the readings at the highest temperatures, 
which were taken with 2 volts. 

The mica was tested in the form of a thin sheet, with plati- 
nized areas on each face and a rim for the guard wire. 
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In the following table are given the results, which have in 
some cases been averaged from several experiments. It will 
be noticed that at 750 deg. the Jena combustion glass con- 
ducted fairly well. With 2 volts the apparent resistance of 
the piece tested rose quickly from 150 to 600 ohms owing to 
polarization. 


Material. Description. ae aa eee 
( 15 Over 200,000,000 
150 Over 200,000,000 
230 20,000,000 
250 2,500,000 
Fused silica ...} Silkysurface......... D go 
ede ov. 
| 450 200 
700 30 
800 About 20 | 
850 About 20 
Glass... Ordinary (soda-lime) { E at 
Glass RRR “ Geräte ” (zinc- 
aluminium)...... 18 3,000,000 
( 18 Over 200,000,000 
Glass eseese. Jena (combustion 4 115 36,000,000 
tubing) 150 18,000,000 
| 750 0-01 to 0-04 
Mioa osese. 0-026 mm. thick -d i o eecuoan 


It is clear from the above somewhat meagre figures that the 
subject would repay much fuller investigation. In the case 
of mica the resistivity is reduced very considerably at the 
higher temperatures, but still not nearly as much as for the 
other materials mentioned above. 


JUNE 5, 1913. 
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